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PREFACE 


For many years the subject of functional equations has 
held a prominent place in the attention of mathematicians. 
In more recent years this attention has been directed to a 
particular kind of functional equation, an integral equation, 
wherein the unknown function occurs under the integral 
sign. The study of this kind of equation is sometimes 
referred to as the inversion of a definite integral. 

In the present volume I have tried to present in a read- 
able and systematic manner the general theory of linear 
integral equations with some of its applications. The 
applications given are to differential equations, calculus of 
variations, and some problems in mathematical physics. 
The applications to mathematical physics herein given 
are to Neumann’s problem, Dirichlet’s problem, and certain 
vibration problems which lead to differential equations with 
boundary conditions. The attempt has been made to 
present the subject matter in such a way as to make the 
volume available as a text on this subject in Colleges and 
Universities. 

The reader who so desires can omit the chapters on the 
applications. The remaining chapters on the general 
theory are an entity in themselves. 

The discussion has been confined to those equations which 
are linear and in which a single integration occurs. The 
limits of the present volume forbid any adequate treatment 
of integral equations in several independent variables; 
systems of integral equations; integral equations of higher 
order; integro-differential equations; singular integral 
equations; integral equations with special or discontinuous 
kernels. 

I desire here to express my thanks to Prof. Oscar Bolza 
(now of Freiburg University, formerly of the University of 
Chicago) for his permission to make use of my notes on 
his lectures on integral equations delivered during the 
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summer of 1913 at the University of Chicago. A bound 
volume of these notes in my handwriting has resided these 
past ten years on the shelves of the University of Chicago 
mathematical library and has been available to many 
students during this time. A number of copies of these 
notes arc in circulation in this country at present. 

The following books have been available and have been 
found to be of value in the preparation of this volume: 

M. Bocher: An Introduction to the Study of Integral 
Equations. No. 10, Cambridge Tracts, 1909. Uni- 
versity Press. Cambridge. 

E. Goursat: Cours D’Analvse Mathematiquo. Tome 
III. Chaps. 30, 31, 32, 33. Paris, Gauthier- Villars, 
1923. 

Heywood-Fr£chet: L’Equation de Fredholm et scs 
applications a la Physique Mathfrnatique. Paris, 
Hermann et Fils, 1912. 

Kneser: Die Intcgralglcichungen und ihre Anwendungen 
in der Math. Physik. Braunschweig. Vieweg et 
Sohn, 1922. 

G. Kowalewski: Einfiihrung in die Detcrminanten 
Theoric. 18 and 19 cap. (p. 455-505). Verlag von 
Veit et C., 1909. 

Lalesco: Introduction i\ la Thdorie des Equations Int<$- 
grales. Paris. Hermann et Fils, 1912. 

Volterra: Le<;ons sur les Equations Integrates et les Equa- 
tions InWgro-Differentielles. Paris, Gautheir-Villars, 
1913. 

For those who desire a bibliography on this subject we 
refer the reader to a short bibliography in the work by 
Heywood-Fr^chet and to a more extensive bibliography 
in the work by Lalesco. 

W. V. Lovitt. 

Colorado Sprinos, Colo., June , 1924 . 
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CHAPTER I 

INTRODUCTORY 

1. Linear Integral Equation of the First Kind. — An 

equation of the form 

( 1 ) J* K(x, t)u(t)dt = f(x ) 

is said to be a linear integral equation of the first kind. 

The functions K(x, t) and f(x) and the limits a and b are 
known. It is proposed so to determine the unknown func- 
tion u that (1) is satisfied for all values of x in the closed 
interval a ^ x ^ b. K(x, t) is called the kernel of this 
equation. 

Instead of equation (1), we have often to deal with 
equations of exactly the same form in which the upper 
limit of integration is the variable x. Such an equation 
is seen to be a special case of (1) in which the kernel K(r, t) 
vanishes when t > x } since it then makes no difference 
whether x or 6 is used as the upper limit of integration. 

The characteristic feature of this equation is that the 
unknown function u occurs under a definite integral. 
Hence equation (I) is called an integral equation and, since 
u occurs linearly, equation (1) is called a linear integral 
equation. 


1 
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2. Abel’s Problem. — As an illustration of the way in 
which integral equations arise, we give here a statement of 
Abel’s problem. 

Given a smooth curve situated in a 
vertical plane. A particle starts from rest 
at any point P. Let us find, under the 
action of gravity, the time T of descent to 
the lowest point 0 . Choose 0 as the ori- 
gin of coordinates, the x-axis vertically 
upward, and the y - axis horizontal. Let 
the coordinates of P be (x, y ), of Q be (£, 17), and s the 
arc OQ. 

The velocity of the particle at Q is 



Fia. 1. 


ds 

dt 


= - v/2 g{z - f). 


Hence 


- -/; 


ds 

g\x - {)' 


The whole time of descent is, then, 



If the shape of the curve is given, then s can be expressed in 
terms of £ and hence ds can be expressed in terms of £. 


Let 


Then 


ds = 


T = 



u{t)dl 
V 2ff(x - f) 


Abel set himself the problem 1 of finding that curve for 
which the time T of descent is a given function of x, say/(x). 

1 For a solution of this problem, see BdcHER, “Integral Equations , ” 
p. 8, Cambridge University Press, 1909. 


..* 3 ‘ 
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Our problem, then, is to find the unknown function u from 
the equation 

/w - /'vribr (Wt - 

This is a linear integral equation of the first kind for the 
determination of u. 

3. Linear Integral Equation of the Second Kind. — An 
equation of the form 

(2) u(x) - f(x) -f f K(x, t)u(t)dt 

is said to be a linear integral equation of the second kind. 

K{x, t) is called the kernel of this equation. The func- 
tions K(x, t ) and/(z) and the limits a and b are known. The 
function u is unknown. 

The equation 

u(z) = f(x) + J~ K{x, t)u(t)dt 

is known as Volterra’s linear integral equation of the second 
kind. 


If f(x) = 0, then 

u(x) = 



b 

K(x, t)u{t)dl. 


This equation is said to be a homogeneous linear integral 
equation of the second kind. 

Sometimes, in order to facilitate the discussion, a para- 
meter X is introduced, thus 

u(x) = Six) -1- \f K(x, t)u{t)dt. 


This equation is said to be a linear integral equation of the 
second kind with a parameter. 
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Linear integral equations of the first and second kinds 
are special cases of the linear integral equation of the third 
kind: 

'f'ix)u(x) = f(x) + K(x , t)u(t)dt . 

Equation (1) is obtained if ty(x) = 0. 

Equation (2) is obtained if 'k(x) = 1. 

4. Relation between Linear Differential Equations and 
Volterra’s Integral Equation. — Consider the equation 

( 3 ) + + a n{x)y = v(x), 

where the origin is a regular point for the a t (x). 

Let us make the transformation 

d n if ( . 

dx tl v ' 


rrt - A" 

ix n ~ l Jn 


( x)dx + Ci 


, + <:, ~~ + c, C V 2 + . + 

where £ u(x)dx n stands for a multiple integral of order n. 
Equations (4) transform (3) into 
(5) u(x) +a,(x)jT u{x)dx 

/ X n . 

u(x)dx n = <p(x) + ^ Cta t (x) 9 


where 


t x (x) = a t (x) + + . . + a H {x) r n — 
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which Is a Volterra integral equation of the second kind. 

In order that the right-hand member of (5) have a definite 
value it is necessary that the coefficients C, have definite 
values. Then, inversely, the solution of the Volterra's 
equation (5) is equivalent to the solution of Cauchy's 
problem for the linear differential equation (3). The 
uniqueness of the solution of Volterra's equation follows 
from the fact that Cauchy's problem admits for a regular 
point one and only one solution. 1 

5. Non-linear Equations. — This work will be confined to 
a discussion of linear integral equations. It is desirable, 
however, at this point to call the reader's attention to 
seme integral equations which are non-linear. 

The unknown function may appear in the equation to a 
power n greater than 1, for example; 

u(x ) = /(x) + X / K(x,t)u n (t)dt. 


The unknown function may appear in a more general 
way, as indicated by the following equation: 

u(x) = f{x) + X j* <p[x, t } u(t)]dt . 

1 For further discussion consult Lalesco, T., “Th^orie Des Equa- 
tions Int6grales,” pp. 12ff, Herman and Fils, Paris, 1912. 
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In particular, the differential equation 

du , . 

5 ‘ r(x ’ “> 

can be put in the integral form 

u(z) = C +f g X v\t, U(t)]dt. 

Still other general types of non-linear integral equations 
have been considered. Studies have also been made of 
systems of integral equations both linear and non-linear. 
Some study has been made of integral equations in more 
than one variable, for example; 

u(x, y ) = f(x, y) + X f.C A (x } y\ t\y ls)u(ii, tx)dt\dt%* 

6. Singular Equations. — An integral equation is said to 
be singular when either one or both of the limits of integra- 
tion become infinite, for example; 

u(x) = f(x) + X ^"sin ( xt)u{t)dt . 

An integral equation is also said to be singular if the kernel 
becomes infinite for one or more points of the interval under 
discussion, for example; 

Rx)=£^^um (0<a< 1). 

Abel's problem, as stated in §2, is of this character. Abel 
set himself the problem of solving the more general equation 

(0< “ <1) - 

7. Types of Solutions. — By the use of distinct methods, 
the solution of a linear integral equation of the second kind 
with a parameter X has been obtained in three different 
forms: 
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1. The first method, that of successive substitutions, 
due to Neumann, Liouville, and Volterra, gives us u(x) as 
an integral series in X, the coefficients of the various powers 
of X being functions of x. The series converges for values 
of X less in absolute value than a certain fixed number. 

2. The second method, due to Fredholm, gives u(x) as 
the ratio of two integral series m X. Each series has an 
infinite radius of convergence. In the numerator the coeffi- 
cients of the various powers of X are functions of x. The 
denominator is independent of x. For those values of X 
for which the denominator vanishes, there is, in general, 
no solution, but the method gives the solution in those 
exceptional cases in which a solution does exist. The solu- 
tion is obtained by regarding the integral equation as the 
limiting form of a system of n linear algebraic equations in 
n variables as n becomes infinite. 

3. The third method, developed by Hilbert and Schmidt, 
gives u(x) in terms of a set of fundamental functions . The 
functions are, in the ordinary case, the solutions of the 
corresponding homogeneous equation 

u{x) = , t)u(t)dt. 

In general, this equation has but one solution: 

u(x) = 0. 

But there exists a set of numbers, 

X i, X2, • • t • • • 1 

called characteristic constants or fundamental numbers, for 
each of which this equation has a finite solution: 

Uj(x), U 2 (x), . . . , U n (x), . . . 

These are the fundamental functions. The solution then 
is obtained in the form 

u(x) = ^CnUnO), 
where the C n are arbitrary constants. 
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Form the integral equations corresponding to the following differ* 
cntial equations with the given initial conditions: 

1 . 0 + V = 0, x = 0, y = 0, y' = 1 , y‘ " = °. 


Ans. u(x) = X + 


f- 


x)u(t)dt. 


s '§- 5 a + - 0, x = s, - 0, = -i, »" - -s. 


jf 


A«s. u(x) = 29 + 6x + / (6x - 6/ + 5)u(t)dl. 


d?y 

dx 1 


dy 


A ns, u(x) = cos x - x - 2 + 




x)u(t)dt. 


i. g - y = 0, x = 0, 2/ = y' = 1. 


■ d*y dhy dy r A 
•• XT, - 3 T , - 6 , + by = 0. 


/Ins. u(x) - 1 + I 


i: 


dx z dx 2 dx 


L 


An*. u(x) = 1 - 2x - 4x* + / [3 + G(x - l) - 4(x - <) ! ]u«R 
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SOLUTION OF INTEGRAL EQUATION OF SECOND 
KIND BY SUCCESSIVE SUBSTITUTIONS 


8. Solution by Successive Substitutions. — Wc proceed 
now to a solution of the linear integral equation of the sec- 
ond kind with a parameter. Wc take up first the case where 
both limits of integration arc fixed (Fredholm’s equation ). 
We assume that 

r 

(1) a) u(x ) = f(x) + X J K(x,t)u(t)dt, (a, 6, constants). 

h) K(x , t ) # 0, is real and continuous in the rectangle 
R } for which a ^ x ^ b and a ^ t ^ b. 
c) f(x) ^ 0, is real and continuous in the interval I, for 
which a £ x ^ b. 
d.) X, constant. 


We sec at once that if there exists a continuous solution 
u(x) of (I) and K(x, t) is continuous, then f(x) must be 
continuous. Hence the inclusion of condition (c) above. 

Substitute in the second member of (1), in place of 
u(t), its value as given by the equation itself. We find 


u(x) = f(x) + Xjf K(:r,o|/(0 + XjT 
= six) + \£ b K{x,m)dt 

/ b ri> 

K(x,t ) / K&hMtJdhdt. 


+ 


Here again wc substitute for u(h) its value as given by (1). 
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We get 

u(x) * f(x) + A J K(x, t)f{t)dt 
+ 


118 


x’jfV, of'm, <,)[/«,) 

+ X J' K(ii, (s)u((t)d( t jd(|dl 

=f{x)+\J^ b K(x,t)f(t)dt 

+X* f b K(x,t) r K{t,U)S{U)dhdt 

Ja Ja 

+X* f b K(x,t) f h K{t,U) I K(t h U)u(t,)dt t dhdl. 

%/a Ja Ja 

Proceeding in this way we obtain 

( 2 ) u(x) =J{x)+\£k{x, m)dt 

+\* f b K(x,t) f b K(l,t i )mdt i dt+ . . . 

Ja Ja 

+X» f K(x, t ) ! Kit, U) . . . 

Ja Ja 

^ K{t n - 2, t H -l)f{tn-l)dtn-l . . . dt\dt + R»+ i(x), 

where 

R n+l (x) = Pk(x 9 t) f h K(t t U) . . . f b K{t n - h Q 

Ja Ja Ja 


u(t n )dtn 


dt\ dt. 


This leads us to the consideration of the following 
infinite series: 

(3) A*) + x f b K(x, t)fm 

+ X./ K(x,t ) J' K(t, l\)f{t\)dl\dt + . . . 
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Under our hypotheses b ) and c), each term of this series is 
continuous in I. This series then represents a continuous 
function in I, provided it converges uniformly in I. 

Since K(z, i ) and f(x) are continuous in ft and I respec- 
tively, |l?| has a maximum value M in ft and |/(x)| has a 
maximum value N in I: 

| K(x, <)| <M in R 
|/(x)| ^ N in /. 

Put5„(x) = X" / K(x,t) f K(t,t i) . . . f K(t„-t,t n -i) 

mJ a Ja Ja 

f(t n -l)dt n -\ • • • dt}dt. 
Then \S n (x)\ £ \\*\NM*(b - a)". 

The series of which this is a general term converges only 
when 

|X| M(b - a) < 1. 

Thus we see that the series (3) converges absolutely and 
uniformly when 

M{b - a) 

If (1) has a continuous solution, it must be expressed 
by (2). If u(x ) is continuous in I, its absolute value has a 
maximum value U. Then 

|fl n+l (x)| < |X»+»| UM»+‘(6 - o)" +1 . 

If |x|Af (6 — a) < 1, then 

lim R„ + i(x) = 0. 

W — »00 

Thus we see that the function u(x) satisfying (2) is the 
continuous function given by the series (3). 

We can verify by direct substitution that the function 
u(x) defined by (3) satisfies (1) or, what amounts to the 
same thing, place the series given by (3) equal to u(z), 



12 


LINEAR INTEGRAL EQUATIONS 


multiply both sides by \K(x, t) and integrate term by 
term, 1 as we have a right to do. We obtain 

t)u(t)dt = A £ b K(x , <)[/«) + x jf #(<, ti)f(t{)dti 

+ . . . jdf 

= xjTV(x, t)f(t)dt 
+ X 2 f K(x> t) f K(t t ti)f(ti)dtidt 

%/ a J a 

+ • • . 

= u{x) - f(x). 

Thus we obtain the following: 

Theorem I. — If 

r 

a) u{x) ~ f(x) + X / K(x, t)u(t)dt (a, b, constants). 

b) K(x } t) is real and continuous in a rectangle R, 
for which a^x^byd^t^b. 

| K(Xy t)\ ^ M in Ry K(x, t ) # 0. 

c) f( x ) 7 ^ 0, is real and continuous in I : a ^ x ^ b. 

d) X constant, |X| < ^ r> 

1 M(b — a) 

then the equation (1) has one and only one continuous 
solution in I and this solution is given by the absolutely 
and uniformly convergent series (3). 

The equation 

(4) u(x) = S{x) + jT K(x, t)u(t)dt 

is a special case of the equation (1), for which A = 1. 
The discussion just made holds without change after putting 
A = 1. 

1 Goursat-Hedkick, “Mathematical Analysis, vol. 1, §174, 

Ginn & Co. 
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Equations (1) and (4) may have a continuous solution, 
even though the hypothesis d), 

|\|il/(6 — a) < 1, 

is not fulfilled. The truth of this statement is shown by the 
following example: 

«(*) =1-1 + J\x + t)u{t)dt, 

which has the continuous solution u(x) = x, while 
|X|M(6 - n) = 2 < 1. 


9. Volterra’s Equation. — The equation 

(5) u(x) = f(x) + X / K{x, t)u{l)dt 

%/a 

is known as Volterra’s equation. 

Let us substitute successively for u{t) its value as given 
by (5). We find 

(6) u{x)=f(x)+ XjT K(x, t)f(t)dt 

+X S / K(x,t) f K(t, h)f(ti)dti dt + . . . 

%/a %/a 

+X- f X K{x,t) /K(t, h) . . . 

%/a %/ a 

/ tn-2 

K(t n - 2 , • • . dti dt + R n+ i(x), 

where 

i?,uW = X B+1 f X K(x, t ) C K(t, 

%/a %/a 

f K{l n - ,, l n ) u{l n )dt„ ... dli dt. 

%/a 


We consider the infinite scries. 

(6') u{x)=f{x)+\£ Z K{x, i)f(t)dt 

+\*£ X K{x,t) 


£ 


K(t , ti)f{t\)dti dt + 
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The general term V n (x) of this series may be written 
Vn(x) = X» jf V (*, t)£m, U) . . . 

■ • • dtidt. 

Then, since \K(x, f)| ^ M in R and |/(/)| < N in I, we have 
|F, (i)| < |X"|M/- (J ~ a)n g |X"ijV 1M(6 w 7 o) l >(q < x < b ) : 

. i. r [Af(6 — a)]" 

The series, for which the positive constant |X n |A r — j 

is the general expression for the nth term, is convergent 
for all values of X, N, M, ( b - a). Hence the series (6') is 
absolutely and uniformly convergent. 

If (5) has. a continuous solution, it must be expressed 
by (6'). If u(x) is continuous in /, its absolute value has a 
maximum value U . Then 

1 la £ x £ b). 

Whence 

lim R„ + i(x) = 0. 

7l — + 00 

Thus we see that the function u(x). satisfying (6), is the 
continuous function given by the series (6'). As before, 
we can show that the expression for u(x) given by (6') 
satisfies (5). Hence we have the following: 

Theorem II. — If 


(5) a) u(x) = f(x) + X 


£k(x, t)u 


( t)dt (a, constant). 


b) K(x, t) is real and continuous in the rectangle R, 
for which a^x^b,a^t^.b. 

| K(x, t) £ M in R , K(x, t ) ft 0. 

c ) fix) & 0, is real and continuous in I:a £ x £ b. 

d) X, constant. 
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then the equation (5) has one and only one continuous 
solution u(x) in /, and this solution is given by the abso- 
lutely and uniformly convergent series (6')* 

The results of this article hold without change for the 
equation 


u(x) = 



K(x, t)u(t)dt 


by putting throughout the discussion X = 1. 

10. Successive Approximations. — We would like to 
point out that the method of solution by successive approxi- 
mations differs from that of successive substitutions. 

Under the method of successive approximations we select 
any real function u v (x) continuous in /. Substitute in the 
right-hand member of 

(1) u(x ) = f{x) + X .j* K(x,t ) u(t)dt , 

in place of u(t) y the function u 0 (t). We find 

U\(x) = f(x ) + X j* K(x, t)u 0 (t)dt . 

The function u Y (x) so determined is real and continuous in 
/. Continue in like manner by replacing u Q by u\ } and so 
on. We obtain a series of functions 

u 0 (x) y Ui(x) y u 2 (x), . . . , U n (x) y . . . 


which satisfy the equations, 

U 2 (x) = fix) + X j* K(x y t)ui(t)dt 


( 7 ) 


U n -l(x) = f(x) + K(x, t)u n -z{t)dt 
u„(x) = f(x) + j' K(x, t)Un-l{t)dl 
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and continuous in R. On account of the first of equations 
(9) and equation (11), we have 

— k(x f t) — K(: r, t) = K%{: r, t) + K&(x , t) + • • . 

+ K n (x , t) + . . . 

= J' K t (x, s)Ki(s, t)ds + . . . 

+ Ki(x, s)K n -i(s, t)ds+ . . . 
= f Ki(x, s)Ki(s, t)ds + . . . 

*£ K n _i(x,s) Ki{s, t)ds+ . . . 
These equations may be written 

- k(x, t ) - K(x, t) =f b K ,(*, s^K.is, t) + . . . 


+ -Kn_i(s, t) + 


-/K 


s) + . . . -\-K„-i(x, s ) + . 


• K.is, 


If we row make use of (12), we obtain the following charac- 
teristic formula: 

(13) K(x, t ) + k{x, t) = f b K{x, s)k(s, t)ds 

f k(x, s)K(s f t)ds. 

Two functions K(x f t ) and k(x, t) are said to be reciprocal 
if they are both real and continuous in R and if they satisfy 
the condition (13). A function k(x , t) reciprocal to K(x, t) 
will exist, provided the series in (12) converges uniformly. 
But we have seen that this series converges uniformly when 
M(b — a) < 1, where M is the maximum of \K{x , /)| in 
R . Thus, we have the 
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Theorem III . — If K(x, t) is real and continuous in R, there 
exists a reciprocal function k(x t t) given by (12) provided that 
M{b - a) < 1 

where M is the maximum of | K(x f /)| in R. 

13. Volterra’s Solution of Fredholm’s Equation. — Vol- 
terra has shown how to find a solution of 

(4) u(x) = f(x) + J* K(x , t)u{t)dt 

whenever the reciprocal function k(x } t) of K(x, t) is known. 
If (4) has a continuous solution u(x), then 

u(t) = f(t) + j* K(t, ti)u(U)dti. 

Multiplying by k(x, t) and integrating, we find 

/ k(x, t)u(t)dt = f k(x, t)f{t)dt 
Jo 

+ f f k(x , t)K(t, ti)u{ti)dtidt 
Jo J a 

= J' k(x, t)f{t)dt 

+ J' £•£(*, ti) + k{x, <i)ju(<i)d«i, 


which reduces to 
(14) 0 


= f k(x, t)f(t)dt + f K(x, h)u(ti)dti. 
Ja Jo 


But from (4) we have 

K{x y ti)u(h)dti = u(x) — /(x). 


£ 


Therefore, (14) may be written 

(15) u(x) = f(x) — J' k(x, t)f{t)dt. 

If (4) has a continuous solution, it is given by this 
formula and it is unique. 
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To see that the expression for u(x) given by (15) is, 
indeed, a solution, we write (15) in the form 

f(x) = u(x) + j n k(x , t)f(t)dt. 

This is an integral equation for the determination of 
f(x). The function reciprocal to k(x , t) is K(x, /). By 
what we have just proved, if this equation has a continuous 
solution, it is unique and is given by 

f(x) = u(x) — J* K(x , t)u(t)dt. 

But this is the equation (1) from which we started. Thus 
we see that (4) is satisfied by the value of u(x) given by 
(15). Thus we have the following 

Theorem IV. — If 

a) K(x, t) is real and continuous in R. K(x, t) ^ o . 

b) f(x) is real and continuous in /. f(x) ^ o. 

c) A function k{x , t) reciprocal to K(x , t) exists , then the 
equation (4) has one and only one continuous solution in I 
and this solution is given by (15). 

The same reasoning applied to (13), considered as an 
integral equation for the determination of fc(x, t) 9 shows 
that, if a continuous reciprocal function exists, it is unique. 

14. Discontinuous Solutions. — We have shown the exist- 
ence, under proper assumptions, of a unique continuous 
solution for a linear integral equation of the second kind. 
This integral equation may have also, in addition, discon- 
tinuous solutions. To show this we exhibit the special 
equation 1 

u(x) = J " t*- l u(t)dt, 

which has one and only one continuous solution, namely 
u(x) m 0. We can show, by direct substitution, that this 
1 B6cher, “Integral Equations,” p. 17, Cambridge Press, 1909. 
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equation has also an infinite number of discontinuous 
solutions given by 

u(x) = Cx x ~ l , 

where C is an arbitrary constant not zero. 


EXERCISES 


Solve the following linear integral equations: 
1. a) u(x) = x + f (( — x)u(t)dt. 


b) u{x) = 1+1 (t — x)u(t)dt . 


2. u(x) = ^ +1 j xt.u(t)dt. 


3. u{x) 


4. u(x) = 1 + 


5 . | + ‘ 


h J' u(t)dt. 

~ \ + 2 + 2 jT 


Ans. u(x) = sin a?. 
Ans. u(x) = cos x. 
A 718 . U{x) = X. 
Ans. w(x) = x. 
Ans. u{x) = e*. 
Aits. u{x) = e*. 


6. u(x) = sin x 


7. u{x) = x + I u{t)dt. 


r* 

I u{t)dt. 


Ans. u{x) *= sin x. 


Ans. u(x) = x + constant. 


8. w(x) = 1 - 2x - 4x 2 -h / [3 + 6(x - t) - 4(x - l)*]u(t)dt. 


9. u(x) » - -f ~ l + \ f 1 “(0*. 

10. u(x) =29 + 6 * + jf (6* - 6t + 5)« (t)dt. 


Am. u(x) = e*. 
Am. u{x) = e*. 


Am. u(x) ■= e u — e u . 


11. u(x) = cos x - x - 2 + I (i - 


Ans. u(x) = sin x + x sin x. 
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12. Using the method of successive approximations find five successive 
approximations in the solution of Exercises 1, 2, 3. 4, 5 after 
choosing u 0 (x) = 0. 

13 . Show that 


u(x) = A + Bx + 



[C + D(x - t)]u(t)dt 


where A ) B ) C ) 1) arc arbitrary constants, has for solution 
u(x) = A> Wl * + Aoc"**, 


where K i, K 2) m 2 depend upon A, B f C , D. 

14 . Show that 

"6 r p 


u(x) -/(*) +X /* u(i) ya Q (t)W) dt 
Ja L i 


has the solution 


u 



where the A q are constants determined by the equation 


v r r 

JjrAr X / a r 

i L 


(tWt)dt 


-A 0 



[Ileywood-Frfechct] 



CHAPTER III 


SOLUTION OF FREDHOLM'S EQUATION EX- 
PRESSED AS RATIO OF TWO INTEGRAL SERIES 

IN X 


15. Fredholm's Equation As Limit of a Finite System of 
Linear Equations. — The solution given in the previous 
chapter for the equation 

(1) u(x) = f{x) + X j* K{x,t) u{t)dt 

has the disadvantage of holding only for restricted values 
of X. Tt is desirable to have, if possible, a solution which 
holds for all values of X. Such a solution was given by 
Fredholm in the form 


„<*) , 

' <w+«,X+ . . 


y 


the numerator and denominator being permanently con- 
verging power series in X. 

a) The System of Linear Equations Replacing the Integral 
Equation. — Before stating explicitly and proving Fred- 
holm's result, we give an outline of the reasoning which 
led him to his discovery. 

Divide the interval {ah) into n equal parts and call the 
points of division t lf t 2) . . . , 1. Then 


(2) < 0 = a, ti = a + h ) U = a + 2h, . . . , t n = a + nh t 



Replace the definite integral in (1) by the sum, correspond- 
ing to the points of division (2), of which it is the limit. 
We obtain the approximate equation 

23 
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u(z) - \h[K(x, txMU) + K(z, h)u{h) + . . . 

+ K(x, <n)u(tf n )] = f(x). 

Since this equation holds for every value of x y it must be 
satisfied for x = t\ y t 2y . . . , t n . We thus obtain the 
following system of n linear equations for the determination 
of the n unknowns u(ti ), u{U) } . . . , u(t n ): 

u(t\) — XA[if(Ji, ti)u(ti) + if(fi, t 2 )u(t 2 ) + ... 

+ K(t h t n )u(t n )] = f(h) 

(3) U(t 2 ) “ \h[K(t 2y ti)u(ti) + K(t 2 , <2)w(^) + . . . 

+ if (*2, <nMO] = f(t 2 ) 


U(t n ) ~ Xft[if(J», fa)u(ti) + K(t ny t 2 )u{t 2 ) + . . . 

+ K(t ny tn)u(t n )\ = f(t n )• 

This system being solved with respect to w(/i),u(/ 2 ), . . . , 
u(t n ) y we can plot u(/») (i = 1, . . . , n) as ordinates and 
by interpolation draw a curve u(x) y which we may expect 



uft,) 

Ml) 

Mn) 

\ 

a +, i 

? b 


Fig. 2. 


to be an approximation to the actual solution. We solve 
(3), making use of the abbreviations 

f(U) = f* i u(£*) = m y K(t iy tj) = Kij. 

Denote by A the determinant of the coefficients of the u y in 
(3). We have 

1 - \hK n - \hK n ... - \hK ln 
— \hK 2 i 1 — \hK 22 ... — \hK 2 n 


A = 


- MK n i - \hK n2 . 


. . 1 - \hK nn 
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Denote by A„ M the first minor of the element in the rth row 
and Mth column of A. Then, from Cramer’s formula, we 
obtain, by solving (3) with respect to u k , 


/lA ik 

(4) Uk = — — — , provided A ^ 0, K = 1, . . . , n. 
b) Limit of A. — Expanding the determinant A, we obtain 

A = I - \X K ' ih + 2, SH k'h K,‘j + ' • ' 

A',, . . . K ln 

+ (- 1)"A"X' 

K n \ A nn 


If we now let n increase indefinitely, we see that each term 
of this series has a definite limit. So that, at least formally, 


lim A = 1 — X f K(t, t)dt 

n— *oo %/a 


+ 


x 2 


2 !, 


; r n K(ti, to K{t h t 2 ) 

Ja Ja K(t 2 , ti) K(ti, t 2 ) 


-If f{ 

| %/a %/ a %J a 


K(t i f <i) 

h) 


(5) -D(X). 


dt idt2 

. . K(t u U) 

• - K{h } h) 

dtidtodt^ ~f“ . 


D(\) is called Fredholm's determinant, or the determinant 
of K. 

c) Limit of Ai*. — The expression for A MM is similar to that 
for A. 
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where ’ means omit i = ju. Hence 
(6) lim A MM = D(\). 

W— » oo 

Again, from rules for expansion of determinants, 


A„ u = \h\K 


\X h 


K m K hi 

K ir K ti 




+ 2, X h ' K '* Kii K 'i + 


= 1 K h K i{ K it 


Put A3D*, = A„ 


If, as n increases indefinitely, we let {tJL ¥ ) vary in such a 
way that lim (< M , t v ) = ( x } y ), we find, at least formally 


(7) lim 3)^ = \K(x 


_ f b K(x, y) K(x, t) 
’ V) I K(t, y) K(t, t) 


p p K(X! y) K(x> tl) K(X} h) 

+ 2 f/ / 2/) /i) ^(^i> M d^d /2 + . . . 

Ja Ja K(ti, y) K(t h to K(t 2 , to 

(8) = D(x, y\ X). 

This expression for D(x } y\ X) is called Fredholm's first 


d) Limit of u k . — We can now write (4) in the form 

«. -t& + 

i = l 

, Afrfr , yfxhDki 
= /*“a + 4 A - * 

t-1 

which in the passage to the limit as n — ► 00 , becomes 


M(fc) /(fc) + 


>(*)/ 


/(<)/>(<*, <; \)di. 


But h is any point of division. Then we can replace it by 
x and write 


U (. X ) - f(x) + 


hi 


f(t)D(x, t; A )dt. 
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This result has not been obtained by a rigorous mathe- 
matical procedure. However, wc are inclined to believe 
that the above expression for u(x) is a solution of (1). This 
belief is later shown to be correct. 

e) Fredholm’s Two Fundamental Relations . — We will now 
develop two relations which will be of use to us later in 
obtaining a solution of the integral equation (1). We recall 
the theorem, fundamental in the theory of determinants, 
that the sum of the products of the elements of any column 
by the corresponding minors of any other column is zero. 
This theorem applied to the determinant A gives 

n 

(1 — \hKjj) A 3 k — \hKkjAkk XhKtjAik = 0 , 

t»i 

where ” means omit i = j , fc. Making use of the relation 
A„ m = h£>(tnj tv), we find 

n 

(1 - XhKj^h&icj - \hK kl A kk - %”WK xl S> ki = 0. 

1 = 1 

Divide through by h, since h 0. The passage to the limit, 
as n — > oo , gives from the last equation by (6) and (7) 

D(t k , tr, X) - \K{t k , tj)D(\) - Xjf K(t, t,)D(t k> t; \)dl = 0. 

This last equation holds for any two points tj y h on the 
interval (aft). Let us put then tu. = x, tj = y and write 

(10) D(x, y; X) - \K(x, y)D(\) = «, y)D{x, i; \)dt. 

This is called Fredholm's first fundamental relation . 

Now apply the theorem : The sum of the products of the 
elements of any row by the corresponding minors of any 
other row is zero. This theorem applied to the determinant 
A gives 

n 

(1 - \hKji)A ki - UK ik A kk - \hKjiA ki = 0. 

i-1 
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Proceeding as before, we find 

z>(<„ t k ; X) - X K(t h - Xjf K{t u t)D(t, t k ; \)dt= 0. 

This equation holds for any two points tj } tk on ( ah ). Let us 
put then tj = x, tk = y and write 

(11) D{x,y; X) - \K{x,y)D{\) - Xjf K{x,t)D{t,y;\)dt =0. 

This is Fredholm’s second fundamental relation . 

16. Hadamard’s Theorem. — We now proceed to establish 
rigorously the results of the preceding article. To this end 
we need a theorem due to Hadamard. To establish this 
theorem we make use of the following 
Lemma. — If all of the elements a X k of the determinant 


All 0J2 • ■ 

. 01n 

021 022 • 

• 02n 

0nl 0n2 • • 

• 0nn 


are real and satisfy the conditions 

(12) a 2 ri + a 2 r2 + ... + a 2 , n = 1 (r = 1, . . . , »), 
then | A | ^ 1. 

We give first two special cases of 
I the lemma which have a geometric 

j J interpretation. 

/ / 1) n = 2. The parallelogram 

OP 1 P 3 P 2 has the vertex 0 at the origin 
of a system of rectangular coordinates. 
Q J The coordinates of Pi and P 2 are as 

indicated in the figure. The area A of OP 1 P 1 P 2 is given 

by 

A = l*i yi 
Xi y 2 

If OP\ = OP 2 = 1, that is, if 

+ 2/i* = 1 and + 1/2* = 1, 
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then it is geometrically evident that the greatest area is 
obtained when the figure is a rectangle, and then the area 

is 1 . Hence, we have generally | A \ £ 1 . 

2) n = 3. The parallelopiped OPiPiPz has one vertex 
at the origin of a system of rectan- 
gular coordinates. The coordinates 
of Pi, P 2 , Pz are as indicated in the 
figure. The volume V of OPiP 2 P 3 
is given by 

| Xi yi 2i 

V Xt yt z 2 

Xz Vz z z • Fio. 4. 

If OPi = OP 2 = OPz — 1, that is, if 
X\ 2 + i/i 2 + z 2 =’ 1 , x 2 2 + t / 2 2 + z ? 2 = 1 , x^ 2 + yz 2 + Z 3 2 = 1 , 
then it is evident geometrically that the volume is greatest 
when the figure is a rectangular parallelopiped, in which 
case the volume is 1 . Hence, we have generally 

\V\<1. 

Proof of Lemma. — -4(a u , . . . , a nn ) is a continuous 
function of its arguments a ra in the region 81 defined by the 
equations (12). These conditions insure that | a TB | ^ 1, 
and that the region 81 is bounded and closed. Hence A 
reaches a maximum and a minimum on the region 81. The 
maximum and minimum which we are seeking are the so- 
called absolute maximum and minimum. But if a system 
of values furnishes the absolute maximum (minimum) for 
A f it furnishes also a relative maximum (minimum). Hence 
the ordinary methods of the differential calculus can be 
used for their determination. 

Now if a function 

f(x h Xi, . . . ,x„) 

of n variables, connected by h distinct relations 

<t> i(xi, . . .,*«) = 0, <t>t(x u 0, , 

. . . ,x n ) = 0 
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has a maximum (minimum), then the n first partial deriva- 
tives of the auxiliary function 

F = f + + \i<f> 2 + . . . + 

where Xi, X 2 , . . . , X* are constants, must vanish. 1 
For our problem, f — A, x r = a„ 

n 

</>r = 5} ~ 1 (r = 1, . . . , n) 

and the auxiliary function F becomes 

F = A + g* (a«i 2 + a fi 2 2 + • • . + a« n 2 — 1). 

8-1 

For a maximum (minimum) by the theorem just stated, we 
must have 

5 F d4 

~~ = + M,* = 0, or 

i>a ik 

(13) Aj k + X,a,* = 0, ( j , k= 1 , 2, . . . , n), 2 

where .4,* denotes the minor of a jk in A . Multiply both 
sides of this equation by a ]k and sum with respect to k 
for fc = 1, 2, . . .,n. We obtain 

n 

A + X, = 0, since ^a, k 2 = 1 

i-1 

or X,- = - A (j = 1, . . . , n ). 

Substitute this value of X, in equation (13). Then 

A jk = -4a,* O'fc = 1, ■ • • , n). 
Whence the determinant 

4ll -4 12 . . . Ain 

421 422 • • . 4 2n 


4nl 4 n 2 4nn 

1 Goursat-Hedrick, “ Mathematical Analysis.” vol. 1, §61, 

Ginn & Co. 

* For differentiation of determinants, see Baltzer, “Die Deter- 
minanten,” $3, 14. 
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adjoint to A, is equal to 


Aan 

Aa 12 . 

■ Aa i. 

Aa 2 i 

Aa ^ 2 . 

• Aa tn 

Aa n i 

Aa n2 ■ 

Aa n n 


The first of these determinants is equal 1 to A"" 1 . The 
second reduces to A n+1 . Hence 

A n+ 1 = A n ~ l 

But the maximum and minimum of A must satisfy this 
equation. Therefore, the maximum of A is + 1, the 
minimum is — I, and 

MUi. 

Hadamard’s Theorem. — We are now in a position to prove 
a more general theorem due to Hadamard: If the elements 
b ll: of the determinant 



bn 

b 12 • • 

- bm 

B = 

b 21 

622 ■ • 

• b 2n 


b n i 

b n 2 • • 

b n n 


are real and satisfy the inequality 

I &.* | < M, 

then |B | ^ M n \/n n . 

Proof . — Let 

6,i 2 + 6 l2 2 + . . . + 6 in 2 = «i, (i = 1, . . . f n) 

Case /. — Some one or more of the Si vanish , say Sk = 0. 
Then bu = 0 (i = 1, . . . , n). Therefore B = 0, and 
the theorem is proved in this case. 

Case II . — None of thes E vanish. Then each s< is positive. 

That is si > 0, s 2 > 0, . . . , s n > 0. 

1 Baltzeh, Loc. cil.y §6, 1. 
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We now consider the determinant 




bn 

bln 

B 


Vs i 

' ' VS 

VsiSt . . 

. S n 

Ki ' 

bnn 



VS 

v*» 

for which — + . . 

O - 

. + — - l. 

a = i, . 


This determinant satisfies all of the conditions of our 
lemma. Hence 

| B | < VsiSi 

But, since \b ik | £ M, 

we have from s< = bn 2 + . . . + &<» 2 

Si ^ nM 2 . (i = 1, . . . , n) 

Therefore, | B | ^ M n \/n n . 

17. Convergence Proof. — With the help of Hadamard’s 
theorem we can now prove the convergence of the series for 
D( A) and D{x, y,\). 

a) Convergence of D (\). — D(X) is given by the series 
(14) 2)(X) =1 + 2) where 


(15) An 





dti. . .dt n ( n > 0). 


\K(fnh)..K(fnQ\ 


We have assumed in §8 that | K(x, t) \ ^ M in R. Thus 
the determinant in the expression for A n satisfies all of the 
conditions of Hadamard’s theorem, and hence 

\A n \ ^ f . ■ ■ f M n y/n n dti . . . dt n 

m/a m/a 

= ■s/n n M n (b — a)". 
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Then 

(-1)"^A £M n (b — a)iX"|^”" C n . 


This identity defines C H . 

We now proceed to show that the series of which C„ is the 
general term converges. Applying the ratio test, we obtain 


'n+ 1 


C„ 


- Jf(» - . )W> /( i+^)*v?tT 


This ratio has for its limit zero as n becomes infinite. Hence 
the series of which C n is the general term converges. Conse- 
quently, the series for D{\) is absolutely and permanently 
convergent. We state this result in the following: 

Theorem I. — The series D(X) is an absolutely and perma- 
nently converging power series in X. 

b) Convergence of D{x , y; X). — We have 


\»+i 

(16) D(x, y; X) = \K(x, y ) -f- g (-l) n —j-B n (x, y), where 


(17) B n (x, y) 



K(x, y) K(x, 1 0 K( x, t„) 

K(h, y) K(l u t y ) K(t h t n ) 


K(t n , y) K(t n , h) . . . K{t n , <„) 
It is sometimes convenient to write 

X"+ l , 


D(x, y; X) =g (-1 )"-jB„(x, y), 


71=0 


where we consider B 0 {x , y) = K(x y y) and 0! = 1. The 
determinant in the expression for B n satisfies all of the 
conditions of Hadamard’s theorem and hence 

| B n I £ r . . . f b ^/(n+iy^M^dh ■ ■ • dtn = 

m/a m/a 

V(n + l)’ r+1 Af n+ 1 (b - a)" 
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Then 


(— 1)"-^75«J ^ M n+l (b - a) " |N| * + 1 = E n 


This identity defines E n . We now proceed to show that 
the series of which E„ is the general term converges. Ap- 
plying the ratio test, 


W 1 + i^vr+f^ '• 


The ratio has for its limit zero as n becomes infinite. Hence 
the series of which E n is the general term converges. Conse- 
quently, the series for D(x , y; X) is absolutely and perma- 
nently convergent in X and, moreover, uniformly convergent 
in x and y on R . Hence the 
Theorem II. — The series D(x f y; X) converges absolutely 
and permanently in X, and , moreover , uniformly 1 on R: 
a < x < b, a £ y < b. 

18. Fredholm’s Two Fundamental Relations.— We will 

now proceed to prove the two relations: 

(18) D(x , y; X) - \K (x, y)D{\) = D ( x > U ^)K(t f y)dt 

(19) = Ajf W, 0D(t, y; X) d< 

wihch were previously heuristically obtained. 

a) Relation between the Coefficients A n (x, y) and B n (x f y). — 
Substitute in (18), in place of D(x, y; X) and D(X), their 
series expressions. Then both sides of the equality in 
(18) become power series in X. Hence, if (18) is true, the 
coefficients of corresponding powers of X on the two sides 
must be equal. Conversely, if we can show that the 
coefficients of corresponding powers of X on the two sides 
are equal, then (18) will be established. Making the 
substitutions, we obtain 

1 Goursat-Hedrick, “Mathematical Analysis,” §173, note. 
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Sis) 


\n+l 

\K{x, j/ ) + 2(-1)»'L_B b ( x , y) 

n«l 

-XJC(* ( y)[l + 2 (-l)-A.^] 

L n = 1 * J 

= Xjf‘tf(*, y)[\K(x, t) + 2(-l) B ^f'5n(x, o] dt. 

On the right-hand side, the series in the integrand is uni- 
formly convergent and remains so when multiplied by 
K(t , y). Therefore, we can integrate by terms and write 

X’jTtfOr, Dm, y)dt +% (-1 )«^£b„(x, t)K(t,y)dt. 

If in this second integral we put n 9 = n + 1 and then drop 
the prime, we obtain 

2 (- 1)”~ 7 - B n (x, y) - K(x, y) £(- 1)» A» 

n«l * »» 1 

= X 2 ^* if (a;, t)K(l, y)dt 

+ 2 (_ i ) B - 1 _X ? L. j rV, <)*«, 2 /)*- 

Compare now the coefficients of corresponding powers of 
X on the two sides. We obtain 

(20) B n (x,y ) = A n K(x,y) - n J' B n - x {x,t)K{t,y)dt . 

If we establish the truth of this equality, then (18) will be 
shown to be true. 

The relation (19) treated in exactly the same way leads 
to the relation 

(21) B n (x,y) = A n K(x,y ) ~ n f K(x,t)B n -i(t,y)dt. 

If we can establish the truth of this equality, then (19) will 
be shown to be true. 
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b ) Proof of (20) and (21). — We prove (20) and also (21) 
by showing that the explicit expression for B n (x, y) can by 
proper expansion and change in notation be written in 
the form indicated. 

The explicit expression for B n (x , y) is 

/ 6 fb 

... I 

%/a 

K(x, y) K(x, h) . . . K(x, t n ) 

K{ti, y ) K(t\, ti) . . . K(t\ , t „ ) ^ 

K{t n , y)K(t ni <,) • •• K(t n , t n ) 

Develop the determinant which appears in the integrand in 
terms of the elements of the first column. We obtain 


Bn(x, y) 


. . J K(x, y ) X 
I K(U, <i) . . . K(t i, t n ) 


+S(-D‘ 


1 K(t n , t t ) . . 
rb 


J K{ “’ 

y) x 

K(x, ti) . . . . 

. K(x, <„) 

K{t h tj ... . 

. K(t\ } t n ) 

K(U-i, y) . . . 

*(<<- j, <„) 

K(t i+l ,y ) . . . 

<») 

K(t n ,y) . . . 

■ #(<„, t„) 
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The first term on the right reduces to K(x, y)- A „, accord- 
ing to (15). In the terms which occur in the summation 
in place of 

Iff fi+2, • • , 

write t, U, t i+i , . . . , In— i; 


which means simply a change in the notation of the variables 
of integration in a multiple definite integral. We obtain 



K(x, <0 



K{1, y) X 


. K{x, U-i)K(x, i)K(x, U) . . . K(x, 0 


K(x, l B -i) 


. . ,K(t n -i f*_i) 

dt dt x . dlft — ij 


which may be written by bringing t into the first column 


S(-D 


-/-/ 


*(«, ») x 


1) A(x, <i) A'(x, In— i) 

A(li, 1) A(li, Ij) A(<„ 1 B — i) 


tttdli 


dt n -i. 


1) li) • • • l»-i) 

This last expression shows that all of the n terms of the 
summation are equal. Furthermore, the integrations may 
be performed in any order. We then integrate first with 
respect to ti, . . . , t n - 1 . For these integrations, K(t, y) 
may be regarded as a constant factor and may be taken 
before the (n — 1) — fold integral, so that we obtain 
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/ b ( pb pb 

I I 

\%/a a 

K(x, t) K(x, tO K(x,t n -0 

K(t\ } t) K(tly t\) ^n— l) 


dt\ • • > dt n —\ dty 


| K{t n -\y t) K(t n - 1, ti) . . . K(t n - ly < n -i) 

which, according to (17), may be written 

- nj* Bn-i(x } t)K{t } y)dt. 

Hence the development of B n (x , y) gives 

Bn(Xy y) = A n K(Xy y) - nj B n - i(x, t) K(t f y)dt y 

which proves relation (20). Therefore (18), which is Fred- 
holm's first relation, is true. 

Take again the explicit expression for B n (x } y ), but this 
time develop the determinant in the integrand in terms of 
the elements of the first row. Then, proceeding as before, 
we obtain for the development of B n (x } y) 

B n (x } y) = A n ’ K(Xy y) - nj* K(x f t)B n ~i(t y y)dt } 

which proves the relation (21). Therefore, (19), which is 
Fredholm's second relation, is true. Thus we have estab- 
lished the following. 

Theorem III. — Between Fredholm’s determinant D(\) and 
Fredholm’s first minor D(x , y; X) the following double relation 
holds: 

(18) D(x t y; X) - \K (x, y)D{\) = 

X j* D(x, t; X) K(ty y)dt 

(19) = X j* K(Xy t)D(t f y; \)dt 
for all values of X and for all values of x and y on R. 
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19. Fredholm’s Solution of the Integral Equation When 

D(X) j* 0. — Fredholm’s two fundamental relations, the 
equations (18) and (19), enable us now to obtain a solution 
of the integral equation 


( 1 ) 



t)u{t)dt. 


We obtain a hint as to the method of procedure from the 
method of solving the finite system 

n 

(3) w, — \h^K,jii, = fi (i = l, , n). 

J = l 

To find u k from this system we first multiply by A»* and sum 
with respect to i. We obtain 


n n n n 

- XA^ = X-f* A,k 

1=1 1=1 ) = 1 1=1 


whence 


(4) 

Au* = 2)/, A.*. 

Now 



= to*! by definition (see §15, c ) 

and 



lim T to*.- = f D(x, t; \)dt by (7). 


Let us now follow the analogy. Write (1) in the form 

u(t) = /(<) + \£ W, *)u(£)d*. 

Multiply both sides of this equation, which we suppose is 
satisfied by a continuous function u, by D{ a, t; X) and then 
integrate with respect to t from a to b . We obtain 

-6 rb 

D(x , t ; \)u(t)dt = / D(x , t; \)f(t)dt 

a ~b 

D(x, t; 0u(0d£dt. 


( 22 ) 


£ 


+'£•£ 
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The integrand of the double integral being continuous in x 
and (, we can interchange the order of integration 1 in the 
double integral and write it 


/^[x/W, t; \)K(t, 

which, according to (18), becomes 

/[»(*, f; x) - \D(\)K(x, Q ju(()df. 


Hence (22) may be written 


J' D[x, t; \)u(t)dt = j' D{x, l; \)f(t)dt 

+ f D(x, \) u(t)d( - \D(X) f K(x, £)u(l)db 

Ja Ja 


which, on account of (1), reduces to 


0 = jf D( x, t; 


[“W - /(*) J. 


; \)f{t)dt - D{\) 


We solve now for u(z), under the assumption D( A) ^ 0. 
We obtain 

(23) u(x) = f(x) + f b ^A 


Hence, if u is a continuous function of x which satisfies 
(1), and if D(X) ^ 0, then u(x) is given by (23). 

It remains for us to show that also, conversely, the 
expression for u(x) given by (23) is a solution of (1). We do 
this by direct substitution. Substitute the value of u(x) 
as given by (23) in (1). We obtain 

w + = m + V, o x 

{/«> 

1 Goursat-Hedrick, “Mathematical Analysis,” Vol. 1, §123. 
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Break the last term up into two parts and in the double 
integral change the order of integration. We obtain 


f 


b D(x, t; 


D(\) 


+ 


/ = X J' K(x, t)f(t)(lt 

W)fa f(X) V£ K(X ' tm ’ ^ X)(U ] d t’ 


which, according to (19), may be written 


/ 


b D(x, t; \)f(t) 


D(\) 

+ 


K(x, t)f(t)dt 


£)fa m [ D(X ’ k X) “ XK(X> 


But this last equation is seen to be an identity. Conse- 
quently, the expression for u{x) given by (23) satisfies 
equation (1). Thus we have proved the following theorem, 
which is called Fredholm's first fundamental theorem: 

Theorem IV . — If 

(a) Z)(X) j* 0. 

(b) K(x, t ) is continuous in R . 

(c) fix) is continuous in /. 


then the equation 

(1) u(x) = f{x) + Xjf K(x, t)u{t)dt 


has one and only one continuous solution given by 

(23) u(x) = f(x) + ££^£M t) dt 

where D{x , t; X) and D(\) are absolutely and permanently 
convergent integral series in X, and D(x f t; X) converges 
uniformly with respect to x and t on R: a £ x ^ b> a £ y ^ b. 
We have at once, for the special case / = 0, the following: 
Corollary . — If D(X) ^ 0, then the homogeneous equation 

(24) u{x) = \£k{x, t)u(t)dt 

has one and only one continuous solution given by u{x) = 0. 
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Let us point out the analogy with the finite system of 
linear equations 

n 

Ui Xh^Kij Uj = fi (t — lj . , fl) 


with determinant A. 

If A 0, then this system has one and only one solution. 
If fj = 0, then the only solution is the trivial one 

Ui = . . . = u n = 0. 

But the limit of A was D(X). Hence the results of Theorem 
IV and its corollary are exactly what was to be expected 
from the analogy with the finite system. 

20. Solution of the Homogeneous Equation When 
D(X) =-- 0, D'(X) 7^ 0. — The discussion up to this point has 
been made under the assumption D(X) 7 * 0. Let us now 
see what happens when D(X) = 0, first with respect to the 
homogeneous equation (24). 

Let X 0 be a value of X for which 


(25) D{X 0 ) = 0. 

We now consider the solution of the homogeneous 
integral equation (24) for this particular value of X: 

(26) u{x) = X 0 J K(x , t)u{t)dL 

We obtain a solution of (26) by means of Fredholm's 
second fundamental relation (19), which is true for all 
values of X and hence for X = X 0 . With this value of X, 
on account of (25), equation (19) becomes 


D(x t y; Xo) 




K(x, t)D(t, y; \ 0 )dt. 


The equality holds for every value of y on the interval (ab) 
and, therefore, for y = y 0 . Then 

D(x, y„; A 0 ) = X, J' K(x, t)D(t, y t ; \„)dt. 
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But this is just the equation (26) with u(x) replaced by 
D(x, y,; X,). Thus we see that u(x ) = D(x, y„; X») is a 
solution of (26). Moreover, this solution is continuous, 1 for 
D{x, y, X) is uniformly convergent in x and y and its terms 
are continuous. But D(x, y,; \ 0 ) may be identically zero 
in x, either on account of an unfortunate choice of y», in 
which case we could choose some other value for y 0 , or be- 
cause D{ x, y; X s ) = 0 in x and y, in which case the above 
solution reduces to the trivial one u = 0, no matter how we 
choose y„. We have thus proved the following: 

Theorem V. — If D(\ 0 ) = 0 and D(x, y; X») ^ 0, then for 
a proper choice of y„, u(x) = D(x, y 0 ; X 0 ) is a continuous 
solution of 

u(x) = \ 0 J K(x, t)u(t)dt 

and u(x) sh 0. 

In the theorem just stated, the condition D(x, y; X 0 ) jk 0 
may be replaced by the condition D'(\) ^ 0. To show this 
we prove the following 

(27) jf D(x, x; \)dx = — XB'(X). 

We prove (27) by making use of the series expressions for 
D'(X) and D(x, y; X). We have from (14) 

£>(X) = 1- XA, + - ^A 4 + . . . 

where the A» are given by (15). Then 

Z)'(X) = -A, + XA, -^A 3 + . . . 



1 Goursat-Hedrick, “Mathematical Analysis,” vol. 1, §173. 
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In the expression for A n+ ii 

A. yi»t> i 


/ b pb 

%s « 


k(ti, ti)K(ti } t 2 ) 
K(t t , t\)K{h } t 2 ) 


K(t h t n + 1) 

t n+ 1) ^ 


K(t n + If tl)K(t n + i, t 2 ) . . 
in place of t lf t 2) t z , . 

put x , t h t 2) . 

Then 



K{x, z) K(x, h) . 
X(/i, x) A r (^i,<i) . 


A(/ n +l, 

• j t n) ^n+1 
> 1n—l) ^n* 


■ A(x, <„) 

■ X(M«) 


dxdt\ 


dt n +l, 


dt n . 


K(t ni x) K(t n , to . . . A(f n , f n ) 


In this multiple definite integral we change the order of 
integration 1 and integrate first with respect to dti . . . 
dt nj whence 



K(x, x) K(x, h) . K(x, t n ) 

K(ti, x) K(t\ } tO . K(h, t0 ^ 


K(t n , x) K(t n , *i) . . . A(< n , *«) 


which, on account of (17), becomes 


ln+l 


-/ 


B«(x, x)dx. 


1 Goursat-Hedrick “Mathematical Analysis,” vol 1, §123; Pier- 
pont, James, “The Theory of Functions of Real Variables,” vol. 
1, §570. 
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Therefore, 

D'(\) - - 2(-l) n -jTV/z, x)dx. 

But S(-l) n ^, HJx, x)dx 

is a series uniformly convergent in x. We can then inter- 
change the order of writing the summation and the integra- 
tion 1 in the expression for D'(\) and write 

*'(x) = x)dx. 

Multiply both sides by —X, and then by (10) wc sec that, 
indeed, 

'(27) / D(x, x; \)dx = - XD'(X). 

Ja i 

Let us suppose now that D(\ 0 ) = 0 and D'(X C ) 9 * 0, then 
certainly X 0 5 ^ 0, since D(0) = 1. Hence, if we write (27) 
with X = X 0 , the right-hand side of this equality is different 
from zero and so also the left-hand side, and, therefore, 
D(x, x; X,) 0 in x and, consequently, D(x, y; \ 0 ) ^ 0 

in x and y. Hence, indeed, in Theorem V the condition 
D(x, y; \ 0 ) ^ 0 may be replaced by D'(\ 0 ) 9 * 0. 

We remark further that if u(x) = D{x, y a ; X 0 ) is a solution 
of the homogeneous integral equation (26), then Cu (C, an 
arbitrary constant) is also a solution. Thus, there are an 
infinitude of solutions which differ only by a constant factor. 
We shall later show that there are no other solutions. This 
is in analogy with the finite system of linear equations 

n 

u% ~~~ XA ^ K t jUj = 0 (i = 1, • ) w) 

j-i 

with determinant A. If A = 0, while not all of the first 
minors A $ * vanish, then these n equations determine uni- 
quely the ratios of the u Xl . . . , w n , that is, u,* = C,u» 
1 Goursat-Hedrick, “Mathematical Analysis”, vol. 1, §174. 
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0* = 1, . . . , n; C n = 1). Now, A = 0 corresponds to 
D(X) = 0, while not all A ik vanish corresponds to 
D(x } y; Xo) ^ 0. 

21. Solution of the Homogeneous Integral Equation 
When D(X) = 0. — It remains to consider the case 
D(\ 0 ) = 0, D(x, y; \ 0 ) = 0. 

which corresponds in the linear system to the case where 
A and all its first minors are zero, and, where it becomes 
necessary, to consider the minors of higher order of A. 
Accordingly, we have to consider, in the treatment of the 
integral equation, the limits of these higher minors of A as 
h approaches zero. 

In what follows let us use with Heywood-Frechet (“L’« 
Equation De Fredholm/ 7 page 53) the notation 


j ^{ $lj s 2, • • • , $»\ __ 

Vlj > tn) 


A'(si, <0 . 

. . K( Sl , 

Q 

K(s n , t\) . 

■ . K{ Sn , 

tn) 


(a) Definition of the pth Minor of D(X). — Let 

(28) B n ( xi ' • • = r . . . r 

\2/l) • ■ • f VvJ m/a Ja 

k( Xu ■ ■ ■ > x * li > ■ ■ - . . . dt n 

* 7 Vp) * 1 , . 7 tn/ 

with 

(29) Bj( Xl ’ ' ' ' » Xp ) = K ( Xu • • • > 

\y i» • • • . Vp/ \y i, ■ • • , j/p/. 

Then the pth minor of D(\) is defined by the infinite series 

(30) d( Xu ■ ■ ■ ,Xp x) = 

Vfh. • • • ,Vp ) 

£(- ' ‘ ,Xp ) 
n-o n! \Vh ■ ■ ■ >Vp/ 

= D p (x, y; X), 

which for p = 1 reduces to D{x, y, X). 
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By means of Hadamard’s theorem we prove, exactly as 
before, the 

Theorem VI . — The infinite series for D X^ 

is absolutely and permanently convergent in X, and uniformly 
convergent in x h . . . , x p , y u . . . ,y P fora£ x a £ 6, 
a £ y fi < b (* f p = 1, . . . , p). 

Corollary . — When two of the x’s become equal y say x r = x ty 
or when two of the y’s become equal y say yi = then D p (x y y; 

X) vanishes. For then in the integrand of B n ( Xl ’ 

Wu 

two rows (columns) become equal. Therefore, 


. . y x p \ 

■ . • * Vp/ 


B n 




0, and hence D p (x y y; X) = 0. 


In like manner, if in D p (x y y; X) two of the x’s or two of the 
y's are interchanged, D p (x y y; X) changes sign. 

b) Generalization of the Two Fundamental Relations . — 

Expand the determinant in B n 1 Xp ) according 

\y i, • • • ,2/ P / 

to the elements of the column y fi : 

K(x a , y„)K( Xh • • • ’ x “ +1 x ’” t . u ■ 4 • ’ J") 

\yi» • • • , v»-h 2/0+1, ■■■, Vp,ti, , t n / 

n 

+2(- l) p+i+ »K(ti, y„) x 

t-1 

k( x \, ■ ■ ■ ,x p , h, ■ ■ ■ , ti-i, t i+ 1 , . . . , t n \ dL 

\Vu ■ ■ ■ ,Vi B-U Vfi+h ■ ■ ■ , Vp, h, ■ ■ ■ , ln/\ 

In the first sum, K(x ay y fi ) may be taken before the integral 
sign, and, according to (28), the sum becomes 

t(- ' . 
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In the second sum make a change of notation. 


($21 


In place of (i+sj . * j tn 

write 1 1 1% t ti+if ... | In— i 

The ith term of the second sum becomes 


(- l)” +i+ fK{t, y,) X 

k( Xu 

\y i; > Up— 1> Vp+ii 


. , Xpy tly . . 

t Up ) ti } • • 


,*-l\ 

j ty ^ iy . • , 

Bring the column t between the columns y fi - lf y 0 + 1 by i .+ 
p — & — 1 transpositions of columns. We get, then, for 
the ith term of the second sum 

- K{t, y 0 ) X 

* • • X P~lt x pt Xff+1) • • • f x Pt tit • ■ • » tfi—1 \ 

\yi> ■ • ■ j yp-it t) yp+it • • • t y Pf ti f . . . » t n —i/ 

n 

Hence, all terms in ^ are equal and this sum may be writ- 

»=i 

ten, if, moreover, we integrate first with respect to t\ } . . . , 

-nf b K{t,y 0 )\r r 

Ja [ Ja Ja 

j %pt tit • • • t tn-l\ 

\yit • • • t yp-b t f yp+it • • ■ > ypt ti f . . . » t n - \) 

dti » dt n -i | dt 9 


which, according to (28), reduces to 
- «/ K(t, ye) X 

B n -1 ( Xl> ' ' ‘ ’ X *~ l> XP ’ Xfi+1 ’ ' ' ‘ Xp V<- 

\y u ■ • • t Vp-h t, 2/0+i> • • • 9 ypJ 



§ 21 ] 


SOLUTION OF FREDHOLM’S EQUATION 


49 


Thus we arrive at the formula 


( 31 ) b! X '' ■ 

\y u ■ 

^ a+fi K(x a ,y ff )B n ( Xl ' 

a- 1 \ yi > 


, X p\ = 

, Vv) 

■ f %a- h %a+h 
• f Vp- b Vfi+b 

%a— 1> •E«n^a+1> • 

Vfi-h t,y fi + 1 , . 



In like manner, by expanding the integrand of 

B n \ X i* ' ’ Xp ) according to the elements of the row x a , 

\2/i, • • • ,Vv) 

we obtain 


(32) B.(* 1 ’ ■ ' 

\y u ■ • 

X (-D^Xa.I/W* 1 ’ • 

0* 1 ( V' 1 ’ ■ 

- n /\(*«, t)B n J Xi ’ • • 
\yi» • • 


> = 

, Vv) 

> *^0—1) ^a+1) 

• > 2//J-1I 2/*+l> 

> %at— 1 > ^orrl» ■ 

Vfi-b Ufa y&+ b • 



If now we multiply both sides of (31) and (32) by (— l) w 
X n +* 

— z and sum with respect to n from n = 0 to n = oo , we 
n! 

obtain, on account of the definition given in (30), the 
following double relation, which is a generalization of Fred - 
holm’s two fundamental relations (10) and (11). 


(33) d( X i ’ ' ’ ’ *' x) = 

\y 1. •••,2/p/ 

£(- ir^\K{x a , y M x £ • • • • 

a *i V/i> • • • > 2/fl-b 2/^+n ■ 

+ X /\(<, Ve)£>( Xu ' ■ ■ ’ *f’ X * H l ’ ■ 
jo \!/i. • • • > 2/0-'> f, 2/0+1, • • 


’ x)fl 

• ,2/p / 
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0-1 

Xi, . . . , £*+ 1 , . . • t Xp 

\Vlf * ■ r V0—b V0+b • • • ) VP / 

+ X f b K(x a , t)D( Xh • • ■ > X «-'> *» • : • ’ X ”xV 

y« \yi, .... y«-i, y«, y«+t, • , y P / 

c) Relation between D lp) {\) and D[ Xu ' ' ,X,, x). — 

\2/i> • • • > 2 /p / 

The relation (27) between D'(X) and Z)(x, x; X) generalizes 
as follows: 

(35) /‘ jf c & : : : £ x ) fc ■ ■ •**- 


t- l^x* 


d p D(\) 
d\ p ’’ 


Proo/. — From the series expression for D(X) : 


we get 


D(X) = 

n — 1 


which, after the change in notation n — p = n' and a final 
dropping of the prime (')i may be written 


0‘’)(A) = S(- D» + ^>. +p . 


But by (15) 


An+p ~£ • • 

• /Xi:: : : 

i l *+p/ 

. . d/»+p- 

If now 




in place of t u . 

• ■ 9 tpt ^p + U • 

• • 9 fpf» 


we write X\, 

• • • 1 3Jp; U , 

• * ,*• 
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and then change the order of integration, as we may, so that 
we integrate first with respect to < 1 , . . . , t n , we obtain 

'6 


ln+p 


c r r 

K (x h . . . . . . ,t n \ dti dtn dxi ^ 

which, on account of (28), becomes 

^. + p = r r - ■ ,x S)dx i . . . d XP . 

Ja Ja \ x l> • • ■ t *vj 


x»+p 


Multiply both sides of this equality by (— 1)" — y and sum 
with respect to n from n = 0 to n = o° . We obtain 


(*’ • • ’ . . . d.1 

\*l, • • • l W 


It is permissible here to put the summation under the 
multiple integral sign. If we then make use of the equation 
of definition (30), we obtain 


(- I)*** 


dp.D(\) 

d\” 



• • dx p , 


which establishes the equality (35). 

We make use of this result to prove that not all of the 
Fredholm minors vanish. Let X» be a root of D(X) = 0. 
Then certainly X« ^ 0 for Z)( 0) = 1. Furthermore, X 0 is a 
root of Z>(X) of finite multiplicity r (r ^ 1), defined by 

D{\„) = 0, Z)'(X.) = 0, . . . .©'--"(Xo) = 0, D (,) (X„) * 0. 
The multiplicity r of the root must be finite, otherwise 

D(X) = 0. 
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In (35) put A = A„ and p = r, then the right member by 
our hypothesis does not vanish. Therefore, the left 
member does not vanish. Hence, since A« ^ 0, 

D (xi, . , x r x \ ^ o ^ Xl) . , x r 

and, consequently, 

D (* 1 ’ ' ’ « r X » ) ^ 0 in *«> ■ • ■ >*T,y i, • • • » V- 

XUl, ■ ■ ■ 3 Vr / 


Hence, in the series 

D(\ 0 ) = 0, d( X xA £>( Xl ’ Xs aA Z>( Xi ’ X2 ’ Xa xA . . . 

\y ) \yi, 2 /s / \yhVi,y3 /’ 


we must come to a number q ^ r, called the index of X 0 , 
such that 


D(\ 0 ) = 0, D(x, y; X 0 ) = 0, . 


D 





0 . 


That is, there exists a particular set of values xf, . . . , 
x qy Vi> . • • , Vq for the variables x u . . . , 1 / 1 , 

. . . , y q such that we have the following numerical 
inequality: 


D 





^ 0 . 


Incidentally, we have proved the 
Theorem VII. — The index q of a root A 0 of D(\) is at most 
equal to the multiplicity r of X 0 : q ^ r. 

d) The q Independent Solutions of the Homogeneous 
Equation . — Let A 0 be a root of D{\) =0 of index q , so that 

D(\,) = 0, D(x, y; X 0 ) = 0, . . . , 



but 
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Write down the second of Fredholm’s generalised funda- 
mental relations (34) for X = X«, p = q 


Xi = x x ', . 
yi = Vi, ■ 
Then 


• > *«- 1 — * a-l) x a ~ x i S'a+l ~ 


X a = X„ 


, Ve-\ = y’e-h y» = y/, J/*+i = J/V«» 


» = Vo' 


> ■ • • > X 1, X, X a +l, . . . 

\vi> • • • . y'lt-i, y$, y'e-n, ■ ■ ■ , y,' 7 

x. f b K(x, 1 )d ( X \ ’ • • • ’ ^ a+1 ’ • • • ’ X \ \)dt, 

since by hypothesis 

J^( X h • • ■ I ‘^a— 1> ^a+l> • • • * ^ \ 0 

v/i, • > Vfi-iy yp+h • • • , y q °/ 

Hence, if we divide by d( X i / ’ X “ l X„) 

\2/l t ’ • ■ ) yq / 

and put 

(36) z>(*7 • • • ’ x 'r h * ’ X 'r x ' • ■ • ’ X J, x.) = 

\2/l j • ' y y p—lf V py y 0 +U » 2/ff / 

*.(*, x 0 )Z >(*7 • • ■ ’ x j, X.) 
\yi, - yVq ) 

we have 

Xo) = Xo ^ K{X t Os Pa(.ty Xo)dO 
which expresses that the 9 functions 


^ 1 ( 2 , Xo), Xo), . . . , <p q (x } Xo) 


are solutions of the homogeneous equation (26). These 
solutions are continuous and 


v>«(V> Xo) 


f i> /* = « 

|0, 0 a • 


(37) 
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from (30) and (28). Furthermore, these functions are 
linearly independent. That is, if a relation of the form 

Cl<fil(x) + CyPlix) + . . . + Cq(pg(x) = 0 

exists, where C i, . . . , C q are constants, then we must 
have Ci = C 2 = . . . = C q = 0. For, from (37), if 
x = x a ', then C a = 0. 

From the homogeneity of (26) it follows that 
(38) u(x ) = C\<pi(x) + . . . + C q <p q (x) 

is again a solution of (26) for arbitrary values of Ci, . . . f 
C q . We thus have a g-fold infinitude of solutions. 

e ) Completeness Proof . — It remains to show that every 
solution of (26) can be put in the form (38). 

If v(x ) is any solution of (26), then 

v(x) = \ 0 f K(x. t)v(t)dt. 


Whence 

0 B 



b H(x, t) 


v{t) - X 



b 

K(tj s)v(s)ds dt, 


where H (x, t ) is any continuous function. On subtracting 
the second equation from the first, we obtain 


(39) 

where 


v{x) 




N(x, t)v(t)dt 


\oN(x, t ) = \oK{x, t) — 


H{x, t) — \ 0 I I1(x, s)K( 8, t)ds 


Now apply (33) with p = q + 1, x e+ i = x, j/ l+ i = y and 
notice that a transposition of two x’s or two y’s changes the 
sign of D. Then 



= \K(x, y)Dh ■ ■ 
VJu • • 

. , X a — 1, Xy X a +1, 

• • • i yp-h Vfif Vfi+u • 
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Put Xi = Xi, . . . , Xq = Xq , y t = yi, . . 
y = t, X = \ 0) divide by 


2/fl = Vi, 


and put 

(40) H(x, y) = 


d( x \> X.) 

\y i , ■ ■ ■ ,y t ) 

d( x > x V ’ ' • ’ x < x.) 

_ \2/i y i i • • > ?/ 7 / 

• ■ • »*.' x V 

\y/» • ■ , y«' x 7 


then we obtain 

(41) %\,K(x a ', t)* m (z) = X„X(z, I) - //(x, I) 

a => 1 

+ X„/tf(x, «)£(«, 0*. 
The equation (39) can now be written 

v(x) = X„X V.W f K(x a ',t)v{t)dt. 

a = 1 

This shows that r(a:) can be written in the form (38) by 
taking for the constants C a the values 

Ca = x “X'■ K:(x “ , ’ t)v{t)dL 

Thus we obtain Fredholm’s second fundamental theorem: 

Theorem VIII. — If \ — \ 0 is a root of D{\) =0 of order 
q , then the homogeneous integral equation 


u(x) = X„ j' 


K{x, t)u(t)dt 


has q linearly independent solutions in terms of which every 
other solution is expressible linearly and homogeneously. 
Such a system of q independent solutions is given by 


<P a (x) = 


1 » * ) ^ a — 1; ® a + 1) • ) ^7 ^ I 

\yi ? • • • y y 0—h y& > y ^+i> • > / 

d( t v • • ’ x i \o) 

\y i . • • , I/* / 


(« = !»• • • » ?)• 
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22. Characteristic Constant. Fundamental Functions. 
Definitions. — If D(X) is the Fredholm's determinant for the 
kernel K(x, t) and D(\ 0 ) = 0, then X, is said to be a charac- 
teristic constant of the kernel K(x t t). Further, if tp{x) is 
continuous and not identically zero on the interval {ah) and 

<p(x) = ,f a K(x, t)<p{t)dt, 

then <p{x) is called a fundamental function of the kernel 
K{Xy t)y belonging to the characteristic constant X„. 

<Pi(x ), . . . , ip q {x) form a complete system of funda- 
mental functions of the kernel K(x , t) } belonging to X„, if 
every other solution is expressible linearly in terms of these 
q solutions. Thus, if fa, . . . , \f/ q are any other q solu- 
tions, we must have 

^1 = Clift + . . . + Cl q <p q 


and if 


= CqKPi + 


+ C qq <Pq 


C u 


' iq 


* 0 


'ql 


yfru . . . , \pq form again a complete system of fundamental 
functions belonging to X 0 . 

23. The Associated Homogeneous Integral Equation. — 
Preparatory to the discussion of the non-homogeneous 
integral equation, for D(X) = 0, we will discuss the homo- 
geneous integral equation 


(42) 


v{x) = X 



b 

K{t , x)v{t)dt , 


which is called the integral equation associated with the 
integral equation 


u{x) 




K(x, t)u(t)dt. 


(26) 
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K (x, t) s K(t, x) 

of the associated equation is deri^d from the original 
kernel K(x f t) by interchanging the arguments x and L 
There exist important relations between the solutions of the 
two equations (42) and (26). To obtain them, we first 
compute the Fredholm determinant and Fredholm minors 
for the kernel K(x, t) } which we indicate by the correspond- 
ing dashed notation. 

a) Fredholm's Determinanl for the Associated Kernel . — 


d(\) = i + 2(-d^>. 


where* 


A, 



Then 



K(ti. 1 1) . . . K(t u t„) 

K(t n , U) . . . K(t n , l n ) 
dtt . 


D(\) = 1 + 2(-1)"£a 


dt 


n» 


where 

(Kti,h) . . . K{tl, in) 


K{t nf t\) . . . K{tny fn) 

dt\ . • dt^m 
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In this expression for A. put K(x, t) = K{t, *). Then 

| K(t h U) . . . K(t n ,tr) 

f 

\K{t h Q . . . K(t n , t n ) 

dti . . dtn . 

The determinant which appears in the integrand of An is 
the same as that which appears in the integrand of the 
expression for A nj with the exception that the rows and 
columns are interchanged. But this interchange leaves the 
value of the determinant unaltered. Therefore A n = A n , 
and hence 

(43) D{\) = D(A). 



Hence also we conclude that K(t , x) and K(x, t) have the 
same characteristic constants. 

b) Fredholm's Minors for the Associated Kernel . — We have 
from (30) 



where the B n are given by (28). Then 

/ b pb 

j 


K(x i, j/0 . 

■ ■ K{x it y P )K(xi, <i) • 

. . K(x i, f„) 

K(.x p , yx) . 

. K(x PJ y P )K(x Pf t\) 

. . K(x p , t n ) 

K{t u yi ) . 

• K(h, y P )K(ti, u) 

. ■ K(h, t n ) 

K(t., yi) ■ 

. K{tny y P )K{tny ^l) 

. . . K(in,t n ) 



dti t • ■ dt. 



( 23 ] 


SOLUTION OF FREDHOLM’S EQUATION 


59 


But K(x, t) = K{t, x), then 

/ b pb 

j 

K(y u xi) . . . K(y p , x 0 K(t u Zi) . . . K(t n ,x ,) 


K(y u x „) . 
K(y i, <1) . 


. K{y p , x p )K(ti, x p ) 
■ K(y P < U)K(ti, h) . 


■ ■ K(t n , i p ) 
• • *(<„<.) 


\K( yi> K(y p , t n ) K(t u K(L, i„) 

dt\ ... dtflm 

An interchange of rows and columns in the determinant of 
the integrand does not change the value of the determinant. 
Hence 

Hi: : :::£)-/• / 

K (yi, • • ■ ,yp,t 1, • • ■ , *A dti d(n 

\* 1 » • ■ ■ ) X Pi h, 7 tn/ 

Then, by means of the equation (28) defining B„, we see that 
^ (zi, . . 9 x p \ /y lf . . . , y P \ 

Bn \yi, • • • , Vv) A*i, 7 x p ) 

and, therefore, 

( 44 ) d( Xu ‘ ' ’ ’ Xp x ) s d( Vu ' ’ Vp \\ 

\Vu ■ ■ ■ . Vp ) \*i, ■ ■ ■ ,x p / 

Since X. is a characteristic constant of K(x, l) of index q, 

we have 


while 


’ X, \ e )= 0 

(p = i, • 

i Vp ) 

d(* V • ■ • 

’ x \ x.)* 0. 

\yi, ■ ■ ■ 

, y< J 


1 ) 
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Hence, by (44) 


d( x " ' ’ 

\y i. ■ • » 


in xi, 


Vp 

x Pi Vh • 


■)- : : 

. . 2 /p for p — 



1 . 


Further, if we put 



Hence, by definition, the index q of X 0 as a characteristic 
constant of K(t, x) is q. We state this result in the 
Theorem IX . — If \ 0 is a characteristic constant of K(x, t) 
of index q , then \ 0 is a characteristic constant of K(t , x) of the 
same index : 

q = q. 


c) The Fundamental Functions of the Associated Equation. 
Apply, now, Theorem VIII to equation (42) and we find 
that it has q linearly independent solutions. A funda- 
mental system of such solutions is given by 



Vc(x) = 
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If, now, we introduce the change of notation (45), we find 


Vab) = 


£)Ax', . . • , x a ', x' a+ i, . . . , 1 ,' \ 

\yi'> • • • > y'a-h X , y'a+l, . . ,y 9 ’ 7 


d( X i '’ > x «\\ 
\Vi, ■ • • , V, / 


(<f> - 1 , 


■ ,?)• 


The most general solution of (42) is now 

v(x) = Civi(x) + Civiix) + . . . + C,v v (x). 

d) The Function H(x, y) for the Associated Kernel . — From 
the definition of H(x, y) given earlier, we have 


H(x, y) = 


d( x> *V • ’ */, k) 

\y, Vi , • • , y« / 

°W S.' 7 


Apply (44) and make the change of notation (45). Then 

d ( v ’ yy • ■ ’ y \ x.) 

(46) H(x, y) = — ’ a 7 J- = ff(y, x). 

‘ ' ‘ ’l 9 ' m 

If, now, we take account of (46) and make the change of 
notation (45), then the relation (41) written for the kernel 
K(x, t) = K{i , x) becomes 

(47) %\ 0 K{t, y a ')v a {x ) = KK(t, x) - H{t, x) 

0-1 

+ X,,^^ //(«, x)/iC(/, s)ds. 


e) The Orthogonality Theorem . — 

Theorem X. — 7/ X 0 and Xi are two distinct characteristic 
constants of K(x } t), <p 0 (x) is a fundamental function of 
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K(x, t) for X„, and <p\{x) is a fundamental function of K{x, t) 
for Xi, that is 

(48) <p„(x) = \ 0 jT b K(x, t)<p 0 [t)dt 

(49) * t (x) = \ t J^ b K(x, t)v x (t)dt = XijT K(t, x)v>i(t)dt 
then 

(50) J' <f> 0 (x)vi(x) = 0. 

Proof . — From (48) and (49) we obtain 

vX» - Xi) j' ip 0 {x)ipi(x)dx = 

(p 0 (x)K(t, x)tpi(i) dt dx 

P P 

— X 0 Xi / / Jpi{x)K{Xj t)tp 0 {t) dt dx. 

Jo. Ja 


We see that the two integrals on the right are equal if in the 
last integral we write t and x in place of x and t. Then, 
since by hypothesis X 0 ^ Xi, we must have (50). 

Definition . — Two continuous functions g(x), A(x), for 
which 

■'b 

g(x)h(x)dx = 0, 


£ 


are said to be orthogonal to each other. 

Hence the above result may be stated as follows: <p 0 (z) 
and ^i(x) are orthogonal to each other. 

24. The Non-homogeneous Integral Equation When 
D(X) = 0. — With the aid of the results established in the 
last article we can discuss completely the solution of the 
non-homogeneous integral equation 

(51) u(x) = f(x) + h 0 £ b Kix, i)u(t)dt 

when D(\ 0 ) = 0 and X 0 is of index q. 
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The finite system of linear equations 

n 

Ui - Xh^KijUj = fi (i = 1, . . . , n), 

j-i 

of which the equation (51) may be considered as a limit, 
has, in general, for A = 0, no finite solution. If, however, 
certain conditions on the /* are satisfied, the system has an 
infinitude of solutions. In analogy we will find that (51), 
for D(X 0 ) = 0, has, in general, no solutions. If, however, 
f(x) satisfies certain conditions, then (51) has an infinitude 
of solutions. 

a) Necessary Conditions. — To obtain these conditions 
f(x) we assume that u(x) is a continuous function of x satis- 
fying (51). Multiply both sides of (51) by ^ a (x), where 

vjx) = \o J~ K(t, z)(p a {t)dt, 

and integrate with respect to x from a to b . We obtain 

(52) f f(r)v a {x)dx = f u(x)v a {x)dx 

Jo. J a 

\ 0 I <Pa(x) I K(x y t)u(t)dt dx. 
l J a 

In the last integral on the right, ^ a (x) is constant with 
respect to t and so can be placed under the second sign of 
integration. We may change the order of integration and 
then take u(t) from under the sign of integration with respect 
to x . Thus the last term becomes 

J' J~ v a ( 2 )K(x, t)dz^dt = J' u(t)v a (t)dt. 

Thus we see that the first and last terms on the right cancel 
and 

(53) J' f(x)v a (x)dx = 0. (a = 1, q) 

Hence, in order that there may exist a continuous solution 
u(x) of (51). /(x) must satisfy the q conditions (53). 
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b) Sufficiency Proof. — Let us now show conversely 'that, 
if f(x) satisfies the q conditions (53), then (51) does have a 
solution. By our hypothesis the q equations (53) are satis- 
fied. Then 

X XJf(ar, yj) f b f(t)v a m = 0. 

a-1 

Now, \ 0 K(x , yj) is independent of t and so may be placed 
under the sign of integration. It is permissible to change 
the order of performing the summation and the integration. 
We thus obtain 

£\^oK(.x,y a ')- Va mt)\dt = 0 , 


which, on account of (47), becomes 

( 54 ) 0 = f\ 0 K(x, t)f(i)dt - Ph(x, t)f(t)dt 

Ja Ja 


+x 




H(s } t)K(x , s)ds \dt. 


The last term may be written 

'b /*b 

f(t)H(s y t)K{x , s)ds dt. 


Make now a change in notation. In place of t and 8 write 
s and t. We obtain 



s)K(x , t)dt ds . 


In this definite double integral it is permissible to change the 
order of integration. We then obtain 


X.jTx(x, t)\f 


b 

H(t , s)f(s)ds dt. 


After making these reductions in (54), combine the first 
and last terms and obtain 
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(55) 0 




Now put 


K(x, l) j /(0 + s)/(s)dsjd< 

-£h(x, <)/«) dt 


MO = fit) + / H(t, 


then 

£h{x, = Vo{x) - f(x). 

Making use of these last two equations, (55) becomes 

u 0 {x) = f{x) + \ 0 J K(x } t)u 0 (t)dt. 

Thus we have proved that if (53) are satisfied then (51) 
has at least one solution, u 0 (x) given by 

(56) u„{x) = f(x) + £h(x, t)f(t)dt. 


c) Determination of All Solutions . — Let us suppose 
that (51) has another continuous solution u(x). Then 
u(x) — u 0 (x) is a solution of the homogeneous equation 


(57) v(x) = X 0 Pk{x, t)v(t)dl, 


for, if we subtract the members of (56) from the correspond- 
ing members of (51), we obtain 


(58) u(x) — u 0 (x) = \ 0 J K{x } oj^w(/) — u 0 (t) JdJ. 


By Theorem VIII the most general solution of (57) is of 
the form 


Ci<pi(x) + C 2 <P 2 (x) + . . . + C q <p q (x) } 
where C i, C 2 , . . . , C q are arbitrary constants. 

Hence the most general solution of (58) is 

u(x) - u 0 (x) = C\<p x (x) + Cnp«Xx) + . . . + C q <p q (x). 
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Therefore, 


u(x) = f(x) + £ H(x, t)f(t)dt 


+ Cl<Pl(x) +. . . + C Q iPq(x) 


is the complete solution of (51). We have thus proved 
Fredholm's third fundamental theorem: 

Theorem XI . — If X„ is a characteristic constant of K(x, t) 
of index q then 

(51) u(x) = f{x) + h 0 J K(x, t)u{t)dt 


has , in general > no continuous solution . In order that a 
continuous solution exist it is necessary that 


I 


f(x)<Pa(*)dx = 0, 


a = 1, . . . ,q 


where the <p a (x) are a complete set of fundamental functions 
for the associated homogeneous equation 


(42) v(x) = X 0 f K(t, x)v(t)dt. 


If these conditions are satisfied , then there are a q-fold 
infinitude of solutions of (51) given hy 

«(*> -/i*) + £h(x, m)dt + c m (x) + . . . 

+ Cqipqfx) 

where C i, . . . , C q are arbitrary constants and where the 
<p a (x) are a complete set of fundamental functions for 

(26) u(x) = \ 0 £k(x, t)u(t)dt (Theorem VIII) 

and H(x, t) is given by (40). 

The following table exhibits the results of the solution of 
Fredholm’s equation together with the analogy between 
the finite system and the integral equation. 
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«(*) 


r 


fix) + X / K(x, t)u(t)dt 


Case I : D(X) 0 


Case II : D(\) 


Non- 

homogeneous 


Homogeneous 


Non- 

homogeneous 


Unique solution Unique solution In general, no 
U(x) =f(x) u a 0 solution 

, C b D(x, l;\) 

+ J a D{X) 


fWdt 


Solutions exist 
only if / satis- 
fies 

ff(*)va(x) = 0 

•'a 

Then <x>* solu- 
tions 


Hi Xh^^fCijUj — f ly i — 1 , 


>-l 

Case I : A ^ 0 


Case II : A 


Non- Homogeneous Non- 

homogeneous homogeneous 


Unique solution Unique solution In general, no 




Uk ■» 0 




i -1 

Wfc 


solution 
oo solutions if 
the fi satisfy 
certain q rela- 
tions of the 
form 

Caifi + • • • 

+ fWn - 0, 

a = 1 . . . , q 


* 0 , index 9 


Homogeneous 


oofl solutions: 
a<Pa{x) 

o-l 


n 


0 , index 9 


Homogeneous 


oo ff solutions if 
A is of rank r 
where q ~ n — r 
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26. Kernels of the Form £ai(x)bj(y). — We give a brief 
discussion of the integral equation with a kernel of the 
form 

K(x, y) = Oi(x)6i(y) + . . . + a n (x)b n (y). 
Fredholm’s integral equation 


w(x) = f(x) + X J' K(x, t)u(t)dt 
can now be written in the form 


j^ai(x) J r b x 


(59) u(x) = f(x) + X 


If, now, we put 

( 6 °) J\i{t)u{t)dt = Kt 

we see that u{x) is of the form 


(t)u(t)dt + . . . 


+ a n {x) J b n {i)u[i)dt |. 
(i = 1, ■ ■ ■ , n)> 




(61) u(x) = f(x) + X ai(x)Ki + ■ - . + a n (x)K l 


In order to determine the constants K X) let us substitute 
in (60) the value of u given by (61). We obtain the n 
equations 

(62) Ki - x[jf«i(0V0M + . . . 


n). 


+ AVtt j = £,(t)f(t)dt(i = 1, . . 

Introducing the notation 

’6 

a k (l)b x {t)dt = C ki 
the system (62) can be written in the form 
(63) K, - xJcwK, + . . . + C ni K n j = £bMm- 


r 
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Equations (63) are a linear algebraic system of n non-hom- 
ogeneous equations in the n unknowns K h . . . , K n , 
with the determinant 


1 “ XCu 

— XC 12 

- XC, 

XC21 

1 - XCi 2 

- XC, 

XC n i 

- xc„ 

1 - xc„ 


From the theory of linear systems, we have at once the 
result : 

a) If D(X) j* 0, the system (62) is satisfied by one and 
only one set of values of K\> . . . , K n and these values are 
given by Cramer's formulas . Therefore , Fredholm's equation 
(59) has one and only one solution, which is given by (61). 

b ) If Z>(X) « 0 for X = X 0 (and this happens for n values 
of X, real or complex), and one of the qth minors of D(X) 
is the first minor which does not vanish for X = X 0 (this 
gth minor is a determinant of order n — q), then the general 
solution of the homogeneous system (62) (f(x) = 0) will be 
of the form 1 

Ki = amu + a 2 m 2 i + . . . + a q m qi U = 1, . . . , n), 

where a h a 2 , . . . , a q are arbitrary constants. 

If we put the values of Ki so obtained in (61), we obtain 

u{x) = X^aiUiOr) + a 2 u 2 (x) + + OL q u q {x) 

where the functions 

u t (x) = m 7l ai{x) + mr 2 a 2 {x) + . . . + m fn an(x) 

(r = 1, . . . , q) 

are linearly independent. 

Thus we see that, under the circumstances specified, the 
homogeneous integral equation for X = X 0 has q linearly 
independent solutions. 

1 BOcher, “Introduction to Higher Algebra,” §18. 
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The associated equation 
(64) «(x) = f(x) + X 


£i>i(x) / ai(t)u(t)dt + 
+ b n (x) 


J' a n (t)u(t)dt 


is obtained from (59) by interchanging the functions a<(x) 
and bi(x). The general term of the characteristic determi- 
nant of (59) being 


jf 


a k (t)bi(t)dt = Chi, 


the general term for the associated equation will be 

di(t)dt = Cm. 

The characteristic determinants of these two equations are 
identical, since one can obtain one from the other by inter- 
changing rows and columns. Therefore, the equation (59) 
and the associated equation (64) have exactly the same 
characteristic numbers and with the same index. 

From the general theory we know that if \ a is a root of 
D(X) =0 of index g, then, in order that the non-homogene- 
ous equation (59) may have a solution, we must have 



/(x)tii(x) dx = 0 (t = 1, . . . , q). 


EXERCISES 

rb 

For the equation- u(x) - }(x) + X / K(x, t)u(t)dt compute D(\) 
and D(x, y; X) for the following kernels for the specified limits a 


and b: 


An8. 

1. K(x, t) 

- 1, a - 0, 6 - 1. 

D(\) = 1 - X. 

2 . K(x, t) 

* —1, a = 0, 6 = 1. 

D(\) = 1 + X. 

3. K(x, t) 

= sin x, o = 0, 6 = t. 

D(X) = 1 - 2X. 

4 . K(x , <) 

- xt, a = 0, b « 10. 

D(X) = 1-^? 
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6. 

K(*. 

t) 

= l, a = 0, 

6 = 10. 

D(\) = 

1 

- 50X. 


6. 

«(*, 

t) 

= x, a = 4, 

cr 

11 

© 

D(X) = 

1 

- 42X. 


7. 

*(*, 

t) 

= ?(x), a = 

a, b = b. 

D(\) = 

1 

- X / 

g(t)dt. 

8. 

A'(x, 

D 

= 0(<), a = 

a, b = b. 

D(X) = 

1 

" X i 

•6 

g(t)dt. 

9. 

A(x, 

t) 

= 2e , e‘, a 

= 0, b = 1. 

D(\) = 

1 

- (e» - 

■ l)x. 


10. K(x, t) = x — t, a = 0, h = 1. 

Solve the following integral equations: 

11. u(x) = sec 2 i + X 


12. u(x) — sec x tan 

13. u{x) — cos x + X 

14. u{x) = c x -f X 

Jo 

r \ o 

16. u(. r) = x 2 -f- X / t-u(t)dt 
16. u(x) = sin x + X / x-u(t)d 


r 

X / u(t)dl. 

Jo 

r 

x — X / 1 

Jo 

r 

X / sin a:* 
*/o 

X 10 

xt‘u(t)dt. 

/ io 

t-u 

/ io 

x-u 

X 2 e x e l u(t)dt. 


u{t)dt. 

u(t)dt. 


17. u(x) = e 1 -f X 

Solve the following homogeneous integral equations: 
l 

u{t)dt. 


18. u(x) = f 

‘ = Jo 

1 f W 

= - / Sill x.u 

"Vo 

_ _JL r° , 

l.OOO/o 

i Z* 10 

5o/ 0 


19 

20. u(x) 

21. u(x) 


(Orff. 

(Orff. 


22. u(z) 
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i r° 

23 . u{x) |2 / x - u (0dt. 

24 . u(x) = y / 2 e z e‘u(l)fll. 

e ~ Vo 

Solve the following equation by the method of §25: 

25 . u(x) = x 2 + X J (1 + xl)u(l)dl. 

26 . u(x) = x + X / (1 + sin x t 

Jo 

27 . u(x) * x + X (1 + x + f) 

28 . u(x) = x + x / (x — t)u{t)a 

29 . u(x) = x + X J* (x - OMO 


26. u(x) = x + X / (1 + sin x sin t)u{t)dl. 


27. u(x) * x + X / (1 + x + 0^(0dZ. 


28. u(x) = x -f X 


/)u(Z)d/. 


29. tt(x) = x + X 


t)hi(t)dt. 


80. Solve Exercises 11-17 inclusive by this method. 



CHAPTER IV 


APPLICATIONS OF THE FREDHOLM THEORY 


I. Frek Vibrations of an Elastic String 


26. The Differential Equations of the Problem.— Wc 

consider an elastic string stretched between the two fixed 
points A and B. We pull it out of its position of equilib- 
rium AQB into some other plane initial position, as ACB, 
and then release it. The string will describe transverse 
vibrations. Suppose that at time t the string occupies 
the position APB. Let x = AQ, 
y = QP be the abscissa and ordi- 
nate of any one of its points P. 

Then y is a function of x and t. We 
suppose the cross-section of the 
string to be constant and infinite- 
simal compared with the length. 

The string is of homogeneous density. The effect of gravity 
is to be neglected. Further, we take for simplicity AB = 1. 
It is then proved in the theory of elasticity that the motion 
of the string is given by the partial differential equation 



( 1 ) 


d 2 y 

dl 2 


= c 


>&y, 

dx 2 


(c = constant) 


with the initial conditions 

(2) y(0, /) = 0, 2/(1, t ) = 0, 

(3) y(x, 0) = g{x), y t (x, 0) = 0, 

where y = g{x) is the equation of the initial position ACB. 
liquations (2) are the analytic statement of the fact that the 
end points A and B remain fixed, while equations (3) state 

73 
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that for t = 0 the string is in the initial position ACB and 
each particle starts its motion with an initial zero velocity. 1 

27. Reduction to a One-dimensional Boundary Problem. 
Let us try to find a solution of (1) in the form 
y = u(x)ip(t). 


Substitution of this value of y in (1) gives 


/ , ,,s.d 2 u 


which can be put in the form 

dVQ Q d 2 u{x) 

dt 2 0 dx 2 

= 

<p(t) u(x) 


The right-hand side is independent of t f and the left-hand 
side is independent of x. Then either member is a con- 
stant, which we designate as — Xc 2 . This gives us the two 
ordinary differential equations to solve : 


d 2 u 

dx 2 


+ Xu = 0, 


w + XcV = 


o. 


The initial conditions on u and <p are obtained from (2) and 
(3), and for u are as follows : 


u(0)v>(f) = 0 
u(l)p(<) = 0 


whence 


u(0) = 0 
u(l) = 0 


since <p(t) ^ 0. 


We are thus led to the following one-dimensional boundary 
problem : to determine a function u{x) which will satisfy 
the differential equation 


(4) 


d 2 u 

s? + x “-° 


and the boundary conditions 

w(0) = 0, u{ 1) = 0. 

28. Solution of the Boundary Problem. — We see at once 
that u ss 0 is a solution. This gives for the original prob- 

1 Weber-Riemann, “Lehrbuch der Partielle Differentialglei- 
chungen,” (83. 
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lem of the vibrating string the trivial solution y as 0, 
which means that the string remains at rest. Hereafter, 
when we refer to a solution of our boundary problem we 
shall mean a solution not identically zero. To obtain the 
solution we have three cases to consider. 

Case I . — X > 0. From the elementary theory of differ- 
ential equations we know that the most general solution 
of (4) is 

u(x ) = A cos y/\x + B sin \^Kx. 

The conditions u(0) = 0, u(l) = 0 give us A = 0 and either 
(1) B = 0, or (2) sin y/\ = 0. 

(1) If B = 0, we obtain the trivial solution u s 0. 

(2) If sin VX = 0, then X = n V* (n, an integer) and the 
solution is 

u(x) = B sin nirx 

Case 11 . — X = 0. The general solution of (4) is now 

u = Ax + B. 

But it(0) = B = 0, and u(l) = A = 0, so that we have 
again the trivial solution u * 0. 

Case III. — X < 0. The general solution of (4) is now 

u = Ae V ~ Xx + 

Applying the initial conditions, we obtain 
u(0) — A + B — 0, whence B = —A 
u(l) = A(e^~ x — e~^~ x ) = 0, whence A = 0 (X -A 0). 

Therefore, A = B = 0, and we have again the trivial solu- 
tion U SB 0. 

Thus we arrive at the 

Theorem I . — If X = n s ir J (n, an integer), then the boundary 
problem 

( 4 ) 


-j-j + Xu - 0, u( 0) = 0, u(l) = 0 
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has an infinitude of solutions: 

u = B sin mx. 

If \ t* nV 2 , then the only solution is the trivial one u s= 0. 

29. Construction of Green’s Function. — We now propose 
to show that every solution of our boundary problem (4) 
satisfies at the same time a linear integral equation. We 
observe first that with the given boundary conditions the 
method of §4 cannot be used to determine an equivalent 
integral equation. In the present instance, in order to 
determine an equivalent integral equation, we first construct 
the Green’s function belonging to the boundary problem. 

The given boundary problem for A = 0 has only the 
trivial solution u = 0. This is true, however, only under 
the assumptions tacitly made throughout, namely, that u, 
together with its first and second derivatives, is continuous 
in the interval [01]. Let us use the notation u c " to denote 
this assumption. 1 

Drop now the assumption u c,r and allow the derivative 
w' to be discontinuous at an arbitrarily prescribed point £ 
between 0 and 1, while u itself remains continuous. Accord- 
ingly, we propose to determine a function u satisfying the 
following conditions: 

A) u c in [01]. 

B) u c " and = 0 in [0£]. 

u '" and S = 0 in ua 

C) w(0) = 0, u( 1) = 0. 

The solution then must be of the form 

jaoz + 0o in [0£] 

1 a# + & in [flj. 

1 Similarly, let us use the notation C to denote the class of all 
continuous functions and the notation C to denote the class of 
all functions having continuous derivatives up to the order n inclusive. 
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From C) we find 

«(0) = /3o = 0; w(l) = aj + |3i =0. 

Thus the solution reduces to 

_ |«o® [Of] 

\m - *) [&]. 

The condition 4) must be satisfied, whence 
“of = m - f). 

Therefore a 0 = p(l — f) and = pf. 

The solution now takes the form 

_ p(l - f)x [Of] 
pf(l-x) [fl]. 

Geometrically, this solution is represented by a broken 
line as in the adjoining figure. 



0 f~~' 


Fig. 6. 

For x = the derivative has a discontinuity measured by 

u'({ - 0) - u'U + 0) = p( 1 - {) + Pf = P. 

We now impose the further condition that this discon- 
tinuity shall be +1. Then p = 1. The function u so 
obtained is called Green’s function for the boundary problem 
(4). We use the notation K(x } |) to represent this function. 
We have thus the following: 

Theorem II. — There exists one and only one function 
K(x, £) which satisfies the conditions 
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A) K' in [01). 

B) K'" and — -0 in [Of]. 

K‘" and ^£ = 0 in [*1]. 

C) K(0) = 0, AT(1) = 0. 


D) 




= *-o 


- + 1, o < £ < 1. 


f + 0 

This function is given by the formula 

(5) Kir t \ _ I (! ~ f)* for 0 ^ x ^ £ 

f) “ f*(l - a) for x Z 1. 

Let us use the notation 


K t (x, £) = (1 - £)x 
# 1 ( 2 -, 4) = t(l — x). 

The properties A) and D) of K(x, £) may now be written 

Ko(t, & = Kid, & 

Ko’(e, 9 - ffiU «) = i. 

We can now prove the following: 

Theorem III. — Green’s function is symmetric in x and { : 


K(x, Q = X(f, x). 

Proof . — Let 0 ^ Zi ^ z 2 ^ 1. 

Then z 2 ) = -Ko(zi, 22 ) = (1 — zf)Z\ 

while K{z it Zi) * K^Zx, z 2 ) = Zi(l - z 2 ) 

whence K(zx, z 2 ) = if(z 2 , 21 ). 


30. Equivalence between the Boundary Problem and a 
Linear Integral Equation. — Take the equations 


d?u 

dx* 


. d*K 
-* u ’dP-°- 


Multiply the first by — K and the second by u and add. 
We obtain 

uK" - Ku” = \uK } or 
~(uK' - Ku') = \uK. 
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This equality holds in each of the two subintervals [Ofl and 
[$1]. Integration over each of them gives 

i-o ri - o 

= X / ulfdx 

0 Jo 

1 /M 

= X / u-Kdx. 
f+o */f+o 

Both u and K vanish at 0 and 1 . u , u f , and K are continu- 
ous functions of x over the whole interval [01]. Whence, 
adding the last two equations, we obtain 

««)[*'« - 0) - K'G + 0) j = Xjf *(*, 0u(x)di. 

But K'(£ — 0) — K'(Z + 0) = 1, and so 

y(() « K(x, ()u(x)dx. 

Now interchange x and £ and remember that K{x, £) = 
K(£, x). Then 

u(x) = x/ X(i, £M£)d£. 

This is a homogeneous linear integral equation of the second 
kind for the determination of w(x). Every solution of the 
original boundary problem (4) satisfies this integral equa- 
tion. Hence, we have the following: 

Theorem IV. — If u(x) has continuous first and second 
derivatives , and satisfies the boundary problem 

(4) ^ + Xu = 0, u(0) = 0, u(l) = 0, 

then u{x) is continuous and satisfies the homogeneous linear 
integral equation 

u{x) = Xjf K{x, £)u(£)d£, 

where K(x, £) is given by the formula (5). 

Let us now prove the following converse 


uK' - Ku' 
uK' - Ku' 
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Theorem V. — If u(x) is continuous and satisfies the equa- 
tion 

(6) u(x) = X/ K{x, £)u(S)dZ, 

where K(x , £) is given by the formula (5), then u has continu- 
ous first and second derivatives and satisfies the boundary 
problem 

^ + Xu = 0, u(0) = 0, u(l) = 0. 


Proof . — x and { range from 0 to 1 and K'(x f £) is dis- 
continuous at x = £. Let us then write (6) in the form 



Ki{x, &u(Qdi + X 



Ko(x, Qu(t)dt. 


Now we may apply the general rule for the differentiation 
of a definite integral with respect to a parameter. 1 Then 

g = Xjf V/Or, «)«(*)# + X jftfo'Or, 

since A^Cx, x) = Ai(x, x). 

Moreover, since K /(x, $) and X 0 '(x, f) are continuous in 

. . du 

their respective intervals, we see that -j- is continuous. 

ax 

A second differentiation gives 

g = *£ X K"{x, l)umt + \£k 0 ”{x, i)utt)d f 
+ Xf£Y(x, x)u(x) — \Ko'(x, x)u(x) = — Xu(x), 


since by our hypothesis on K we have K\" = K a" = 0 and 
K i(x, x) — K q '(x, x) — — 1 . Moreover, since u(x) is 
continuous, we have u" continuous. We have further 

«(0) = xjf * (o, iMtW = 

1 See Gourbat-Hedrick, “Mathematical Analysis/' vol. 1, §97. 
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since K{ 0, £) = 0, and 

u(l) = X /' [ K( 1, &u(&d( = 0, 
since K( 1, {) = 0. 

We know the solution of the given boundary problem 
(4). This knowledge combined with Theorems IV and V 
gives the following: 

Theorem VI. — Only when X = n 2 7r 2 (n, an integer) does 
the integral equation 

u{x) = Xjf K(X, £ )u(£)d£ 

have a solution not identically zero : 

u(x) = B sin 7i7r:r. 

If we compare these results with the results obtained in 
the preceding chapter for the general homogeneous integral 
equation, we see that the characteristic constants for this 
particular problem are X = nV 2 = X„ and that they are of 
index q = 1. The fundamental function belonging to X n is 

ip{x) = sin nirx. 

The kernel is a symmetric one, so that 

k(x , f ) = m, 2 ), 

and therefore the associated equation is identical with the 
original one and hence has the same solutions. The asso- 
ciated fundamental functions are, therefore, 

<p(x) = sin W7 t2. 

II. Constrained Vibrations of an Elastic String 

31. The Differential Equations of the Problem. — Let us 

suppose that an exterior force yH( x, t) acts on each particle 
of mass m in the y direction. Then it is known from the 
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mathematical theory 1 of vibrating strings that the equations 
of motion of the string are 

< 7 > |^.c>g + //(x,0, 

(8) j/(0, t) = 0, y (1, 0 = 0, 

(9) y(x, 0) = g(x), y,(x, 0) = 0. 

Let us suppose now that // (z, t) is harmonic, that is, 
II(x, t) = C 2 r(x ) cos (fit + 7) (c 0). 


Let 11s find, if possible, a solution of the form 
y(Xj t) = u(x) cos (fit + 7). 

Substitute this value of y in (7) and put C 2 X = /3 2 . We find 

(10) + Xw + r(x) = 0, 


while from (8) we derive the boundary conditions 

(11) u(0) = 0, u(l) = 0. 


32. Equivalence Between the Boundary Problem and a 
Linear Integral Equation. — Construct as before the Green^ 
function K(x, f). Then 


<PK <Pu 

dx 2 1 dx 2 


— Xu — r. 


Multiply the first of these by u, the second by —If and add. 
We obtain 

uK" - Ku" = \uK + rKj 
which may be written 

~- x (uK' - Ku') = \uK + rK. 


Proceed as before with the integration from 0 to f and from 
{ to 1. We find 

K{x, £)u(x)dx + y K(x, £)r(x)dx. 

1 Weber, hoc. cit., §83. 




§33] APPLICATIONS OF THE FREDHOLM THEORY 83 


Interchange x and £. 
of K , we have 


u(x) 


-\f 


K(x, 


Then, on account of the symmetry 
+ £ 'k(x, *)r(*)rf{. 


If, now, we put 

(12) £ K(x, ()r(()d( = f(x) 

we have 


(13) 



K(z, 


which is a non-homogeneous linear integral equation of the 
second kind. It is satisfied by every solution of the 
boundary problem given by (10) and (11). 

If we will proceed exactly as in the case of the homo- 
geneous equation, we can now show conversely that if u 
is continuous and satisfies the equation (13), where f(x ) 
is given by (12), then u has continuous first and second 
derivatives and satisfies the differential equation (10) and 
the boundary conditions (11). 

33. Remarks on Solution of the Boundary Problem. — 
Equations (6) and (13) have the same kernel, namely, the 
Green’s function which we have constructed. Knowing 
that the characteristic constants for (6), and hence for (13), 
are X n = nV, we obtain from the general theory the follow- 
ing results for (13): 

Case /. — If X t ^ nV 2 , (13) has a unique solution. 

Case II . — If X = n 2 7r 2 , there is, in general, no solution. 
A solution exists only when the condition 


(14) 



sin nwxdx = 0 


is satisfied. This condition is what 

m b _ 

f(x)v a (x)dx = 0 


r 


becomes for this special problem. If (14) is satisfied, then 
(13) has o® 1 solutions. 
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The boundary problem 


d 2 U 

dx 2 + Xu + r ^ = °’ U ^ = °’ = 0 


was shown to be equivalent to the non-homogeneous integral 
equation (13) if 

(15) f(x) = f l K{z, f)r(Odf. 

Jo 

This enables us, from Cases I and II for the integral equa- 
tion, to state that, when X ^ nV, the boundary problem 
has a unique solution, and when X = n 2 7r 2 , there is, in gen- 
eral, no solution, but that when (14) is satisfied, there are 
00 1 solutions. If, now, in (14) we substitute for fix) its 
value as given by (15), this condition becomes 

Ki x , £)r(£) sin mrxd£dx = 0. 



Interchange the order of integration and remember that 
sin mrx is a solution of the homogeneous equation for 
X = X n : 


sin mrx = X„ / X(x, £) sin mr^d^ 

Jo 

or sin n^rf = X n / Kix , £) sin mrxdx 

Jo 

[since Kix> {) = /£(£, x)] f then the double integral becomes 

- f r(£) sin nw^d( = 0. 

X n% / 


That is, in order that the boundary problem (10) may have 
a solution, it is necessary and sufficient that r(x) satisfies 
the equation 

i 

r(x) sin mrxdx = 0. 
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III. Auxiliary Theorems on Harmonic Functions 


34. Harmonic Functions. — For the solution later of the 
two boundary problems of the potential theory known as 
Dirichlet's problem and Neumann's problem we shall need 
certain auxiliary theorems on harmonic functions, that is, 
functions of class C" satisfying Au = 0: 


. d 2 u , d*u 

4u “ a? + W " °' 


35. Definitions about Curves. — A curve C 

C : x = <p(t), y = t(t), to i± t £ t x 

is said to be continuous if (p and are continuous on [t 0 , <J. 
We write this 

C c -~-<p c \l/ e . 


The symbol is read is equivalent to or implies and is 
implied by . The symbol • is read and. Further, we say 
that the curve C is of class c' if <p and ^ have continuous 
first derivatives and these first derivatives and do not 
vanish simultaneously on [t 0} <i]. We write this 

*') * (0, 0). 

Such a curve is sometimes called a smooth curve. A curve 
of class c' has a definite positive tangent at every point. 
The condition ^') (0, 0) excludes singular points. 

Every arc has a definite finite length. Thus we are assured 
that for smooth curves we can choose as parameter t the 
length s of arc and write 

C: x = $(s), y = i j(s), 0 £ s < l 

f ' 2 + V 2 = l. 


when l is the total length of arc. 
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In like manner, we define a curve of class C": 

C c " — +') * (0, 0). 

Curves of class c" have at every point a definite curvature, 1 
which varies continuously from point to point. 

36. Green’s Theorem. — Let C be a curve with the follow- 
ing properties: 

1) It is closed. 

2) It has no multiple points. 

3) It is of class c". Hence we can represent it with the 
arc s as parameter: 

X = |(s), y = v(s), o < s <. 1. 

4) There exists a positive integer m such that every 
line parallel to the y or x axis meets the curve in at 
most m points. 

According to Jordan’s theorem 2 such a curve divides the 
plane into an interior and an exterior region. Let us denote 

by 

/, the interior plus the boundary (7, 
by E } the exterior plus the boundary (7. 

Then Green’s theorem 3 may be stated as follows: 

Green’s Theorem. — If P(x , y) and Q(x , y) are of class 
c ' on /, then 

(! 6 ) y^ dx + Q( x > y) d y ] = f f ( d d ® - 

(C) L / J 

dxdy 

where the line integral is taken in the positive sense around C. 

1 See Goursat-Hedrick, “ Mathematical Analysis," vol. 1, §205, 
note. 

2 See Osgood, “Funktionentheorie,” 2nd ed., p. 171. 

3 See Goursat-Hedrick, “Mathematical Analysis," vol. 1, §126, 
for a proof of Green’s theorem. 



§36] APPLICATIONS OF THE FREDHOLM THEORY 87 


du 

vz-> Q = 

dy 


du 

v — j then Green's theorem 
dx 


If we put P 

becomes: If v is of class c' and u of class c" on /, then 

(17) f V (% dX ~fx hj ) = -f 


(C) 


f f (du dv du dv\ . , 

-J J (sisi+yjoi)""- 


The left-hand side can be simpli- y 
fied if vve introduce the idea of the 
directional derivative of a function 

f(x, v)- 

Let J(x, y) be defined at every 
point of a region R of the xy-plane. 

The directional derivative is de- 0 
fined 1 as follows (see figure): 

d f = lim jlili !Ll Z f (jr ' !l\ 
bp h-+ o h 

if such limit exists. 

If f(x , y) is of class c', then 2 

f(* i» Vi) -/(*, y ) =fx(x y y)(x i - x) +f v (x, y)(yx - y) 

+ a(xt - x) + P(yi - y), 



where a and & approach 0 with Xi — x and yi — y. 

Divide both members of this last equality by h and then 
let h approach zero. We obtain 

df(: r, y) df , N . df , N 

= a* cos {px) + du cos (vy) - 


(18) 



Fig. 8. 


Let now n denote the direction of the inner 

normal to our curve C at a point (x, y) of 

C . Then, according to (18), 

du du , \ . du , x 
- = — cos (wj) + r cos (ny). 
dn dx dy 


1 See Osgood, “Differential and Integral Calculus,” rev. ed.. 
p. 308, 1910. 

2 See Osgood, Loc. cit ., p. 292. 
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But 


then 


cos ( nx ) = — cos (ny) = 


dx 

ds’ 


du _ dy du dx 
dn dx ds dy ds 


Thus, in Green's theorem, we may put 



du dx 
dy ds 


£ 2 )*- / 

(C) 


v^-ds. 

dn 


We have then the following theorem : 

Theorem VII. — If u belongs to the class c" and v to the 
class c f on /, then 


(19) /’£* * // vAudxdy — 

<C) / 


C r/du dv . du dv\, , 

j j (s s + ^ 


We now apply this theorem to two special cases: 

Case I . — y = 1, Au = 0 on /. Then we have the 
theorem : 

Theorem VIII. — If u is harmonic on I , then 

<20) /£* = o. 

(C) 

Case II. — y = a, Au = 0 on I. Then we have the 
Theorem IX. — If u is harmonic on I, then 

-/■£*-// '{(£)■+(£)■ 

Corollary /. — If u is harmonic on I and vanishes along the 
boundary of C, then u = 0 on I. 
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For, by these hypotheses, 

■°//!(£)’ + (S)’ 

hence ~ = 0, = 0 and, therefore, u = constant on 1. 

dx ’ dy ’ 

But u is continuous and vanishes on the boundary C of /, 
hence u = 0. 

Corollary II.— It u is harmonic on I and . = 0 on the 

" cm 

boundary C of /, then u = constant on I. 

Notice that in this case we cannot draw the conclusion 

u = 0. 

37. The Analogue of Theorem IX for the Exterior Region. 

Under the assumption that u is harmonic on E, it follows 
that u is harmonic in a region E 0 exterior to C and interior 
to a circle S around the origin which includes C. From 
Theorem IX we would then have 

(2|) //[©’ + (D’H * -/“£* 

-/ 

where the normals must be drawn toward the interior of the 
region E 0 . We now let the radius i of the circle S approach 
and examine the limits of the three 
terms in (21). The first of the single 
integrals remains unchanged. In order 
to see what happens to the second, 
make a transformation to polar coordi- 
nates. Then u(x , y) becomes U(r , 0), 

j i dw du . . 

as = rdd , and ^ ^ since the Fia. 9. 

normal is opposite in direction to the radius r. Then the 
second single integral becomes 
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But 


then 


cos (nx) = — —) cos ( ny ) = — > 


du _ _du dy du dx 
dn dx ds ' dy ds 


Thus, in Green’s theorem, we may put 

du dx du dy\ , C du t 
■ - ■ - -/ )rfs = / v ou ds. 

dy ds dx dsj J d n 

(O) 



We have then the following theorem: 

Theorem VII. — // u belongs to the class c" and v to the 
class c' on I, then 


(19) /v* = j* j ** vAudxdy 

(C) ** i 


r r u i du dv\ , , 

J J (s S + fy »#*»■ 


We now apply this theorem to two special cases: 

Case 7. — v = 1, Au = 0 on L Then we have the 
theorem: 

Theorem VIII. — 7/ u is harmonic on 7, then 

( 20 ) /|-> - 0 . 

(C) 

Case 77. — v = u, Au = 0 on 7. Then we have the 
Theorem IX . — If u is harmonic on 7, then 

-l& - //{(£)’ + («)' 

Corollary I. — If u is harmonic on I and vanishes along the 
boundary of C, then u = 0 on I. 
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For, by these hypotheses, 

~°ff {(£)' + (£)’ 

hence = 0, =0 and, therefore, u = constant on 7. 

dx 1 dy ’ 

But u is continuous and vanishes on the boundary C of 7, 

hence u = 0. 

du 

Corollary 77. — If u is harmonic on I arid = 0 on the 

on 

boundary C of 7, then u = constant on I. 

Notice that in this case we cannot draw the conclusion 
u = 0. 

37. The Analogue of Theorem IX for the Exterior Region. 

Under the assumption that u is harmonic on E , it follows 
that u is harmonic in a region E a exterior to C and interior 
to a circle S around the origin which includes C. From 
Theorem IX we would then have 

<2,) //[(*“)’ + (syn ■ ■/■w' 8 

where the normals must be drawn toward the interior of the 
region E a . We now let the radius r of the circle S approach 
00 and examine the limits of the three 
terms in (21). The first of the single 
integrals remains unchanged. In order 
to see what happens to the second, 
make a transformation to polar coordi- 
nates. Then u(x, y) becomes f/(r, 6), 

j i dw du . . . 

as = rdd f and dn = — ^ ’ since the Fia. 9 . 

normal is opposite in direction to the radius r. Then the 
second single integral becomes 
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E §38 


rv>. 

Jd dr 


Let us now add the assumption that 
T dU 


lim r jj — = 0, uniformly with respect to 6 . 


Then 


-f 


dU 

rU^-dd approaches 0 as r approaches oo , and, 

accordingly, also the double integral on the left-hand side 
of (21) approaches a determinate limit denoted by 

//[(D* +(?)’] dxdy. Hence we have the theorem : 

E 

Theorem X. — If u is harmonic on E and 
d U 

(22) J*™ rJJ — = 0, uniformly with respect to 0, then 

<23) //[(*)’ + O']"" ■ “/“£*• 


As before, we obtain the two corollaries: 

Corollary I. — If u is harmonic on E and (22) still holds , 
and, moreover , a = 0 on C, £/ien n = 0 on £ r . 

Corollary II . — // u is harmonic on E and (22) still holds , 
du 

and , moreover. — = 0 on C. then u = constant on E. 

1 dn e 


c 



38. Generalization of the Preceding. — 

In the sequel we shall need a modification 
of the preceding theorems for the case 
where u is harmonic on the interior but 
not upon the boundary of C. Let us desig- 
nate the interior without the boundary C 
by I\ Construct a closed curve C t . 


C t : x = £(s, c), y = r\(s, e) 


of the same character as C interior to C and such that 

lim C e = C, uniformly as to $. 

«—>o 
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Denote by I t the interior of C t plus the boundary C € . 
Theorem IX applies for this region and \vc have 

IfW <)>'»- ~/v> 

u 

Let us now impose the following three conditions (A): 

1) lim u = u if uniformly as to s. 

«— o 

2) ^ uniformly as to s. 

0 dndn 

3) arc bounded on J\ 


Then we obtain the following theorem : 

Theorem XI.— // u is harmonic on V and satisfies the three 
conditions (A), then 


(24) 


//[(£)’ +©’W- 



The following two corollaries follow as before. 

Corollary I. — If we add to the hypotheses of the theorem 
that Ui = 0 along C, then u = 0 on V. 

Corollary II. — If we add to the hypotheses of the theorem 


that 


duj 

dn 


= 0 along C, then u = constant on I\ 


Make hypotheses similar to (A) for the exterior and call 
them (£). Then we get for the exterior minus the boundary 
C, which we designate by E’ a corresponding theorem with 
two corollaries. 

Theorem XII . — If u is harmonic on E } and satisfies the 
conditions (B), then 


//[(£)•+( £)’]**- 

E 
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Corollary I. — If we add to the hypotheses of the theorem 
that u e = 0 along C, then u = 0 on E\ 

Corollary II. — If we add to the hypotheses of the theorem 
du 

that ~ = 0 on C. then u = constant on E\ 
dn , 


IV. Logarithmic Potential of a Double Layer 
39. Definition. — We suppose that C 
C: x = f(s), y = tj ( s ) , s = 0, . . . , l 



Via . 11. 


has the properties 1) . . . 4) of §36. Let 
(£, rj ) be a point on (7, ( x , 2 /) a fixed point 
not on C, r their distance: 

r = V(x - £)* + (y - v)\ 
v the inner normal to C at (f, 77), y{s) a con- 
tinuous function on C. Then the definite 
integral 


(25) 


w(x, y) 



for physical reasons is called the logarithmic potential of a 
double layer of density y (s) distributed over the curve C 

d 1 

We obtain as follows a more explicit form for log y 

(26) log * = cos (k{) ^ log p + cos ( vrj ) ^ log ~ 

= l - r — COS (*£) + cos (mj) j 

^ cos (rf) cos (»»£) + cos (r»j) cos (mi) 
cos ( rv ) 


( 27 ) 
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But from (27), since cos (>»{) = — i j'(s), cos (wj) = {'(a), 
we have 


j y - v(s) {'(«) - x - {(») 


dy r 


Thus w(x , i/) may be written in the form 
w(x, y) = jf m(s) COS ^ (is, 


or 


r [ y 

V ) I 


- <?(«) 

f'(s) - 

x - {(a) 

V« 

X - {(a) 

+ 

o 

1 l 

i 

Sss 

i i 

2 


(28) w(x, y, 


which shows explicitly the dependence of the integrand 
upon the parameters x and y. 

40. Properties of w(x, y) at Points Not on C— Put 


Then we have 


u(x, y) = log £ 


dju _ I 2(* - {)* 

dx i rt + 

dhi 1 2 (y - »»)* 


dy i 


— T, + 


1 . 


Whence by adding we find Au = 0. That is, log - is har- 
monic. Further 

a*/«, i\ a/ a* A 

di 2 Vd{ ° g r) d$\dx 2 ° g r) 

a*/a . A a/a* . A 

ay*\ai log r/ afW log r). 


and 
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Whence, adding, we find 

‘'Of iog 0 ■ s( a iog ^ a “ - °- 

d \ 

Therefore --r log - is harmonic. Similarly, we can show' 
t 

^ 1 

that - log is harmonic. Hence it follows from (26) that 
drj r 

d 1 

--- log is harmonic. That is, 
av r 


(29) 


Let us now compute A w(x, y). We have 

(3°) - £*{.) Ion f)*, 


since the rules for the differentiation of a definite integral 
with respect to a parameter are applicable. Likewise, we 
have 


(31) 


S 2 

dy 2 


w(x, y) 




Add (30) and (31) and take account of (29). We find 
Aw(x, y) = j~ n(s) A^~ log = 0. 

From the explicit expression (28) we see thatic(x, y) is single- 
valued and continuous with all of its derivatives at every 
point ( x, y) not on C. Thus we have proved the following 
theorem: 

Theorem XIII. — The function 
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is single-valued and continuous with all of its derivatives at 
every point ( x , y) not on C , and in the same domain w is 
harmonic: 

A w(x, y) = 0. 

41. Behavior of w(x, y) on C. — In the preceding discus- 
sion ( x , y) was supposed not to lie on C. Let now (x, y) 
coincide with a point (x 0 , y Q ) on C, corresponding to a value 
s ■ So) so that 


Xo = Z(so), y 0 = visa). 

Then the integrand becomes indeterminate. The inde- 
terminate expression which we desire to investigate is 


cos ( r a v ) _ 

VM - >?(s) 

r(s) - 

£(«o) - £(«) 

n'(s) 

To 

■u-r 

1 

a 

CO 

■UJ* 

1 1 

2 

+ 

v(So) - ij(s) 

2 


To evaluate, apply Taylor’s remainder theorem to both 
numerator and denominator, stopping at the derivatives 
of the second order. A factor (s — s 0 )‘ 2 appears in both and 
cancels. The limit of what remains as s — is 

f y ; - rv ^ j_ 

2(£' 2 + V 2 ) 2 Ro' 

where R 0 is the radius of curvature of C at ( x 0) y a ). w(x , y) 
is thus defined and has a determinate finite value at every 
point ( x 0 , y c ) of C : 

yv) = 

i'(«) 

2 —ds- 


/ 


m(sJ 


j^(s„) - rj(s) 

£'(«) - 

£(«.) - $(«) 


«*.) - {(«) 

2 

+ 

1 I 

d 

'to' 

© 

1 

d 

'to' 
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The existence of w(x f y) on the boundary of C does not, 
however, imply that w{x, y) remains continuous, as (x, y) 

Q crosses the boundary C. On the con- 

trary, w(x f y) undergoes a discontinuity 
as (x f y) crosses C. Let us denote by 
9 Pi an interior point of C and by P t an 
exterior point (x f y) in the vicinity of 
Ip'fayj Po{x 0y y 0 ). If Pi approaches P 0 , then 
w(x f y) approaches a definite finite 
Flo ‘ 12 ' limit w t (x 0 y y 0 ). If Pe approaches P 0 , 

then w(x y y) approaches a definite finite limit w e (x 0j y 0 ). 
Between these quantities and w(x 0 , y 0 ) defined above the 
following relations hold: 

w t (x 0) Vo) = w(x 0 y yo) + 7 r.n(so) 

( 32 ) We(x 0} y 0 ) = w(Xo , y 0 ) — t.hM. 1 

For future use we give here a proof for the special case 
M (s) s= 1. Let us use the notation 

f = i + iv> z = x + iy 
and consider the integral H along C : 


= f J1 - 

J i -a 


By Cauchy^ first integral theorem 

fj __ 1 2W, xy an interior point of C. 

{ 0, xy an exterior point of C. 

If we separate the real and the imaginary parts of the 
integral, we obtain 


jt f (f ~ x)d£ + (y - y)drj 

c J (x- {) 2 + (y - v ) 2 


1 For a proof of these statements see Horn, “Einfuhrung in die 

Theorie der Partiellen DiflFerential-Gleichungen," §52. 
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Hence, by equation (28), w(x, y) is the coefficient of i in 
the integral H c . Thus we get 

2tt, xy an interior point of C. 

0, xy an exterior point of C. 

But if w{x ) y) = 2t constantly as x, y varies, then 

lim w{x , y) = w x {x oy y a ) = 2w. 

P t -*P„ 

In like manner 


w(x, y) = 


lim w(x, y) = w c {x 0 , y 0 ) = 0. 
P t ~+Po 


We have now, in order to complete the proof, to compute 
w(x Q} y 0 ) for a point ( x a , y,) on C. Draw about P 0 an arc 
a of a circle cutting C in Q and R. This arc 
will subtend an angle w at P 0 . Designate 
by C ’ the path C minus the arc QP 0 R. Then 
H C) + H a = 0, since P Q is an exterior point 
for this path. But in the elements of the 
theory of functions of a complex variable it 
is shown that 





Fig. 13. 


whence 


Therefore, 


H c’ = ios. 

Wc- = e. 


Let the radius of the arc a be p. Then, as p—> 0, 

Wc'->W c = w(x 0 , y 0 ). 

Now the integral W c is convergent as shown above and 
a— > tt. Therefore 


w(Xo, yo) = 7 T. 
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The equations (32) are satisfied for these values of w(x 0 , y 0 ), 
Wi(x 0) Vo), and w,(x 0 , y 0 ) for the special case y(s) = 1. 
dw 

42. Behavior of -r- on the Boundary C and at Infinity. — 
an 

At the point P 0 (x o , y<>) draw the interior normal and take 
on it a point Pi(x, y). From Theorem 



%(w) XIII we know that at P i} dw( £-’ 

OTli 


IS 


definite and finite. Let the point Pi 
approach P Q along rii and put 


dw 
lim — 

p.->p 0 drii 

t . dw 
lim — 
p.-+p 0 on t 


dWi 

drii 

dw e 

dfii 


if the limit exists, 
if the limit exists, 


P e designating a point on the prolongation of n* beyond 
P 0 . Then the following theorem is true. 1 

dWi dw e 

Theorem XIV.—// one of the two limits r-> a exists , 

then also the other exists and 


(33) 


dw t _ dWf 
dn t dn t 


If we denote by n e the exterior normal to C at P 0) then 

d = _ d~ 
dn % dn e 


from the definition of the directional derivative. Hence 
(33) may also be written 


(34) 


dWi _ _ dw e 
dni dn e 


If we introduce polar coordinates r, 6, then w(x, y) 
becomes* W (r, 6 ). Then the following theorem is true: 1 

1 For proof, see Horn, Loc. cit. f §54. 
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Theorem XV. — 


lim W(r f 6) = 0, uniformly as to 6. 

r— » oo 


dW 

lim rW-r- = 0, uniformly as to 6. 

r—* oo or 


43. Case Where w* or w e Vanish Along C. — We can now 
prove the following theorem: 

Theorem XVI. — If Wi(x, y) = 0 along C, then 

n(s) = 0 . 

Proof . — Theorem XIII assures us that w(x , y) is harmonic 
on I\ By hypothesis Wi(x, y) = 0 along C. Taking it for 
granted that the conditions (A) are always satisfied by w % 
it follows from Corollary I to Theorem XI that 

w(x , y) s 0 on /\ 

Hence it follows at once that = 0 for every interior point 

of (7. Therefore, exists along C and vanishes there. 

Hence, also by Theorem XIV, — - exists along C and 

dW 

vanishes there. By Theorem XV, lim r?- ~ = 0, uni- 

r— » oo Or 

formly as to 6. Hence, if we take it for granted that the 
conditions ( B ) on w are satisfied, then it follows from 
Corollary II to Theorem XII that w is constant on E\ 
We see from Theorem XV that this constant must be zero: 

w(x, y) = 0 on E\ 

Whence it follows that w,(x, y) = 0 on C. If we now apply 
(32) we find 


Wi(x 0 , y 0 ) — w r (x 0 , Vo) - 2? th(so) = 0, 
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uniformly as to s a . Therefore 

li(s 0 ) = 0, uniformly as to s*. 

A similar theorem holds with respect to the limit w e : 
Theorem XVII. — If w e (x y y) = 0 along C y then 

/x(s) = constant . 


Proof. — Theorem XIII assures us that w is harmonic on 
E\ By hypothesis w e (x y y) = 0 along C. Furthermore, 
dW 

lim rW-- - = 0, uniformly as to 0, according to Theorem 

r— + oo vT 


XV. Taking it for granted that the conditions ( B ) of 
§38 are always satisfied by w, it follows from Corollary I 
to Theorem XII that w{x y y) = 0 on E\ Hence it follows 

at once that s= 0 for every point exterior to C. There- 


fore 


dw e 

dn e 


exists along C and vanishes there. 


Hence also, 


by Theorem XIV, exists along C and vanishes there. 


Taking it for granted that the conditions (A) are always 
satisfied by w y it follows from Corollary II to Theorem XI 
that 


w ( x ) y) = constant on 7\ 


Whence it follows that w t (x y y) = constant on C. If we 
now apply (32), we 'find 

Wi(x 0y y a ) — w c (x 0y y 0 ) = 2tii(so) = constant, 

uniformly as to Therefore, 

n(s 0 ) = constant, uniformly as to s 0 . 


V. Fredholm’s Solution of Dirichlet’s Problem 

44. Dirichlet’s Problem. — We formulate Dirichlet’s 
problem as follows: 
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Given. — 1) A closed curve C 
C : x = t(s), y = 0 < s < l 

(35) m = t(o, u(o) = 17(0 

with the properties 1) . . . 4) of §36. 

2) A function F($), continuous on C 
for 0 £ 8 ^ Z, and 

(36) F( 0) = F(0 

Required . — A function y) such that 

a) w is harmonic on and 

P) Ui{xo, y Q ) = F(s c ), uniformly as to s 0 , 

where u*(a;o, i/o) is the limit approached by u(x f y) as the 
point (x, y) approaches from the interior a point ( x Q , y 0 ) of 
parameter s a on the boundary C. 

46. Reduction to an Integral Equation. First Method . — 
The function w{x f y) : 

/ f d 1 

n(s) T log - ds 
dv r 

is harmonic on V and thus satisfies the condition (a) for 
every choice of /x(s) for which /x(s) is continuous on [0Z] and 

m(0) = M (0. 

The function w{x, y ) will then furnish a solution of Dirich- 
let’s problem if /i(s) can be so determined that the condition 
(/3) is satisfied: 

(37) Wi(x e , y„) — F(so), uniformly as to s 0 . 

From the first of equations (32) we have 

Wi(x 0 , y.) = w{ Xo, y„) + ry(s 0 ). 

The substitution of this value of u>< in (37) gives 
(38) w(x„, y.) + r ft(8 0 ) = F(s„). 
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If in this equality we substitute for w(x oy y 0 ) its explicit 
expression as given in §41, we obtain 


/• 


(39) / /*(«) 


vM — i/(s) £'(«) — £(«») — £(s) V( 

s ) L- J -i- — 

2 2 

«(*.) ~ £( s ) + '/(su) — >?(s) 


+ wfi (s 0 ) =F(s„). 


Divide through by it. Then (39) becomes an integral 
equation for the determination of n(s„) with the kernel 


(40) K(s c , s) = 


jj^(s«) ~ i?(s)Jf'(s) — f(*«) — i(s) n 

[«W — £( S ) + v(So) — v(s) 


Put =/(s 0 ). Then the integral equation takes the 

7 T 

standard form 


m(*o) = fM - K(s 0 


s)ij.(s)ds. 


This is a special case of the integral equation with a para- 
meter X, for which X = — 1. 

Thus, in order that u = w{x, y) may be a solution of 
Dirichlet's problem, it is necessary that the density /*($) 
satisfy the integral equation (41). This condition is also 
sufficient . For, suppose n(s) to be a continuous solution of 
(41). Then we have 

K( 0, s) = K(l y s) on account of (35), and 
/(0) = f(l) on account of (36), and hence 
m(0) = m( 0 from (41). 


The function w(x, y) formed with this function n(s) will 
then satisfy (38) and, therefore, also (37) and, consequently, 
u = w(x, y) will be a solution of Dirichlet’s problem. 
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Second Method . — From equations (32) we find 

(42) W\{x 0 , y 0 ) Wti{x 0} y<> ) = 27r/x(tS 0 ), and 

Wi(x 0f y 0 ) + We(x 0 , Vo) = 2 w(x 9y y 0 )j 

which by §41 =2 f vis) C - 0S ^ r<jV -ds. 


We now seek as a solution of Dirichlet’s problem a 
function u which is harmonic everywhere except on C, 
and which upon C satisfies the condition 

(43) u x + hu c = F(s 0 ) + hG(s 0 ), 


where h is an arbitrary parameter. For h = 0, we have 
the interior problem, and for h = o o the exterior problem. 

The function w(x , y) is harmonic everywhere except on 
C . This function will then be a solution of Dirichlet’s 
problem, provided ^{s) can be so determined that u = 
w(x, y) satisfies (43). Solve now the equations (42) for 
u x = Wi and u t = w e and substitute in (43). We find 


(44) 

where 


M = M) + x r,(sf^<is 

Jo wr ° 

fl N hG(s„) + F(s 0 ) h + 1 

fM ~—( r= h ) ,x = r~i 


This is an integral equation of the second kind with a 

parameter X. The kernel is — = K(s 0 , s ) [see (40)]. 

irr u 

For h = 0, we have the interior problem, but for h = 0 we 
have X = — 1 and (44) reduces to (41). For h = o°, we 
have the exterior problem, but for h = we have X = +1, 
and (44) reduces to 

(45) m(«.) = ~T- + £k{s„ 

We remark that, if F(s ,) = 0 on C and h = 0, then (44) 
becomes a homogeneous linear integral equation with 
/. = - 1 . 
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46. Solution of the Integral Equation. — The kernel 
K (*<,, s ) is real, continuous, and ^ 0 in the region G, 

G: 0 l, 0 £ s £1, 

and thus the preceding theory of integral equations is 
applicable. From Fredholm's first fundamental theorem 
we know that if D(— 1) ^ 0 then (41) has one and only one 
continuous solution. 

We show first that D( — 1) ^ 0. For this purpose we 
use Fredholm's second fundamental theorem, from which 
it follows that the corresponding homogeneous integral 
equation 

(46) n(s 0 ) + J* K(s 0 , s)n(s)ds = 0 

has no other solution than the trivial one n = 0, if Z>( — 1) 
0; while if X = — 1 is a root of D(\) =0 of index g, then 
(46) has o° 9 solutions. Hence, if (46) has no other solution 
than n as 0, then D(— 1) j* 0. 

Multiply the members of (46) by 7r. Then 

-K(s 0 , s)n(s)ds + 7 rn(s 0 ) = 0, 

uniformly as to s a . This last equation, by (32), after taking 
account of our notations in §41 and equations (40), can be 
written 

y>i(xo, Vo) = 0, uniformly as to s 0 . 

But, by Theorem XVI, if Wi(x 0 , y Q ) = 0 along C, then 

Ji(s) 35 0. 

Therefore, (46) has no other continuous solution than 
H s 0 and, consequently, 

Z>(-1) ^ 0. 

Thus we see that X = — 1 is not a characteristic constant 
for the kernel K(s 0) s). Hence (41) has one and only one 
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continuous solution /z(s 0 ) representable by Fredholm's 
formula 

a .(*.) -/(«.) + £ --%{*: 

Therefore, w(x, y ) with y. = y(s„) is a solution of Dirichlet's 
problem . We state this result in the following theorem: 

Theorem XVIII. — Given 

1 ) A closed curve C 

C: x = £(s), V = vis), 0 < s < l 

m = m, m = n (D 

with the properties 1) . . .4 ) of §36. 

2) A function F(s), continuous on C for 0 ^ s ^ i, 

F{ 0) = F(/). 

Then there exists a function u(x } y) such that 
a) u is harmonic on and 

P) Ui(x 0 , y a ) = F(s 0 ), uniformly as to s OJ where ?/„) 
Me limit approached by u(x , y) as the point (x } y) approaches 
from the interior a point (x„ y c ) o/ parameter s Q on the bound - 
ary C. 77ws function is given by 


u 



log - ds, 


where y{s) is the unique solution of (41) and is given by 

#•(«.) -/(«.) +jf — 

wAere 7r/(s 0 ) = F(s 0 ). 

47. Index of X = 1 for K(s 0 , s). — We have seen that 
X = — 1 is not a characteristic constant of K(s 0 , s ). We 
shall now prove the following theorem: 
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Theorem XIX. — X = + 1 is a characteristic constant of 
K(s 0 , s) of index 1 . 

Proof . — According to Fredholm’s second fundamental 
theorem, the statement to be proved is equivalent to the 
statement that the homogeneous equation 

(47) pb(So) = J K(s 0) s)n(s)ds 

has 1 solutions. Now, if we make use of equations (40) 
and (39) and the explicit expression for w(x 0 , y 0 ) given in 
§41, we see that (47) is equivalent to 

(48) w(x 0 , y 0 ) = th(s 0 ). 

But from the proof given for the equations (32) for the 
special case ju($) = 1, we see that /i(s) = 1 is a solution of 
(48), for when n(s) = 1, we have 

w(x 0 , Vo) = 7T = Tn(So). 

This is a solution of (47) which is continuous and not identi- 
cally zero. Hence X = 1 is a characteristic constant of 
K(s 0y s ). 

We will now determine the index of X = + 1 for K(s 0 , s). 
To this end we determine all solutions of (47) or of its 
equivalent (48). Now, on account of the second of equa- 
tions (32), our equation (48) above reduces to 


We(x 0 , y 0 ) = 0. 

But, according to Theorem XVII, the most general solution 
of this equation, and, therefore, of (47), is 

m(s*) = constant. 

Therefore, (47) has <*> 1 solutions, which shows that the index 
of the characteristic constant X = + 1 of K(s C) *) is 1. 
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VI. Logarithmic Potential of a Simple Layer 

48. Definition. — We have given a closed curve C 

C: x = £(s), y = ij(s), s = 0, . 

having the properties 1) . . . 4) of §36. 
the distance between a point (£, v) on C 
and a point (*, y) not on C, k(s) a con- 
tinuous function on C. Then the definite 
integral 

n i 

v(x, y) = / k{s) log ~ ds 
Jo r 

= - Hs) log([x - f(s) J + [y -V (s)j | ds 

is called the logarithmic potential of a simple layer of density 
k(s) distributed over the curve C. 

49. Properties of v(x, y). — 

The log — *)] + — 77 (s) j J is a regular analytic 

function of x and y at all points not on C and hence the defi- 
nite integral as a function of the parameters x and y defines 
a function v(x, y) which is continuous with all of its deriva- 
tives in F and E\ Further, v(x, y) is harmonic in the same 
region. For, from the theory of definite integrals 


Av 


-jf 

I 


k{s ) log -ds 

‘ 1 
k(s)A log - ds. 


But it has been previously shown that 


A log - = 0. 
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Therefore 

Ap(x, y ) = 0. 

Hence we have proved the following theorem : 

Theorem XX. — The logarithmic 'potential v(x, y ) : 

(49) v(x, y) = f k{s) log - ds 

Jo r 

of a simple layer is continuous with its derivatives of all 
orders, and is harmonic, on I’ and E’ : 

Av(x, y) = 0. 

Let us now investigate the behavior of v{x, y) on the 
boundary C at any point (x 0 , y„) with parameter s 0 

x 0 = £(so), I to = vM. 

From the explicit expression for v(x, y) : 



x log [«0 - «(«)] + [*(«.) - y(s) j 

we see that when s = s 0) the logarithm which appears in 
the integrand becomes infinite. Thus we see that we have 
to do with an improper definite integral. Apply Taylor's 
remainder theorem to the expression of which the logarithm 
is taken. We obtain 

(S - So ) 2 Ay 

where A does not become zero as $ approaches s 0 . Then 
the integrand becomes infinite like log ( s — s 0 ) as s — > s Q . 
From the theory of improper definite integrals we know 
that then this definite integral remains definite and finite. 

We state without proof 1 the two following theorems, in 
which Pi(x y y) denotes an interior, P e (x f y) an exterior point 
in the vicinity of P Q . 

1 For a proof, see Horn, §53. 
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Theorem XXI . — The limit of v(x, y) as Pi — > P 0 exists: 
lim v(x, y) = v t (x 0) y 0 ). 

Pl^Po 

The limit of v(x , y) as P e -+P 0 exists: 

lim v(x, y) = v e (x , y)\ 

P,->Po 

and Vi(x oy y 0 ) = v e (x 0 , y 0 ) = v(x 0f y Q ). 

That is, v(x } y) remains continuous as the point P(x, y) 
crosses the boundary C. In this respect the behavior of the 
function v(x, y) is simpler than that of 
w(x , y) for a double layer. 

Construct for the point P 0 (x 0 , y 0 ) the 
interior normal n x to C and take on it the 
interior point P, and on its exterior pro- 
longation the exterior point P„; then it 

follows from Theorem XX that ^ ex- 

drii 

ists at P x and at P e . For the approach 
of Pi and P e toward P 0 along the normal 
the following theorem holds: 

dv 

Theorem XXII . — The limit of x— as Pi —► P a exists: 

dn x 



lim --- - V -‘ = -* k(s 0 ) + / *(«) -°— 

oni dUi Jo r 0 


The limit of P t -+P Q exists: 

dUi 


dv dv, , . / \ , C . / \ cos (r.n,) , 

lim ^7 = +’ rfc ( S «) + / *(«) r — ds > 

dUi dUi Jo To 


cos {r 0 n x ) 


where r 0 is the distance from P 0 (x 0) y 0 ) to a variable point 
£$(«), of C. 
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By referring to the figure, we obtain for cos (r 0 n<) the 
expression 

cos ( r 0 rti ) = cos (r a x) cos ( n t x ) + cos (r 0 y) cos (n t z/) 


--V-— y M + y -i'{s 0 ), 

To T 0 


and hence 


cos (r, 


n ) |^(«) - »?(s<>)J £'(«<>) - [«.) - £(S»)J>?'(S«) 


£(s) - £(s„) 


M- 


(s) - Ij(s 


VII. Fredholm's Solution of Neumann's Problem 

60. Neumann’s Problem. — We formulate the second 
boundary problem of the potential theory, or Neumann's 
problem, as follows: 

Given . — 

1) A closed curve C, 

C: x = £(s), y = ij(s), 0 £ s < l 

m = m v(0) = y(l) 

with the properties 1) ... 4) of §36. 

2) A function F(s), continuous on C for 0 ^ ^ l: 

F( 0) = F(i). 

Required . — A function u(x, y) such that 

a) Am = 0 on 
du • 

0) v — 1 = F(s 0 ), uniformly as to $ 0 . 

Cr7l| 

61. Reduction to an Integral Equation. First Method . — 
The function v(x> y) given by (49) is a function satisfying 
condition (a) for any choice of k(s) which is continuous on 
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C. If it is possible to determine the function k(s) so as to 
satisfy the condition (0) : 

(50) = F(s 0 ), uniformly as to s OJ 


then we will have a solution of our problem. 
Equation (50), written explicitly, according to 
Theorem XXII becomes 




(51) / k(s) 


[,(.) _ vM 

f '(So) - 

f(s) - i(s.) 

v'M 


«(s) - SM 

2 

+ 

lj(s) - lj(s„) 

2 


- ds 


= F{s 0 ) + 7T k(s o ). 


This is an integral equation for the determination of k(s). 
Divide through by t and put 


(52) K(.%, s ) = 


v(s) 

- V(So) 

('(So) 

- 

((s) - (M i 

l’(So) 


f(s) - 

((So) 

2 

+ 

v(s) - v(s o) 

1 2 


and 

Then (51) becomes 


f(So ) = - 


F(s 0 ) 

x 


(53) 


fc(So) = f(s 0 ) + 



s)k(s)ds. 


Introduce a parameter X and write 


(54) 


k(s 0 ) = f(s 0 ) + X 


f%0, 


s)k(s)ds, 


which becomes identical with (53) for X = + 1. 

From (51) we see that fcjO) = k(l), since, from our 
hypothesis, F( 0) = F(l) and fT(0, s) = K(l, s ). 
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Second Method . — From Theorem XXII we have 

f V * - -rk(s.) + f‘k(s) C ° B - 
| 5 ) ufti */0 Tq 

dw e , 1 / \ / \COS (r 0 7l») , 

_ - -\-irk($ 0 ) + / fc(s) 1 — -fife. 

cm. Jo 


We now seek, as a solution of Neumann's problem, a func- 
tion u which is harmonic everywhere except on C, and which 
on C satisfies the condition 

(56) a|~ + = W(«.) + <?(*.), 


where A is an arbitrary parameter. For A = <», we have 
the so-called interior case, while for A = 0 we have the 
exterior case. This condition is more general than (50) 
and for A = oo reduces to (50). 

The function v(ar, y) is harmonic everywhere except on 
C. This function will then be a solution of Neumann's 
problem provided k(s) can be so determined that u = 
v(x, y) satisfies (56). Substitute now from (55) in (56) for 


We find 
(57) 

where 


dVi _ dUi dv e _ du e 
drii ~~ drii an dn* ~ dn x ' 

*(«.) = /(So) + x A(s)—-- r ° n -ds, 

./o 

^ _ G'^o) + hF(s 0 ) x _ A + 1 
tt(1 — A) 1 A A — 1 


This is an integral equation of the second kind with a 
parameter X. The kernel is CQS — — = ^(s<>, s). For 

7 TT q 

h = 0, we have the exterior problem, but for h = 0 we have 
X = — 1. For h = oo, we have the interior problem, 
but for h = oo we have X = + 1 and (57) reduces to (53). 

52. Solution of the Integral Equation. — To the equation 
(54) the Fredholm theory which we have developed can be 
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applied. We look, then, for a solution of (54) when X = 
+ 1. NowX = +lisa characteristic constant of s), 
for K(s 0 , s) can be obtained from the kernel K(s a , s) for 
Dirichlet’s problem by interchanging $ and s 0 . Thus K 
and K are adjoint kernels. Then from Theorem IX, 
Chap. Ill, ]?(«., s) and K(s 0 , s) have the same characteristic 
constants with the same indices. But X = + 1 has been 
shown by Theorem XIX to be a characteristic constant of 
index 1 for K(s 0 , s). Therefore X = + 1 is a characteristic 
constant of index 1 for K(s 0i s ). According to Fredholm’s 
third fundamental theorem, (54) has, in general, no solution 
for X = +1. But if f(s 0 ) satisfies certain q = 1 conditions, 
then there will be a solution. This condition is 

(58) = 0, 


where ip(s 0 ) is a solution of the associated homogeneous 
integral equation 


(O - / 


&)tp(s)d8 f 


the kernel of which is the adjoint of the kernel of the integral 
equation (54) under consideration. But X = + 1 is a 
characteristic constant of K(s 0 , s) of index 1 and ^(s) = 1 
is a solution of (59), as shown in §47. Therefore, condition 
(58) becomes 

(00) f' f{s)<h = °- 


Unless this condition is satisfied, there is no solution. If 
this condition is satisfied, then there are oo 1 solutions. 
By referring to the definition of /(s), we sec that (00) gives 
the condition 

F(s)ds = 0. 
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Thus we see that v(x, y) is a solution of Neumann’s problem. 
Furthermore, by referring to Theorems XX, XXI, and 
XXII, we see that v(x, y ) satisfies the conditions ( A ) of 
§38. Let v(x, y) be any other solution of Neumann’s 
problem which satisfies the conditions (A). Form the 
difference 

et(x, y) = v (x, y) - v(x, y). 

Then it follows that 

1) Aa = 0 on /’. 

2) ^ = 0along C> 

From Corollary II to Theorem XI it follows that 
ft = C (a constant) on 7’ 


Therefore, 

v = v + c. 

Hence, there are oo 1 solutions of Neumann’s problem which 
differ only by an additive constant. Furthermore, these are 
the only solutions of the problem which satisfy the condi- 
tions (A). We have now the following theorem: 

Theorem XXIII. — Given a closed curve C satisfying the 
conditions 1) . . .4 ) of §36 

C: x = £(s), y = ij (s), 0 < s £ l 

m = m, n(o) = u(o, 

and the function F(s) continuous on C, F(fi) = F(l), and 

(61) jTV(s)ds = 0, 

then Neumann's problem has <»» solutions 


H = u + c 
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where 



log - ds 
°r 


and k{s ) is a solution of 

kM = f{s 0 ) + So, s)k(s)ds 

for X = 1, where K(s 0 , s) is defined by (52). If the condition 
(61) is not satisfied, the problem has no solution. 



CHAPTER V 


HILBERT-SCHMIDT THEORY OF INTEGRAL EQUA- 
TIONS WITH SYMMETRIC KERNELS 

Solution Expressed in Terms of a Set of Fundamental 

Functions 

I. Existence of at Least One Characteristic Constant 

63. Introductory Remarks.— The Fredholm theory of a 
linear integral equation with a parameter X : 

(1) u(x) = f(x) + X / K(x, t)u(t)dt 

has been developed under the assumptions 

A) K(x, t) real. 

B) K(x, t) continuous. 

C) K(x y t) ^ 0 on R : a ^ x ^ 6, a ^ t ^ b. 

For the Hilbert-Schmidt theory a fourth assumption is 
made that the kernel is symmetric. 

(2) D) K(x , t) = K(t, x). 

It is clear that the results of the Fredholm theory still 
hold. But, besides, a number of new results will follow 
from the additional condition D). These results were 
first obtained by Hilbert. 

Fredholm obtained the solution of (1) by considering it 
as the limit of a set of linear equations. He did not carry 
through the limiting processes, but guessed at the solution 
and then showed independently of the linear equations that 
the guess was correct. Hilbert started from the finite system 
of linear equations, of which equations (1) may be con- 

116 
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sidered as a limit, and actually carried through the limiting 
process in detail. E. Schmidt, in 1906, obtained Hilbert’s 
results directly without using the limiting process. Hilbert 
and Schmidt do not make use of Fredholm’s results. We 
shall, however, avail ourselves of these results whenever 
they lead to simplifications of the proofs. 

The first fundamental theorem of Hilbert’s theory is the 
following: 

Theorem I . — Every symmetric kernel has at least one 
characteristic constant ( real or imaginary). 

Our proof of this theorem involves several lemmas which 
we will give first. 

Wc give an example due to Kowalewski, which illustrates 
that a kernel which is not symmetric does not necessarily 
have a characteristic constant. The kernel 


K(x, t) = sin (wx) cos (wt), [01] 
has no characteristic constants, if 


(3) 


u{x) 


= X J" sin (tt, 


x) cos (7 Tt)u(t)dt 


has no solution other than u == 0. 
Equation (3) may be written 


u(x) = X sin 7 tx I cos ( irt)u{t)dt = c sin irx, 
Jo 


where c is a constant yet to be determined. Substitute 
this expression for u{x) in (3). We obtain 


c sin 7 tx 


But 


= cX sin 7 tx J* cos (7 rt) sin (7 rt)dt. 
J* cos (7 vt) sin (7 rt) dt = 0. 


Therefore 

whence 

and 


c sin irx = 0, 
c = 0, 
u = 0. 
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Thus this particular kernel has no characteristic con- 
stants. This shows that Theorem I indeed states a 
property peculiar to symmetric kernels. 

D'to) 

64. Power Series for — The following proof of 

the theorem is due to Kneser. It is based upon a 

lemma concerning the expansion of holds 

under the assumptions -4), B ), C). 

From Fredholm's first fundamental theorem, if Z)(X) 5 * 0, 
then (1) has one and only one solution given by 


u(x) = f{x) + 




n .. . _ D(x, t; X) . x 

Consider the expansion of j)(\y~ as a P ower series ln a. 

Now D( 0 ) =1^0 and, therefore, there exists a p such 
that if |x| <p, then 

(5) -D(X) 0, |X| < p. 

Hence, since D(X) is permanently convergent, it can be 
expanded 1 into a power series convergent for |x| < p. Then 

(fi) fir\\ = do + diX + dtk 2 + . . . , |x|<p. 


Now, D(x , t; X) is a permanently converging power series 
in X. Hence, also, the product D(x, t; X)^^ can be 
expanded into a power series in X: 


D(x f tf X) 


dw j = <)x " 


1 Harkness and Morley, “ Theory of Functions,” §83. 
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and the series will be uniformly convergent as to x and t 
in R for |\| < p. The right-hand member of (7) has no 
term free from X for 

D(x, t ; X) = \K(x, t) + . . . 

Substitute from (7) in (4) and we obtain 


(8) u(x) = f(x) + 2)X" f g, L (x, t)f(t)dt, |x| < p. 

11 = 1 J a 

We have been able to interchange the order of the integra- 
tion and summation in (8) on account of the uniform 

oo 

convergence of ^£ n (:r, t)\ n . 

n = 1 

The coefficients g n (x, t) can be determined by comparing 
(8) with the expression for the solution obtained by suc- 
cessive approximations (see §8) : 


(9) u(x) = fix) + XX" f b K n (x, l)f(t)dt 

n = l J* 

where K n (x, t) are the iterated kernels given by 


( 10 ) 


Kn(x, l ) =£ 


K{x, s)K n -i(s, t)ds. 


This solution by successive approximations is valid if 

|X| < 'jjjjfr’z. a) w ^ ere M is the maximum of |/v(:r, t)\ 

on R. Denote by r the smaller of the two quantities p, 

M(b~-^a) ^hen (®) an( l (®) hold simultaneously for 

|\| < r. But (1) has one and only one solution; therefore 
(8) and (9) represent the same function, and coefficients of 
corresponding powers of X must be equal. Therefore, 

f g n (x, t)f{t)dt = f K n (x, (: x ) 



120 


LINEAR INTEGRAL EQUATIONS 


where the notation (x) is used to mean uniformly as to a;. 
Hence 


(11) J | K n (x, t) - g n (x f t) [ f(t)dt = 0, (x). 

But K n (x , t) and g n (x, t) are independent of / and, for a 
given value of x, 

K n (x , t) - g n (x, t) = Af(0 

is a real and continuous function of t. Now (11) holds 
for any choice of / which is continuous. Choose then 
f(i) = M(t), Then (11) becomes 


Hence 


Therefore 


jTjjif(o] 2 <a = o. 

M(t ) = 0 on ai» J . 

{ ln{X f 0 — Oi (*^> 0 


and (7) becomes 


D(x,t; X) 
D(X) 


= ffKnix, l)\ n , |X| < r. 


Thus, under the assumptions A), B), C), we have proved the 
following theorem : 

Theorem II. — For all sufficiently small values of X 

v ' n = 1 

the series converging uniformly as to x and t in R. 

Theorem II holds when t = x . Then 

= Z K *( X > x ^ n > W< r 

and ^K n (x, x)\ n is uniformly convergent on j^a&j 
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Integrate this equality with respect to x from a to b. We 
obtain 


1 

D( X) 



00 

x; \)dx = 2) X" 

n = 1 ■ 


'b 

K n (x , x)dx. 


Let us introduce the permanent notation 


(13) 


jT 


x)dx = f/ n , a constant, 


and recall from Chap. Ill, §20, equation (27) that 




Z)(x, x; X) = - XD'(X). 


Then our equality above becomes 
XZ)'(X) = 

7»=1 

which may be written 

D'(X) 

7l*=0 


Dpi) 


= X t/»X», 


— — X f'^n+iX’*! |X|<r. 


We have thus the following corollary to Theorem II: 
Corollary . — 

(14) D{\} = 

55. Plan of Kneser’s Proof. — Suppose that A(x, 0 has 
no characteristic constant; that is, that D(\) = 0 has no 

roots, real or imaginary. Then the quotient can 

be directly expanded into a power series 


D'M 

D(\) 


=X C " XB > 





LINEAR INTEGRAL EQUATIONS 


122 


[$55 


and this series will be permanently converging. 1 

(14) holds for |X| < r. Then 
00 00 

SC»A B = X U n +i\ n , |x| < r, 

n -0 »— 0 


hence 

and, therefore, 


C n — U n +l 


But 


oo 

X f/n+iX n is permanently convergent. 

n -0 


Then also 2 is 


X \ 1 1 ” permanently convergent, 

n -0 

and also 

00 

(15) X\U «+l ||xh’ is permanently convergent. 

n = 0 

Then the series formed by omitting any number of terms 
from (15) is also permanently convergent. Hence 
00 

(16) s |t/ JB ||xh is permanently convergent. 

n -0 

We have proved that (16) was permanently convergent 
by assuming that K(x, t) had no characteristic constant. 
If, then, for a given kernel K(x , t) we can show that the 
corresponding series (16) is not permanently convergent, 
we will have shown that K(z, t) has at least one charac- 
teristic constant. We are then going to prove that if, in 
addition to the properties A) B) C), the kernel K(x f t) is 
symmetric, then the corresponding series (16) is not perma- 
nently convergent. Theorem I will then be proved. 

1 Harkness and Morley, Loc. cit. t §83. 

’Harkness and Morley, Loc.jcit §76. 
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For this purpose we need some auxiliary lemmas on 
iterated kernels. 

66. Lemmas on Iterations of a Symmetric Kernel. — The 

iterated kernel K n (x, t ) was defined by 

(17) K x {x, t) = K(x, t) 

Kn(x, t) = J K(x, s)K n -i(s, t)ds. 

By successive applications of this recursion formula we find 

(18) K n (x, t) - f b . . . f b K(x, sdKbu s 2 ) . . . 

»/o Ja 

ff(s»-ij t)dSi ... d>Sn~ 1* 


In Chap. II, §11, we showed that 

(19) K n+P (x, t) = J" KJx, s)K p (s, t)ds. 


We now establish the following lemmas: 

Lemma I. — If K(x, t) is symmetric, then K n (x, t) is 
symmetric. 

Proof. — By (18) we have 


K n (t, x) = f b . . . ['Kit, Sl )K(s i, s 2 ). . . K(s n . 1} x ) 

Ja Ja 

d$i . . dSn-l 

-T f b K{s u t)K(s„ Sl ). . . K(x, 1 ) 

m/a ,/a 


on account of the symmetry of K (x, t) 

= r . . . f b K(x )Sn - 1 ). 

m/a Ja 

Now make a change of notation. 


K(s 2 , $i)K(si, t) 


dS\. . . !• 


For Si S 2 ... Sn -2 $«- 1 

pUt S n -1 $n— 2 • • S 2 S\» 
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K n {t, *)=/*... f K(x, Si)K(s u St) .. . K{s n -i, t) 
Ja Ja 

ds 2 . . . dSf i— x 

= K n {x f t) by (18). 

Lemma II. — If K(x, t) satisfies the conditions A) B) C) D), 
then K n (x, t) 0 on R. 

Proof. — Suppose K n (x , t) = 0 on R y and suppose that 
n is the lowest index for which an iterated kernel vanishes 
identically: 

K(x, t) * 0, Ki{x, t) 4 0, ... , K n . i(*,0 ^ 0, 

<) = 0, R. 

Then certainly, by C), we have n > 1. Then from (19) 
it follows that all following iterated kernels are identically 
zero. Then 

K n+ i(x, t) = 0 on R. 

Now either n or n + 1 must be an even number 2m: 

2m = n, or n + 1. 


But by (19) 


K 2m (x, t) = 0 on R. 

) 

K im {x, t) = J' K m (x, s)K m (s, t)ds. 


This equality holds when l = x. Then 


Kt m (x, x) = j* K m (x, s)K m (s, x)ds 
= J ^„,(x, .)] ds 


on account of the symmetry of K{x, l). 

But Kt„(x, t) = 0 on R. Therefore, since K m {x, t) is a real 
function of x and t, we have 

K n (x, t) = 0 on R. 
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r. x n n + 1 

But m = or 

Z Z 

Hence n — m = ^ or n * > 0 for n > 1. 

« a 


Therefore 


m > n. 


Thus we have contradicted the assumption that /) 

was the first iterated function to vanish and the lemma is 
proved. 

It is now clear that if K(x , t) satisfies the conditions A) 
B) C ) D), then K n (x f t) satisfies the same conditions. 
Corollary . — U 2m > 0. 


Proof . — 


-£ 


K 2 m(x, x)dx. 


Now Ko m (x , x) > 0 by (20), since K m (x f t) ^ 0. 

57. Schwarz’s Inequality. — Let <p{x) and \l/(x) be real and 
continuous on the interval [ab], and u and v any two reals 
constant with respect to x . Then 

J* £w<p(x) +v^(x)] dx ^ 0, 


<p(x) + v^(x) I dx > 0, 


since we have the square of a real function. 

Expand and we obtain 

/ b rb rb 

4 >\x)dx + 2uv / (p(x)4/(x)dx + v 2 / ^ 2 ( x)dx ^ 0. 

«/a ,/a 

This is a definite quadratic form and hence 

(21) | ~ J* <p(x)\f/{x)dx <p 2 {x)dx X J* \p 2 (x)dx. 

This is called the inequality of Schwarz. In like manner, 
we can prove that if <p(x , y) and ^(x, y) are real and continu- 
ous on R in x and y } then 

\££ <p(x, y)t(x, y)dxdy j 

s [££ <p\x, y)dxdy l££ y(x, y)dxdj/j. 
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68. Application of Schwarz’s Inequality. — We have 
obtained one expression for I7s«: 

(13) Utn = J’ K in (x, x)dx 

(22) = J' J' A"„(x, t) j dtdx > 0 by Lemma II. 

We now proceed to determine a second expression for Uu- 
Now by (19) we have 


Ki n(x, t) 


= f a b K n - i(x, f 


s)K n+x (s, t)dt. 


If we put t = x, this equality becomes 

K in (x, x) ^ f J£„_i(x, t)K v+ i{t, x)dt 

= Kn- l(x, t)K n+ t(x, t)dt, 

on account of the symmetry of K n +i(x, i). Then 

(23) Ui n = P [ b K n - ,(*, t)K n+l (x, t)dtdx. 

J a J a 

Apply Schwarz’s inequality to the right member of (23). 
We obtain 

in: K n ~i(x, i)K nJt i(x, t)didxj 

in K z n -i(x, t)dtdx in: K 2 „ + i(x, t)dtdx j, 

which, if we make use of (22) and (23), may be written 

U 2 2 n ^ U 2 n— 2 ' Ui n + 2 > 

Divide both members of this inequality by f/ 2 n- 2 *t/ 2 n. 
This is possible, since E / 2 »_ 2 3 * 0, U in j* 0. We obtain 

JJ211+2 v U2 n 

Uu ~ Vm 


( 24 ) 
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Putting successively n = 2, 3, . . . , n, we obtain in 
this way the sequence of inequalities 

U'tn+l v. Uu . ^ Ut ^ u* 


U 2n+2 ty 2n S 

"17*7 ~ 777T* - - 

Therefore 

«> * w; <»>■ 

Apply now the ratio test to the series 


>U t U 4 

- " £T,' 


X ^2»W sn -X F - 


to find the radius of convergence in X. We find 


W* > M 2 > (»). 


Therefore, the series diverges if 

^*4 l\ I 9 ' 


N 2 > 1, 


that is, if 


Therefore, the series is not a permanently convergent power 
series in X. This completes the proof of Theorem I. 

Theorem I. — For a real , symmetric , continuous , non - 
identically , vanishing kernel K(x , £) Mere exisfs at least one 
characteristic constant X 0 . ^ fane 

We remark that for every value of X in the 

X-plane, without a circle C of radius 

diverges. Hence, from ( o 
(14) and (16), when expressed as ^ 


Fig. 18. 


a series in X, diverges for all values of X 

without the circle C. Then, certainly, D{\) =0 has at 

least one root within the interior or on the boundary of C 
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since v 0 0. Then from (29), <p(x) = 0, which contra- 
dicts the assumption that <p(x ) ^ 0. Therefore, <p(x) 
cannot be real. 

2) Suppose ip(x) = v{x) + iw(x), where v(x) and w(x) 
are real. Then (28) becomes 

(31) v(x) + iw(x) = (no + ivo) f K(x, o[v(<) -I- iu)(o]dL 


Separate (31) into its real and imaginary parts. Wc obtain 

(32) v(x) = Ho f K(x, t)v(t)dt — v 0 f K(x, t)w(t)dt 

Ja Jo 

(33) w(x) = fi 0 f K(x , t)w(i)dt + v a f K(x, t)v(t)dt. 

Ja Ja 


Multiply both sides of (33) by — i and add to (32). We 
obtain 

v(x) — iw{x) = (ft 0 — iv 0 ) J” K(x, 0^v(0 — zw(ojcW. 

Therefore v(x) — iw(x) = ^>(x) is also a fundamental func- 
tion of K(Xj t), belonging to Xo = Mo — If we now 
apply the orthogonality Theorem III, we obtain, since 
Xo 5^ ^ 0 ) 

<p(x)<p{x)dx = 0, 



which may be written 

v 2 (x) + w 2 (x) jdx = 0. 

But v(x) and w(x) are real functions. Therefore 



v 2 (x) + w 2 (x) = 0 , (x) 
and hence v(x) = 0, w(x) = 0 

and therefore <p(x) s= 0, 

which constitutes a contradiction. Therefore \ 0 cannot be 
of the form A* = Mo + iv 0 {v o ^ 0) and hence A„ musl 
be real . 
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This result might have been foreseen from the analogy 
with the finite system of linear equations: 

n 

u(ti) \h^K(U y tj)u(tj) = f(U) (i = 1, . . . , n) 
with determinant 

1 - \hK n - XhK n ... - \hK ln 

\hK<ll 1 XhK.22 ... — XhKzn 

(34) A = 

- UK nl - \hK n2 ... 1 - \hK nn 

But it is well known 1 that, if is real and Ka = K jiy 
then all of the roots of (34) are real. 

In the Fredholm theory we proved that q ^ r where 
q is the index of X* and r is the multiplicity of the root 
\ 0 of D(\ 0 ) = 0. For the case of a symmetric kernel, 
Hilbert has proved 2 the following more definite theorem 
which we state here without proof: 

Theorem V. — For a real symmetric kernel the index q 
of a characteristic constant \ Q is always equal to its multiplicity 
r: q = r. 

61. Complete Normalized Orthogonal System of Funda- 
mental Functions. — Let us suppose that \ 0 is a characteristic 
constant of the symmetric kernel K(x, t) of index q . Then 
the equation 

u(x) = Xoj* K(x f t)u(t)dt 

has been shown to have q linearly independent solutions: 



a - 1, 


1 Sec Bocher, “Introduction to Higher Algebra, ” 

2 For proof, sec Horn, §39. 
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For a, real symmetric kernel, X* and, therefore, also 
<p a (x) are real, since the arguments in the numerator and 
denominator of the expression for tp a (x) are all real. Any 
other solution is expressible linearly in terms of these 
q solutions, or in terms of q linearly independent linear 
combinations of the <p a (x)’s: 

(35) \l/ a (x) = c ai <pi(x) + . . . + c aq <p q {x), 


where the determinant of the coefficients I c t 


l, . . . , g] 


:J ^ 0, a, P = 


does not vanish. 


We are going to choose such a system of fundamental 
functions in such a way that they form what is called a 
normalized orthogonal system . 

a) Normalized Fundamental Functions . — A function ^ 
is said to be normalized if 


-/ 


\l/ 2 (x)dx = 1. 


If <p(x) is a fundamental function belonging to X 0 : 

<p(x) = \ 0 J K(x } t)<p(t)dt, [*) ^ oj 

then }f/(x) = c<p(x) (c ^ 0) is clearly again a fundamental 
function belonging to X 0 , and we can choose c so that 


that is 


whence 


(WO = l, 


<P 2 (x)dx = 1 , 


C = ± — 


'll 
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This value for c is finite, real, and ^ 0. Hence we obtain 

/QQ\ _ <P( X ) 


i{x) = 


4 fa 


b) Normalized Orthogonal Systems . — We now propose to 
determine the constants c afi in (35) in such a way that the 
4/ a s satisfy the following two conditions: 

1) All ^/s are normalized: 


(39) £*,?{x)dx = 1, a = 1, . . . , q 

2) Two ^ a \s with different subscripts are orthogonal: 

(40) j* 4/ a (x)4/ fi (x)dx =0,a^ft (a,^ = l, . . . , q). 
For this purpose we put ^i(x) = c<pi(x) y where 




<pi 2 (x)dx 


Then the condition 




2 (x)dx = 1 is satisfied. 


Next choose ^ 2 (z) as a linear function of <pi and tp 2 . On 
account of (38) it can then be expressed linearly in terms of 
4 / 1 and 4 / 2 « 

4''iix) = a\4/i{x) + a 2 <p 2 (x). 

We now determine and a 2 so that the conditions 1) and 
2) are satisfied for 4^1 and ^ 2 . 

From (40) 

(42) (^1 4 / z) = «i f 4'i 2 dx + a 2 f 4f\(*)<P*( x )d& = 0. 

Ja Ja 

Therefore, on account of (39), 

ai = — ot2(4' 1 ¥> 2 ) 
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and (41) becomes 



i'h<p 2 )'h(.x) 




We can now determine a 2 in such a way that ^ 2 ( x ) is 
normalized provided 

(43) <p 2 {x) — tyvptWifa) ^ 0. 

But (^iv? 2 ) is a constant and if (43) is not true, then 
<p 2 (x) + Ci^i(x) = 0 

which is a linear relation between two fundamental func- 
tions (pi and <p 2 and, therefore, <pi and <p 2 would be linearly 
dependent, which is contrary to hypothesis. Therefore, 
^ 2 (x) is completely determined as a linear function of <p x 
and <p 2 or of ^ i and <p 2 . Now choose \l/ 3 (x) as a linear func- 
tion of <pi y <p 2 , or, what amounts to the same thing, as a 
linear function of ^ i, \p 2) (p 3 : 

= 01^1 + 02^2 + 0 3 < P 3 - 

Apply condition (2). We obtain 

(^1^3) = Pii't'i'Pi) + AjW'i^) + = 0 . 

But (V'i^i) = 1 and (^ 2 ) = 0, therefore 
(^1^3) = 0 i + 02(^1^) = 0 . 

Hence 

01 = “" 

Also by condition (2) we have 

(^ 2 ^ 3 ) = 0l(^2^l) + 02^2^2) + 03^2^8) = 0, 

from which we derive 


02 — — 03^2^3) • 

The expression for ^ 3 (x) now becomes 


iM*) 
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We can now determine 0 3 by means of condition 1), pro- 
vided it is not true that 

(44) <P3 — - {^2*Pz)yp2 = 0. 

But (44) cannot be satisfied, otherwise <p iy (p 2y (pa would be 
linearly dependent, which is contrary to hypothesis. Hence 
03 can be so determined that ^ 3 (x) satisfies the conditions 
1 ) and 2). This process can be continued until q functions 
\p a {x) are obtained, satisfying conditions 1) and 2), or, as 
we say, form a normalized orthogonal system. 

The ^ a ’s so obtained are real, they are furthermore 
linearly independent. For, suppose we had 

Citi(x) + Ci \p 2 (x) + ... + c Q t q (: r) = 0. 

Multiply by \l a {x) and integrate from a to b. On account 
of (39) and (40) we would obtain c a = 0. 

A linear transformation 

Vt = c x 1 X 1 + • • • + c ln x n {i = 1, . . . , ft) 
is said to be orthogonal if 

n n 

i= 1 i=l 

The transformation of rectangular coordinates with fixed 
origin is a transformation of this kind. 

The condition on the coefficients which insures this 
property of the transformation is 


(45) 



1, i = K 
0, i K. 


Now consider the definite integral 



b 
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as the limit of a sum 

\p t (x)\l/ k ( x)dx . 

Then the analogy between equations (39), (40), and (45) 
becomes apparent. 

c) Complete Normalized Orthogonal System of Fundamental 
Functions. — To each root of D(\) = 0 there belongs such a 
normalized orthogonal system of fundamental functions. 
Now we have shown that 1)(\) = 0 has at least one root. 
There may be a finite or an infinite number of such roots. 
If they are infinite in number it follows from the theory of 
permanently convergent power series that they constitute 
a denumerable set and they may be arranged in the order 
of the magnitude of their absolute values: 

H£N ^ ^ M ^ |x„ +l | ^ . 

and each X< has a definite index q x . We have then the 
following table: 


Characteristic 

constant 

Index 

Normalized orthogonal 
fundamental functions 

Ai 

<7i 



*2 

7* 

^i 2 > 


K 

( Jn 

* 1 “, • 

■ ■ ■ 


(46) 


limT/i^,(x / )^(x ; ) = f 
/i—0 , Ja 


We now change the notation and denote the functions \p 
in the order in which they stand in the following line: 

ii l , ■ ■ ■ , it, 1 , 'Pi 2 , ■ ■ ■ , it, 2 , ■ ■ ■ ,ii n , ■ ■ ■ , it” 
by the symbols ii, it, . . . , i„ . . . and the charac- 
teristic constants to which they belong by Xi, X 2 , . . . , 
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X r , . . . , where some of the X’s may be equal, for instance 
Xl ^2 • • • i ^(7i+l ^9 i+ 2 . . . = X 9l 4.g 2 . 

Such a system of fundamental functions \f/ r is called a com- 
plete normalized orthogonal system of fundamental func- 
tions. We sum up the preceding discussion in the following 
theorem : 

Theorem VI. — To every real symmetric kernel there belongs 
a complete normalized orthogonal system of fundamental 
functions ^ r (:r), with the following properties: 

1) \//r (x) is a fundamental function belonging to X r 

M*) = x r jfV(a, OiMO dt. 


2) £w(x)dx = 1. 

3; J' ir(x)\l/,(x)dx = 0, (r ^ s). 


4) ^ r (x) is real. 

5) Every fundamental function p(x) is expressible in 

the form 


<p{x) = C,,^ r ,(x) + . . . + Crjr m (x). 


Proof of 3). — If ^ r , \f/ a belong to the same X, they are 
orthogonal by construction, if to different X’s by Theorem 
III. 

Proof of 5). — <p(x) belongs to a certain characteristic 
constant X r and is, therefore, linearly expressible in terms 
of the fundamental functions ^i r (x), . . . , if we use 
the notation of the table. 

Example . — For the problem of the vibrating string we 
had the kernel: 


(47) 


K(x, t) 


| (1 — t)x, 0 < x ^ t 
{ (1 — x)t , t ^ X £ 1 


with the characteristic constants \ n = wV, n = 1 , 2 . . . 
of index 1, and the corresponding fundamental functions 
<Pn(x) = 0 sin nrx . These functions <p n (x) will form a 
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complete normalized orthogonal system of fundamental 
functions, if 

1 - - = ±y/2. 

;in 2 nir x dx 

Our fundamental functions arc then 

^»(x) = y/2 sin mrx . 



III. Expansion of an Arbitrary Function According 
to the Fundamental Functions of a Complete 
Normalized Orthogonal System 


62. a) Problem of the Vibrating String Resumed. — The 

problem was to determine y{x, t) so as to satisfy the follow- 
ing conditions (see §26) : 


(48) 

(49) 

(50) 



2 &y 

dx 2 ’ 


2) J/(0, t) = 0, 1/(1, t) = 0. 

3) y(x, 0) = f(x),f(x) an arbitrary given function. 
y t (x, 0) = F(x),F{x) an arbitrary given function. 


We attempted to find a solution in the form 
y = ¥>(,<)«(*) 


and found that u(x) must satisfy 

1) g + X«=0 

2) u(0) = 0, u(l) = 0, 


and that <p{t) must satisfy the equation 


w + XcV - 


The boundary problem in u had non-trivial solutions only 
when 

X = X„ = nV, 
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n a positive integer, the solutions being 
u = p sin nwx. 


To complete the solution of the partial differential equa- 
tion (48) with the conditions (49) and (50), we must next 
integrate the differential equation for <p(t) for the values 


d 2 <p 

dt* 


+ nVcV — 0. 


The most general solution of this equation is 

<p(t) = A n cos mrd + B n sin nirct 

(A ny B n , arbitrary constants), which gives for a solution 
of the problem of the vibrating string 

y = (A n cos mrd + B n sin mrd) sin nwx. 

This expression for y will satisfy (48) and (49), but, in 
general, it will not satisfy (50). In order to obtain a solu- 
tion of (48) which will satisfy both (49) and (50) we notice 
that, owing to the linear character of (48), the series 
00 

(51) y = (A n cos mrd + B n sin mrd) sin mrx 

Um 1 

will also satisfy (48) and (49), provided it is convergent and 
admits of two successive term-by-term differentiations with 
respect to t and x . 

Assuming this condition satisfied, it remains, then, so to 
determine the constants A n and B n that (50) is satisfied; 

y(x, 0) = 2) A, sin mrx = f(x) 

n = 1 
oo 

yt{x, 0) = 2) nrC 8 * n nieX ~ F{ x )' 

n« 1 

But this is equivalent to asking us to develop the arbitrarily 
given functions fix) and F{x) into sine series, or, since 
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^ n (x) = y/2 sin mrx } into a series proceding according to 
the complete normalized orthogonal system of fundamental 
functions of the special kernel K{z, t) defined by (47). 

b ) Determination of the Coefficients in the General Problem . 
The problem just considered is a particular case of the 
following more general problem: Given a symmetric kernel 
K(x } t) with its complete normalized orthogonal system of 
fundamental functions \p y with corresponding characteristic 
constants X„, it is possible to expand an arbitrary continuous 
function f(x) in the form 

f(x) = 


Theorem VII . — If f(x) is a continuous function and is 
expressible in the form 

(52) f(x) = %crf f {x) 


and if this series , if infinite , is uniformly convergent on |^a6 
then the coefficients c v arc given by 


Cn 



x)i„{x)dx = {Ji n ) 


Proof . — Multiply both sides of (52) by f/ n {x) and integrate 
with respect to x from a to b : 

£ f{x)4'n{x) = £ ^C,4> r {x)^ n (x)(lx 

- X f C dv(x)4'n{ x )dx 

„ Ja 


= C n , 

'b 

I +„{x)+ n (x)dx 


1, v = n 
0, v n. 


since 
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IV. Expansion of the Kernel According to the Funda- 
mental Functions of a Complete Normalized 
Orthogonal System 

63. a) Determination of the Coefficients. — K{x, t) with 
t fixed is a function of x continuous on [ ab j . Hence, if we 
assume that K(x, t ) can be expanded into a uniformly 
convergent series on £abj: 

K{x, t ) = ^c,i„(x), 


then, by Theorem VII above, we have 


(53) 

But 


MO = jf 


K(x, t)\p n (x)dx. 


K(t , x)\fr n (x)dx 
K(x , t)\l/ n (x)dx, 


on account of the symmetry of K(x, t). Therefore 

h H) 


c v = 


and 


K(x, t.) = 


Thus we obtain the following corollary to Theorem VII. 
Corollary. — If K(x, 0 = X c„tf/,(x) and this series, if 

v 

infinite , is uniformly convergent, then 
(54) K(x, t ) = 

V 

Equation (54) is what Kneser calls the bilinear formula. 
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If we apply this bilinear formula to 
K(x, t ) = 


(1 — t)x, 0 ^ x £ t 
(1 — x)t, t £ x zt 1, 


we obtain the hypothetical expansion :* 


TJ ,, ^ ^2 sin nirx sin nirt 

-- iv 

n = l 


b) The Bilinear Formula for the Case of a Finite Number 
of Fundamental Functions . — The bilinear formula holds 
always if the complete normalized orthogonal system con- 
tains only a finite number, m, of fundamental functions 
\f/y. The formula to be proved then reads 

(55) K(x, t) = 2) — 

x„ 

To show that (55) holds, we show that the difference 

(56) H(x, t ) = K(x, t) - = 0, on R. 


Now H{x, t) is continuous, real, and symmetric. If, in 
addition H & 0, then there would exist at least one charac- 
teristic constant of II {x, t) considered as a kernel of an in- 
tegral equation. Hence, if we can show that H(x , t) has 
no characteristic constant, then it follows that 

H (x, t) = 0. 


Suppose that <p(x) is a fundamental function of II belonging 
to a characteristic constant p of //, then <p is continuous 
and & 0, and 


<p(s) = P f H{x, t)<p(t)dt. 


1 This formula is actually true. For a direct proof, see Kneser, 
“Die Integralgleichungen und ihre Anwendung,” §4. 
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Whence, substituting for H(x, t) its value from (56), 

(57) <p(x) = pj ' K(x, l)<p(t)dt - (t)<p(t)dt. 


Multiply both sides of (57) by 'i'n(x) and integrate with 
respect to x from a to b, then 

/ b rb rb 

<p(x)\p H (x)dx = p I / K(x, t)<pjx)<p(t)dtdx 
Jn Ja. 

™ 1 /*<> rb 

-P2<x J 4'*( x )4 / n(x)dx J \l/,(t)<p{t)dt 
= (- f t n(l)<p(t)dt - p f 4, n (t)<p(t)dt 

Knja hnja 

= 0, (ra = 1, . . . , m). 

Therefore, from (57), 

vix) = P J' K(x, t)<p{t)dt. 


By hypothesis <p(x ) is continuous and & 0, and so this 
equation shows that <p(x) is a fundamental function of 
K(x, t) belonging to p. Therefore 

<p(x) = Cj ih(x) + . . . + c m \l/ n (x), 

whence 


/ b rb m 

<p(x)i n (x)dx = I \f/ n (x)5)c v ^,(x)dx 

%/<l y » 1 


= C n = 0. 


Therefore ^(x) = 0, which constitutes a contradiction. 
Therefore II (x, t) has no characteristic constant and 
II (x, t) = 0, and hence the bilinear formula holds for m 
finite. This gives us the following theorem: 

Theorem IX . — If there are a finite number m of charac- 
teristic constants then 
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K(x, t) = 


c) The Bilinear Formula for Kernels Having an Infinite 
Number of Characteristic Constants . — We proceed to prove 
the following theorem : 

Theorem X . — If there are an infinite number of charac- 

teristic constants and 2^ ^ is uniformly convergent in 

x and t on R } then 


» = i 


K(X, 0 = 2 




Proof. — The proof is entirely analogous to the proof of 
Theorem IX. Form 

H{x, 0 = K(x, 0 - 


(58) 


II is continuous, for K is continuous, and the sum of the 
infinite series in (58) is a continuous function, being a uni- 
formly convergent series the terms of which are continuous. 1 
Furthermore, H is real, for K and are real. Finally, H 
is symmetric, for K is symmetric, and each term of the infi- 
nite series in (58) is symmetric. Hence it follows, as under 
6), that if II (x, t ) has no characteristic constant, then H s 0. 
Suppose H(x , t) had a characteristic constant p. Let 
<p(x) be a fundamental function for //, belonging to the 
characteristic constant p, which implies that <p(x) is continu- 
ous and ^ 0 and satisfies 


<fi{x) = P f H(x, t)<f(l)dt, 


which, on account of (58), may be written 

(59) v (x) = p£k{x, t) v (t)dt - p£X 

Coursat-Hedrick, “ Mathematical Analysis,” vol. 1, §173. 
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The series in (59) is again uniformly convergent as to x in 
[ah]. Multiply both sides of (59) by ^„(x) and integrate 
with respect to x from a to b. We obtain 

f il'n(x)<f>(x)dx = P f f K(x, t)<p(t)\l/ n (x)dtdx 

«/a ,/a Ja 

~ f>XxJ t’WfaWdX' J (t)<p(t)dl, 

which reduces to 

/ b pb pb 

i n {x)<p{x)dx = -- / f„(t)<p(t)dt - I ]// n (t)(p(t)dt 

Knja *nja 


= 0, (n). 

Therefore, from (59), 




K(x , t)<p(t)dt. 


Hence we infer, as under 6), that <p(x) = 0, which contra- 
dicts our assumption (p(x) ^ 0. Therefore, H (x, t) has no 
characteristic constant and, hence, H{x, t) = 0. 

f=!ince a series with a finite number of terms, functions of 
x and t } is always uniformly convergent, we may combine 
Theorems IX and X into the following 

Theorem XI . — If j \f/ y (x) are a complete normalized 

orthogonal system of fundamental functions belonging to the 
characteristic constant X„ for the real symmetric kernel K(x t t), 
and 

} (*)& ft) 

A„ y 

is uniformly convergent on R y then 
K(t, 

V Au 
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61. The Complete Normalized Orthogonal System for 
the Iterated Kernel K„(x, t). — The series is 

v A, 

not always uniformly convergent and therefore the bilinear 
formula does not hold for every kernel K{x } - 1 ). But we 
shall be able to show that it does always hold for the iterated 
kernels. For this purpose we prove first the following: 

Theorem XII. — If | ^„(x) j are a complete normalized 

orthogonal system of fundamental functions for K(x } t) 

belonging to the characteristic constants f X„ j , then ( ^„(x) | 

are a complete normalized orthogonal system of fundamental 
functions for K n {x , t) belonging to the characteristic constants 

K n 

Proof. — a) By assumption, \l/ v (x) is continuous and ^ 0 
and 

(61) *,(*) = xjfW, 

whence we derive 

f K(e, x)t,(x)dx = K f f K(e, x)K(x, t)+,(t)dtdx, 

%/o J a Ja 

which, from (61) and our definitions of iterated kernels, 
may be written 

\ jT*.(«, ot'W, 

or, if we multiply by X , and put x in place of e, 

(62) Ux) = VjT*i(*, t)Ut)dt. 

From (62) we derive 
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in the same way that (62) was derived from (61). Con- 
tinuing this process, it is easy to show by mathematical 
induction that 

(63) *.(*) = X/jfVcr, t)Ut)dt. 

Therefore, \„ n is a characteristic constant of K n (x f t), and 
is a fundamental function of K n (x , t) belonging to 

V. 

b) It is still necessary to show that K n (x } t) has no other 
characteristic constants than the \„ n , and that every funda- 
mental function <p{x) of K n (x, i) can be expressed in the form 

*(*) = <?„*„(*) + . . . + C, r *„(s). 

Let p be any characteristic constant of K n (x , t) and (p(x) 
be a fundamental function of K n (x, t) belonging to p: 

(64) ip{x) = pjT K n {x, t)if>(t)dt y tp(x ) e ■ ^ 0. 

We must then prove that 

1) P - V*. 

2) <p(x) = 


Let hi, h 2 , . . . , h n be the nth roots of p: 
(65) h* = p, (i> = 1, . . . , n). 

Build up the functions nGi(x) as follows: 


(66) nGi{x) = <p(x) + h 


ijfVu, 


t)<p(t)dt 


+ h % 2 j* Kz(x, 1)<p{t)dt + . . . 

+ Kn-iix, t)(p(t)dt f 

for i = 1, . . . , n. Add these equations and cancel a 
factor n. Wc obtain 


(67) <?»(*) + . . . + <?.(*) = *(*), 
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since hi* + hi* + . . . + h n • = 0, 

(8 = 1,. . . , n — 1). 
Multiply both sides of (66) by K(e, x) and integrate. 
We obtain 

n f K(e, x)Gi(x)dx = f Kiss, x)<p(x)dx + ■ 

Ja Ja 

X h % ’ f f K(z, x)K,{x, t)<p(t)dtdx. 
=1 Ja Ja 

Multiply the members of this equation by h i} put h x n = p 
by (65), make use of (64) for x = 0 , t = x, and of the defini- 
tions of the iterated kernels. We obtain 

nhi f K{8, x)G x {x)dx = h x f K(e, t)<p(t)dt 

Ja Ja 

+ A,- 2 ^' # 2 ( 0 , t)<p(t)dt + . . . 


+ /i» n t)<p(t)dt + <p{s), 


which, on account of (66), may be written, after canceling 
a factor n, 


u£ b K{z, x)G, 


{x)dx = G x (a). 


Suppose for some value of i that G x {x) ^ 0, then hi is a 
characteristic constant of K(x, t) and Gi(x) is a funda- 
mental function of K(x , t ) belonging to h x . Therefore, 
there exists a value m of v y such that h x = X TO and hence p = 
X m n . Since G x (x ) is a fundamental function of K{x> t) y 
it can be written in the form 

(68) Gi(x) = + . . . + 

But the Gi(x) do not all vanish identically, otherwise from 
(67) we would have <p(x) 2 = 0, which cannot be. Hence 


p = *m n , 
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and from (67) and (68) we have 

*(*) = CJ.fr) + . . . + Cj tw9 

which completes the proof of the theorem. 


V. Auxiliary Theorems 

66. Bessel’s Inequality. — For the further discussion of 
the bilinear formula we need the following theorem: 
Theorem XIII. — Given 

1) /(s), real and continuous. 

2) \f/ 8J (s = l f ... y m), real and continuous , con- 
stituting a normalized orthogonal set: 



Proof . — Let C a be any real constants, then 



'LC.Ux) 

8 = 1 


T' 

dx ^ 0, 


whence, after squaring the expression in the bracket, 

(70) I\ m h - *%c. £ f(x)i.{x)dx 

+ £\X^] dx , 0 . 


But 


£\Zf‘+‘ {x) \ dx = X C?f\?dx 


+ 


2Xc t C, f ypr'P.dx. 

(r,*) Ja 
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Now 

r b r 

I tfdx = 1 and / i r ^,dx = 

Ja Ja 

by hypothesis. Therefore, 

f) \%C.Ux)]dx =2 C.«. 

-/« L S =1 J 8=1 

But C 8 are any real constants and so we may choose 

C. = J' f{x)\(/ a {x)dx. 

For this choice of C„ equation (,70) becomes 
/M dx — 2 !(/ f(x)<p t {x)dx) 

+ .?,(/ /(x)^(a:)^ > 0, 

whence we obtain (69). 

We now apply (69) to the particular case where 
fix) = K(x> t) 

for a fixed t y and the functions are a normalized 
orthogonal system of fundamental functions of K(x y t) 
belonging to X«. 

Equation (69) now becomes 

(71) i, or K(x, t)4>»{x)dx h 

But 

Ux) = X, jf t)Ut)dt, 


whence 


= X./ x)i,(x)dx 
= X.jT K(x, t)i,{x)dx, 


( 72 ) 
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on account of the symmetry of K(x, t). Now K(x, t) is 
continuous on R and, therefore, 

(73) | A' Or, t)| ^ G (a constant). 

Applying (72) and (73) to (71), we obtain 


KxO « o, ('' - »>• 


Thus wc have the following corollary to Theorem XIII: 

Corollary. — If \I/ H (x) t (s = 1, . . . , m) are normalized 
orthogonal fundamental functions of the kernel K(x , t), 
belonging to the characteristic constant \ a , then 

(74) “ G2{b ~ a) 

From (74) we obtain by integrating from a to b 

J [*«] dx ^ “ «) 2 - 

But j* j dx = 1 by hypothesis. 


Therefore 


m 

S~ 2 ^ 2 (6-a) 2 , 


the inequality holding for any finite number of X, and hence 
for the first m of the X a ’s. 


Theorem XIV. — ^ ^ 2 is convergent. 


Proof . — The proof follows from (75) by applying the 
principle of monotony: if u % are real and positive and 

Ui + U2 + • • • + w n ^ A ) ( n ) 
that is bounded, then 

00 


is convergent. 
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66. Proof of the Bilinear Formula for the Iterated Kernel 
K„(x, t) for n £ 4. — In Theorem XI it was stated that if 


** X, 

¥ 


was uniformly convergent, then 


= K(x, t ). 


We have stated previously that this series is not always 
uniformly convergent and, therefore, the bilinear formula 
does not hold for every kernel. But we shall be able to 
prove that it does always hold for the iterated kernels. 

Since, according to Theorem XII, ^ y (x) are a complete 
normalized orthogonal system of fundamental functions 
for K n (x , t) belonging to X/, the bilinear formula for the 
iterated kernel, if true, would read 


(76) 


V 


K n {x , t), n > 1. 


By referring to Theorem XI just quoted, we see that (76) 
will be proved if we can show that is uniformly 

V 

convergent. We prove this first for the case n = 4. We 
desire then to show the uniform convergence of 


(77) 


on R 


We apply the general test for the uniform convergence of 
the series 

00 

2}u„(z, 0> on R. 

«-i 

For any t > 0 we can assign an N depending on €, but not 
on x and t (N t ) such that 

| Wn+l(x } t) *4“ Ua+!(^ 0 4“ ... 4“ 0 | ^ 

for every » > Nt for any integer p > 0. 
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Use the notation 


HP “x,< 

v *= n + 1 

We have the inequalities 

(78) |An„l £ 2, -- x. 4 - ijCUxT.! 

v = n + 1 

We now make use of the inequality 

(79) ^a v b v < 

(a„, b v real and positive), which arises from the following 
consideration: given the matrix 


d\ d 2 • ■ dp 

bi b? . . .b p 


, form the product 


f d v a v b 

(80) ■ ■ • "" * =1 - 1 

bi b 2 . . . b p j\ J\ 

X«A 

k = 1 

= T “*• a ’ > o. 

(Tr)-l 

From the inequality in (80) follows (79), which is the alge- 
braic analogue of Schwarz’s inequality (21) of §57. Now 

apply (79) to (78) with d v = We 

A y A„ 

obtain 

"i? ^ Ax) \frAt)\ < /y P iA(x) 1 A 2 «) 

,5 +1 . 'ST X - '* + i ^ x/A+X* 

But by (74) 

(81) ’X ^ <G 2 (b-a),% < G 2 (6 - a). 

,-n+l A " • A " 


£ (?*(6 - a), % < G^(6 - a). 
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By Theorem XIV, is convergent, and thus, by the 

general theorem on convergent scries, 
lim d np = 0, 


where 


n +V - 

dnp = 5) \ 2 


Substitution from (81) and (82) in (78) gives 
I A np | < G 2 (b - a) d np . 

The right member of this inequality is independent of x 
and t y therefore (77) is absolutely and uniformly convergent 
in x and t on R . Thus we have proved the following 
theorem : 


Theorem XV.— X 


ts absolutely and uniformly 

Xu 


convergent in x and t on R, and 

. Kt(X: „ 

V 

We can now show that (76) holds for n >4. Suppose 
that (76) holds in the nth instance: 

(83) KJx, t) = -, 

the series being uniformly convergent in x and t on R. 
Multiply both sides of (83) by K(* } x) and integrate with 
respect to x from a to b. We obtain 


(84) / K(Zy x)K n (x } t)dx = 


vM) r 
r 


x)\l/ p {x)dx 


and the series on the right is again uniformly convergent 
as to x and t . But 

f K(t, x)Mx)dx \ (e) 
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x)K n {x, t)dx = K n + i(e, t). 


We obtain, then, from (84), if we put a = x, 


Kn+ l(X y t) — 


(5)^ (0 

L, " \"n+l 
v 


The induction is now complete and (76) holds for n ^ 4. 
Kowalewski 1 gives a proof that (76) holds for n = 2, 
whence from our induction proof, (76) holds for n = 3, 
and therefore for n > 1 . 

67. An Auxiliary Theorem of Schmidt. — Before we can 
take up the problem of the expansion of an arbitrary 
function according to the fundamental functions of a sym- 
metric kernel, we need another auxiliary theorem due to 
E. Schmidt. 

Theorem XVI . — Let h(x ) be continuous on [ 06 ], K{x , 0 
real and symmetric with the complete normalized orthogonal 


system of fundamental functions { ^X x ) | belonging to the 


characteristic constants j , then 

A) If J* K(x f t)h(t)dt = 0, uniformly as to x, then 

P 

J tn(x)h(x)dx = 0 , uniformly as to n. 

B) If f \i/ H (x)h(x)dx = 0, uniformly as to n, then 

j* K(x f t)h(t)dt = 0 , uniformly as to x. 

Proof . — A) Multiply both members of 


/ 


K{x , t)h(t)dt = 0, (x) 


1 Kowalewski, “EinfUhrung in die D6terminanten Theorie,” 
Teubner, p. 533, §200, 1900. 
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by \pn(x) and integrate. We obtain 
rb rb 

(85) / / K(x, t)\p n (x)h(t)dtdx = 0, 

Ja Ja 

which may be written 

K(x } t)}// n (x)dx S jdt = 0. 


[867 


MI 


But 


J K(x, t)\J/ n (x)dx = ~- 


K 


Therefore (85) may be written 

/ f in{t)h{t)dt = 0,. (n). 

Therefore j* \l/ n (t)h{t)dt = 0, (n). 

B) Our hypothesis is that 

r 

J \l/ n (x)h(x)dx = 0, (n). 

We have previously shown that 
K.(,, l) = 

v 

is uniformly convergent on R . Multiply both members of 
this equality by h(x)h(t) and integrate. We obtain 

rjr KJx, t)h(x)h(t)dxdt = ££ W(*)x 

h(x) ypy ( t)h(t)dtdx . 

The right member of this equality may be written 
{x)h(x)dx ' J i,(l)h(t)dt, 

which, on account of our hypothesis, vanishes. Therefore 

(86) f b f b K a {x, t)h(x)h(t)dxdl = 0. 

Ja Ja 

Ki(x, t ) = J' Kt(x, s)Kt(t, s)ds, 


But 
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since K t (t, s) = Ki(s, t ) from the symmetry of K. Sub- 
stitute this value of Ki(x, t) in (86). We obtain 

rb rb rb 

III Ki(x, s)Ki(t, s)h(x)h{l)dsdxdt = 0, 

Ja Ja Ja 


which may be written 


/[/ 


K 2 (x , s)h(x)dx X / K 2 (t, s)h(l)dt 


y | J' Kt(x, s)h(x)dx j ds = 0. 

•J' Kt(x, s)h(x)ds is a real continuous function of s. 
:refore 

J" Ki{x, s)h(x)dx = 0, (s), 


j ds = 0, 


Therefore 


which, if we change our notation and, in place of s and x, 
put x and t, and remember that K 2 {x, t) = K t (t, x), becomes 

J' K t (x, t)h(t)dt = 0, Or). 

Multiply both members of this last equation by h(x) and 
integrate. We obtain 

(87) f b pKiix, t)h(x)h(t)dxdt = 0. 

Ja Ja 


But K 2 (x, t) = J K{x j s)K(t , s)ds. 

Treat (87) in the same manner as we have just done with 
(86) and we will finally obtain 


K(x, t)h(t)dt m 0, Or). 


This completes the proof of Schmidt’s auxiliary theorem. 
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and from (74) in the corollary to Bessel’s inequality 

GKb-a), 

V 

G being the maximum of | K(x, t) | on R. 

If, now, we use the notation 

n -fp 

d n p — (gypr ) 2 

v “/l +1 

we may write 

(®3) I A np | £ G\f(b — a)d np . 

But 

( 94 ) X(9h)> 

¥ «1 

is convergent, for 

I, or g(x)i„{x)dx )i £ [«(»)]’*. 

from Bessel’s inequality (69), §65, and J ^(x) j dx is a 
finite fixed constant, independent of n, and therefore 

n 

X (^) s 

x *1 

is bounded for every n, and hence, by the monotony 
principle (94), is convergent. Therefore, lim d np = 0. 

M — >00 

Hence, from (93), lim | A np | = 0, and therefore (89) is 

n— » oo 

uniformly convergent on J, and from (92) we see that it 

is also absolutely convergent. This completes the first 
part of the proof. It remains to determine the sum. 
b) Summation . — Put 

h(x) m f(x) - 
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From (88), f(x) is continuous, since g(x) is supposed to be 
continuous and the f„’s are continuous and the series is 
uniformly convergent, hence h is continuous. We will 
have proved that the series represents f(x), if we can show 

h(x) j dx = 0, 

for then 

h(x) m 0. 



Now 

(95) 



2 dx = ( fh ) - 


We compute 


But 


{Wn) = Ufa) ~ 

v 

(**„) = I 1 ' " = n 


Therefore 

(96) W.) = (/*») - (fin) = 0. 
Whence, from (95), 

(97) f b [ h{x) ] dX = Uk) ‘ 

But (fh) = f f(x)h(x)dx 

and, by hypothesis, as given by (88), 
f(x) = f K(x, t)g(l)dt. 


Therefore, 

(98) 

Now 


(fh) = f f b K(x, l)g(t)h(x)dtdx 
Ja Ja 

K(x, t)h(x)dxjdt. 
J' i„(x)h(x)dx = 0, (n) by (96], 
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hence, by Theorem XVI, §67, 


and, therefore, 


J' K(x, t)h(t)dt = 0, (x) 

/ X(x, t)h(x)dx = 0, (<) 


whence, from (98), 

( A ) - 0, (X) 

and, therefore, from (97), 

A(x) = 0, fx), 

which completes the proof of the theorem. We have the 
following corollaries to Theorem XVII. 

Corollary I.— (ft,) - by (91). 

Corollary II. — If g(x) is continuous , then 


£k(x, i)g(t)dl = X^'-W) 


and the series is uniformly and absolutely convergent . 

This follows from Theorem XVII and Corollary I. 

Corollary III. — If g{x) and h(x) are continuous , then 

£ £ K (x, t)g(t)h(x)dtdx = 

This is sometimes called Hilbert’s formula. It follows 
from (99), if we multiply by h(x) and integrate. 

VII. Solution of the Integral Equation 

69. Schmidt’s Solution of the Non-homogeneous Integral 
Equation When X Is Not a Characteristic Constant. — As 
an application of the last theorem, we will now give 
Schmidt’s solution of the equation 


= u(x) — K(x, t)u( 


( 100 ) 
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A) Necessary Form of the Solution . — Let u(x) be a con- 
tinuous solution of (100), then 

(101) v(x) = u(x) -^J - (x ) = £k{x, t)u(t)dt. 

The function v(x) satisfies the condition (88) of Theorem 
XVII and, therefore, 


v(x) = X(WW,(0, 

V 

the series being absolutely and uniformly convergent on 
On account of (101) and Corollary I §68, we have 


H- 

( 102 ) 


v(x) = ]£- 


0 ( 0 - 


Multiply (100) by ^,(x) and integrate. We obtain 


(WO = (W0 
= (WO 


-\fjf 

- x 

Ja h v 


K(x, t)u(t)yp„{i)dtdx 


dt 


= (WO - ^-(WO, 


which may be written 

(X, - X)(W,) = X,(W,). 
When X ^ X„ we have 


(103) 


(WO 


XQWQ 

X„ - x' 


If X is not a characteristic constant, then X ^ Xj, X s , . . . , 
and for such values of X (103) holds for all values of v and 
hence, from (102), 


v(x) = 



(x). 
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Whence from (100) and (101) 

(104) u(x) = fix) + X V <*>• 

v=l K ~ K 


Hence, if (100) has a continuous solution u{x) ) this solution 
is unique and is given by (104). Replacing the symbol 
(J\p v ) by its explicit expression, wc have for the solution of 
( 100 ) " 


(105) u(x) = f(x) + X |[s - kC /(0 


If for a given value of X, the series 

V f* (jWAx) 
^ K - X 

v —1 


is uniformly convergent in t , we can write the solution in a 
form previously obtained: 

u(x) = f(x) + X J ^ K(x, t; \)f(t)dt 

where 


K(x, t; X) 


^ X.. - X 

V =1 


The solution given by (105) has an advantage over that 
given by Fredholm, in that it shows the meromorphic 
character of the solution with respect to X and indicates 
the principal part of u(x) with respect to each pole X. 

B) Sufficiency Proof . — It remains to show that (104) is 
absolutely and uniformly convergent and satisfies (100). 

1) Uniform and Absolute Convergence . — The series in 
(104) may be written as follows 


2 

v •= 1 




( 106 ) 



$69] 


HILBERT-SCHMIDT THEORY 


165 


But by Corollary II to Theorem XVII 

¥ 

is absolutely and uniformly convergent; and if there is an 
infinitude of characteristic constants then as v — » oo also 

X, — > oo, and therefore — — ^ — * 1, whence also (106) is 

absolutely and uniformly convergent. 

2) (104) Satisfies (100). — From (104) we obtain 

u(x) - Xjf X(*, t)u(t)dt = f(x) + 

- *£k(x, t) [ m + xXxT- x^ fl) } dL 

The right-hand member may be written 

(107) fix) + “ X £ K{X ' m)di 

- X* X x7?H £ K{x ' 


But 


£Kix, M, 


it)dt = 


iXx) 

X, ’ 


therefore (107) may be written 


/W+ x Sx7"x^' (l) 




Kix, t)fit)dt 


or 


ax) + x 2 *,(*) - x r Kix, m)dt. 

¥ 

By (99) this last expression reduces to fix) and hence 
uix) — X £ Kix, t)uit)dt = fix). 

We have thus proved the following theorem: 
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Theorem XVIII. — If f(x) is continuous and X is not a 
characteristic constant , then 

u(x) = f{x) + X J* K(x, t)u(t)dt 

has one and only one continuous solution u{x) given by 

u(x) = f(x) + X2[ r l- X / /(<)*»(<)* JiM*), 

the series being absolutely and uniformly convergent. 

70. Schmidt’s Solution of the Non -homogeneous In- 
tegral Equation When X Is a Characteristic Constant. — 

Let us suppose that X is a characteristic constant, for 
example, X = Xi of index q , so that 


X — Xi — X 2 — . . — X g . 

A) As before, we find that 

(x, - x)(m*,) = 

Now, since X„ = X, v = 1, 2, . . . , q, 
we have 

(108) (ft,) - 0 , r « 1 , 2 , . . . , q. 

We have thus q necessary conditions on /. If v > g, then 
X„ — X 5 ^ 0 and 

(u\M = as before. 

A„ A 

Now v(x) is expressible as before by the formula (102), 
but for v — 1 , . . . , q the constant coefficients 

x„ 

are as yet undetermined. So we write 
V(*) = CM*) + • • • +C 9 t Q (x) + X 



§70] HILBERT-SCHMIDT THEORY 

whence 

(109) u(x) = f(x) + CxM*) + • • • + C q \p fJ (x) 


167 


+ 


X„ - X T 


B) That (109) converges is seen as before. To show that 
(109) satisfies (100) we first show that 


io(x) = f(x) + x£ 


. X„ - X T 


satisfies (100). For this proceed as before and we find, 
after some reductions, 




K(x , t)u 0 (t)dt = fix) 


+ *2 -xS-r^)- 

" =</ +-1 y p = L V 

But (f\p p ) = 0 for v = 1, 2, . . . , g, by (108) and thus 
we get 


— X j* K(x t i)u 0 {t)dt = f(x). 


It remains to show that 

u(x) = Uo(x) + Ci^i(x) + . • . + Cgt q (x) 

= W 0 (a:) + <?($) 

satisfies (100). Now 

/ 6 /*6 

l£(a;, t)u(t)dt = w 0 (x) — X / /£(*, t)u 0 {t)dt 

b ^ a 

+ *(*) - Xjf K(af, 0^(0* = /(*) by (110), 
for 

v (x) - '£ K(x, t)<p(t)dt = 0, 

since 

*«(*) “ >jf = 0 (“ " ■ • • » ?)• 
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We have thus proved the following theorem: 

Theorem XIX . — If X = X x is a characteristic constant 
of index q, then 


u(x) = f(x) + \i f K(Xj t)u(t)dt 


has in general no solution . Solutions exist only if 


(/&«) =0, (a = 1, . . . , q). 


Then there are q 00 solutions given by 
(111) u(x) =/(*) + X X 

+ Ci^i(x) + • . . + C q \// q (x), 


where C i, . . . , C q are arbitrary constants . 

71. Remarks on Obtaining a Solution. — To obtain the 
solution of any numerical problem, one must compute 
D(X) in order to obtain X„. To obtain the \p ¥ one must 
solve the corresponding homogeneous equation. Having 
obtained the yp, and the X„, one writes down the solution 
at once by direct substitution in the proper formula, (104) 
or (111). 

In general, D(X) is an infinite series given by (5) in 
Chap. III. However, for many simple kernels all but a 
few of the first terms vanish identically and we obtain 
D(X) as a polynomial in X. By the method of §25, Chap. 
Ill, Z)(X) can be obtained in finite form as a polynomial 
in X for every kernel K(x f t) which is a polynomial in x and t. 

The yp ¥ can be computed from the formula for <p a (x) given 
in Theorem VIII, §21, Chap. III. By the method of §25, 
Chap. Ill, yp, can be obtained in finite form for every 
kernel K{x ) t) which is a polynomial in x and t. 


EXERCISES 


Compute D(X) and obtain the characteristic constants X, for the 
following symmetric kernels for the specified interval [06]. 
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.4 ns. 

1. K(t, l) = 1, [01J. 

/J(X) = 1 - X. 

2. K(x, t) — — 1, [01]. 

/>(X) = 1 + X. 

3. K( x, t) = xt, [01]. 

D(\) = 1 - g- 

4. K(x, t) = sin x sin l [0, 2ir]. 

D(X) = 1 — irX. 

5. K(x, t) = e x -e‘[0, log, 2], 

D(X) = 1 - |x. 

6. A'(x, t) = x + l, [01]. 

M 4 

,< !f- 

1 

/< 

1 

1— ( 

II 

Q 

7. K(x, t) = x J + t\ [01]. 

/>(X) = l - |x - 4 ,.x 2 . 

8. K(x, t) = xH + x< 2 , [01]. 

9. K(x, t) = x 5 + xt + t 2 , [01]. />(X) 

Solve the following equations: 

10 u(x) = u(0itt. 

f)(X) = 1 - 2 - 24(/ 3 ' 
" 1 X 00 X + 2,160 X • 

u (x) = C. 

11. u(x) = x 4- A u(t)dt, (X 1). 

u(x) =x + 2 (i _xj- 

12. u(x) = ^ — x 4- Z' 

u(x) - - X + C. 


13. w(x) = X 


i (x 4- t)u{t)dt for X = — G ± 4-\/3. 

A?is. Ui(x) — r,(l 4* V / 3- r ) for X = Xi = — G 4- 4V3. 
u 2 (x) = C 2 (l — V3 j) for X = X •> — —6 — 4\/3. 


14. i/(x) = x 4 X 


y (i 4- t)u(t)dt, X 5 ^ Xi, X 2 . 

^ _ i _ V3 -f 2 - v / 3 

w(.r) =a* - z- ~ „ /- 

X 4 0 + 4\/3 X 4' 6 - 4V3 
, . (OX - 12)x - 4X 
or u(x) = x2 12x _ 12 • 


15. n(x) = (1 - \/3.r) 4- (-0 4- 4\/3) + 0u(t)dt. 

Jo 

Ans. u(x) = (1 — X^x) 4- B(l + V / 3ir) -^14 2 * r ) 

16. y(x) = (1 4- \/3j) 4- ( — 6 — 4\/3) /* (x 4- t)u(t)dt. 

J* _ / 3 x 

Aws. w(j) = (14- \/3x) + #(1 — \/ 3x) — ^1 4* 2 r y 



CHAPTER VI 


APPLICATIONS OF THE HILBERT-SCHMIDT 
THEORY 

I. Boundary Problems for Ordinary Linear Dif- 
ferential Equations 

72. Introductory Remarks— a) Formulation of the Prob- 
lem . — We have previously considered the boundary problem 

d 2 u 


dx 2 


+ Xw = 0, u(0) = 0, u(l) = 0. 


We shall now discuss the general type of boundary problem 
of which this is a special case, namely, we take the general 
homogeneous linear differential equation of the second order 
with a parameter X contained linearly in the coefficients of 
u: 

P(x) £3 + Q{x) fx + + X5(x) ] u = 0 - 


We first reduce this equation to a self-adjoint linear differ- 
ential equation by multiplying it by e J Pix) 

f Q ix 

Putting p = eJ p , we obtain 

( n I Q / , R + X<S 
p (u" +pu' + — 1 

which may be written 

(1) pu" + pV + (q + Xg)u = 0 

or i(4t) + (? + kf) “ ■ °- 

170 


w) = 0, 
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If we make use of the permanent notation 

® I <“> -e(4) + «“- 

equation (1) may be written in the form 

(3) L(u) + \g(u ) = 0. 

We use also more general boundary conditions, and for the 

general interval |^ab j: 

Ro(u) £2 Au(a ) + Bu'(a) = 0 

(4) «i(u) a Cu(b) + Du'(b) = 0, 

where A, B, C, D are given constants, of which A and B 
are not both zero, and C and D are not both zero. 

Our problem then is to determine all solutions of class 
C"of the differential equation (3) which satisfy the boundary 
conditions (4). 

For this generalized boundary problem we make the 
hypotheses: 

{Hi) p is of class C', p ^ 0 on [ab] 

q and g are of class C on [ab]. 

Then (1) has two linearly independent solutions of class 
C" on £ a &j : u i an d w 2 . Any other solution of (1) of class 
C" is linearly expressible in terms of u\ and w 2 : 

u = CiUi -j - C 2 U 2 , 

The boundary problem has the trivial solution u e 0. 
Every value of X for which our boundary problem has a 
non-trivial solution is called a characteristic constant and 
those solutions of class C", non-trivial, which exist for these 
values of X are called fundamental functions of the boundary 
problem. 
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To the hypothesis (Hi) we add for the present a second 
hypothesis (H 2 ) which will be dropped later: 

(Hi) X = 0 is not a characteristic constant . 

That is, L(u) = 0, Ro(u) = 0, R\(u) = 0 
has no solution of class C" other than u s 0. 

h) Green 9 s Formula. — From our hypothesis (Hi) we obtain 
the following theorem : 

Theorem I . — If u(x) and v(x) are any two functions of x 
of class C", then 

(5) uL(v) — vL(u) = ^p(uv' vu'). 


Proof. — Given two functions u(x) } v(x) of class C", form 

| u pu" + p'u ' + qu 


pv" + pV + gv 


ttZ*(v) - vL(m) = y 

u pu" + p'u 
v pv" + p'v' 

= p(uv" — vu") + p'(uv' — vu') 

= ^P(«v' 


vu'). 


Corollary. — 7/ u aud v are o/ class C " and L(u) 0, 
L(v) = 0, then 

(6) p(uv' — vu') = constant 0, 


z/ u and v are independent. 

For if C = 0, then uv' — vu' = 0 and 


Whence 


uv — vu 


u 


2 


= 0 . 


d /v 
dx 




and, therefore, v = Cu and v and u would be linearly 
dependent, contrary to hypothesis. 

c) Consequences of Hypothesis (Hi). — We now establish 
the following lemmas: 
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Lemma /. — If u h u 2 are of class C" and L(u{) = 0, 
L(u 2 ) = 0, and ui, u 2 are linearly independent , Men 

fio(ui) f Ro(u 2 ) are not both zero and also 
Ri(ui), Ri(u 2 ) are not both zero. 

Proof. — The general solution of class C" of L(u) = 0 is 
U = C\U\ + c 2 u 2 . 

Now R 0 (u) = CiR 0 (ui) + c 2 R 0 (u 2 ). 

Therefore, if the lemma is not true, then 
Ro(u ) = 0 for every'ci, c 2 . 

But 

Ri(u) = CiRi(ui) + c 2 Ri{u 2 ) } 

and, if c h c 2 are properly chosen, we can make Ri(u) = 0. 
But then we would have 

L{u) — 0, Ro(u) = 0, R\{u) = 0, 

which is contrary to hypothesis (# 2 ). Therefore not both 
Ro(ui), Ro(u 2 ) can vanish at once. Likewise, we show that 
Ri(ui), Ri(u 2 ) cannot both vanish simultaneously. 

Lemma II. — There exist functions u and v of class C", 
determined except for a constant factor , such that L(u) = 0, 
Ro(u) = 0, L(v) = 0, fti(v) =0. u and v are linearly 
independent and the constant factors can be determined so 
that p(uv f — vw') = — 1 . 

Proof. — Let ui, u 2 be two linearly independent solutions 
of L{u) = 0. Let u = C 1 U 1 + c 2 u 2 and determine Ci and 
c 2 so that Ro(u) = CiRo(ui) -f c 2 R 0 (u 2 ) - 0. Now /2o(wi), 
Ro(u 2 ) cannot both be zero. Therefore 

Ci = Po Ro(u 2 ) and c 2 = —pbRoiui), 

and hence 

u = p 0 j^l/?o(W2) — u 2 Rq{ui) 

This is the most general expression for a function u for which 
L(u) = 0, Ro(u) = 0. 
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In like manner, we show that the most general expression 
for a function v for which 


is 


L(v) - 0, fli(v) = 0 
Pi |"vifli(v 2 ) - v 2 Ri(vi) 


Suppose u and v were not independent, then 
v = Cu y C t* 0, 

whence 

R x {u) = = 0. 


But by hypothesis R 0 (u ) = 0. This is in contradiction 
to our hypothesis (tf 2 ). 

According to Green's formula 

p(uv' — vu') = C 5 ^ 0; 

hence the constant factors p 0 , pi can be determined so that 
p(uv' — vu') = — 1 . 

73. Construction of Green’s Function. — Let us take 
between a and 6 a fixed value t: a < t < b. Then the fol- 
lowing theorem holds: 

Theorem II . — For our boundary problem there exists 
under the assumptions (// 1 ) and (H 2 ) one and but one function 
K(x t t) } which , as a function of x f has the following properties: 

A) K is continuous on ^ab 

B ) K is of class C" on each < 
and L(K) = 0 on each subinter vaL 

C ) R 0 (K) = 0, Ri(K) = 0. 

D) K’(x, (-0)- K'{x, <+0) = p l {ty 

K'(x, t) = Ik (x, t ). 



where 
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This function K{x, t) is called Green’s function, belonging 
to the boundary problem. 

Proof . — If K(x, t) is to satisfy L(K) = 0, it must be 
linearly expressible in terms of the two functions u and v 
the existence of which have been shown in Lemma II of 
§72: 

A 0 u+ B 0 v, at 
K(x, t) : : 

A&+ B\v, tb . 

Now demand that K(x, t) satisfy C ): 

R 0 (K) = R 0 (Aqu + Bqv) = A 0 Ro(u) + B 0 Ro(v) = 0. 
Ri^K} = Ri(AiU -j- Bjv') = A\R\{u) BiRi(v ) = 0. 

But R»(u) = 0, and not both R 0 (u), R 0 (v) can vanish 
simultaneously, whence B 0 = 0. Also, Ri(v) = 0, and not 
both R\(u), Ri(v) can vanish simultaneously, whence 
A i = 0. Therefore 


K Or, t) = 


A 0 u, at 
B iv, 


We now impose the condition A)\ 

A 0 u{t) = 5iv(<), 


whence 

and 


A 0 = pv(t), Bi = pu(t), 


pv(t)u(x), 


K(x, 0 = 


pu(t)v(x), 

Now impose the condition D ) : 


K'{t - 0) - K'(t + 0) = 


par 
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[874 


that is 

But 

Therefore 

whence 

Therefore 


1 


py{t)u'{t) - pu{t)y'{t) = 
p(uv' — Vtt') = — 1. 
p[v(0u'(0-U(0v'(<)] = p P {t y 


p = + 1. 


(7) K{x, t) = 


i v(<)u(x) = K 0 (x, t), a ^ x £ t 
| u(t)y(x) = Ki(x, t), t £ x £ b. 

This is Green’s function and it is uniquely determined. 
Corollary. — Green’s function is symmetric. Thai is 

K(x, t ) = K{t, x). 

To show this, compute K{z i, e s ) and K(s 2 , e { ) where 

0 < Bi < e 2 < b. 

K{z i, z 2 ) = v(e 8 )u(«i), 


for here we identify «i and x, e 2 and l ; and, since Si < e*, 
we use the first expression for K , namely, K 0 {x, t). Similarly 

K(et, 0 ,) = w(ai)v( 0 2 ). 


A comparison shows that 

K(zi, z 2 ) = K(k 2 , 0 i ), 

that is, K(x, t ) = K(t, x). 

74. Equivalence Between the Boundary Problem and 
a Homogeneous Linear Integral Equation, a) Hilbert’s 
Fundamental Theorem. — Under the assumptions {Hi), 
{Hi) let us consider the non-homogeneous linear differential 
equation 

L{u) +/= 0, 

where / is supposed to be continuous on j^a6 J. We can then 
prove the following theorem : 
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Theorem III A. — If F is of class C" and L(F ) + / = 0, 
Ro(F ) = 0, Ri(F) = 0, then 


-£ 


K(x f t)f(t)dt. 


Proof . — We have 


L(F) = - /on 


L(K) = 0 on 


a£>j, and 
a<j, 


separately. 


Multiply the first by — K and the last by F and add. We 
obtain 


(8) FL(K) - KL(F) = KF on 


at , tb 


separately. 


Apply Green’s formula to the left-hand side of (8). We 
obtain 

(9) j x p(FK' - KF') = Kf. 

Integrate (9) from a to t and from t to b. We have 


p(FK' - KF‘ 
p{FK' - KF 


-|/-o rt - o 

') = / K(x, t)f{x)dx 

_ * Jo. 

’') = f K(x, t)f{x)dx. 

_f+0 Jt + 0 


Add the last two equations. We obtain 
(10) [ p{FK ' - KF ') | [p{FK f - XF')] 1 

+ ]^p{FK' - XF')] X 6 = jf K(x, t)f(x)dx, 

since K(x } t) is continuous at x = t. Now p, F, F f , and K 
are continuous at x = t. 


Hence 


- KF 


l'-o 

' = 0 . 
J t H> 
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While 


p(FK') 1 = p(t - 0)F(t - 0)K’(t - 0) 

J,+ ° - p(t + 0) F(t + 0)K'(t + 0) 

=p(t)F(t)[/C(l - 0) - K'(t + 0)J 


which by D) 

- pmm-' u y 

Now write the second term in (10) as a determinant 

p (fl ) , '<«> 

PW | K(a ) K'{a ) 

If A 0, then 

\ nlPK , _ Ev^?' a _ P(a) AF(a ) + BF'(a ) F'(a ) 
L P(F * ’ A AX(a) 4 BK'(a) K'(a) 

= p(a ) R„(F) F'(a) 

““A fio(Jf) X'(«) 

since Ro(F) = 0, RoCK) = 0. 

If A = 0, then 5^0 and, as before, 

[„(F*' - **•')]- - ™ ^ W - 0. 

Likewise ^p(FJC' - KF') j* = 0. 

Therefore, F(<) = ^ K(x, i)f{x)dx. 


Therefore, 


Whence, interchanging x and t , on account of the symmetry 
of K(x , 0, we have 


-£ 


K(x , 0 /( 0 *- 


Corollary . — 7/ /^(x) is 0 / ciass C" and Ro(F) = 0, jRi(F) = 0, 
and / = — L(F), Men 

(12) F(x) = £ K(x, o[ - w ]<*<• 
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Equation (11) is an integral equation of the first kind, with 
f as the function to be determined. Equation (12) shows 
us that (11) has a solution: 

/ = - UF). 

Theorem IIIB.-// Fix) = J K(x, t)f(t)dt , then F is of 

class C", LiF) + / = 0, R 0 iF) = 0, RfF) = 0. 

Proof . — In order to form the derivatives of Fix), we break 
the integral into two parts, inasmuch as K' is not continu- 
ous for x — t. 

(13) Fix) = [‘Ki(x, t)f(t)dt + f^Ktix, t)f(t)dt 

F'ix) = [’Kfix, t)f(l)dl + j\fix, t)fit)dt 

+ Kfx, x)f(x) - K„(x, x)f(x). 

But Ki{x, x) — K 0 (x, x) = 0, since K is continuous. 
Therefore 

(14) F'(x) = f*Kfix, t)f(t)dt + jf Ko'ix, t)fit)dt. 

F'ix) = f*Kf'ix, t)f(t)dt + f b Ko"(x, t)fit)dt 

+ Kfix, x)f(x) — Kn'ix, x)f(x). 


But 

Therefore 


Kfix, x) - Kfix, x) = — • 


l)f(t)dt 


(15) F"(x) = f Kfix, t)fit)dt + jT Kfix, 

_ fix) _ 

pix) 

Multiply (13), (14), (15) by qix), p'ix), pix) respectively 
and add. We get 

LiF) = / L(Ki)f(t\dt -f jf L(Ki,)f(t)dt - fix). 
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But L{Ki) = 0 and L(K 0 ) = 0, therefore 
(16) L(F) = - f(x). 


Now form Rt>(F),. 

Ro(F) = AF (a) f BF'ia) 

Ro(Ko)f(t)dl = 0, 

since R 0 (K n ) = 0. Similarly, wc show that Ri(F) = 0. 

That F(x) is of class C" follows from (13), (14), and (15), 
if wc substitute for K 0 , Ki their explicit expressions from 
(7). 

Wc combine Theorems I II A and 1 1 IB into the following, 
which is Hilbert’s third fundamental theorem: 

Theorem III.— 7/ /(*) is continuous , then 

Fix) = £’k(x, t)fil)dt 

implies and is implied by F(x) is of class C", 

L(F) + / = 0, R 0 (F) = 0, and R X (F) = 0. 



b) Equivalence of Boundary Problem and Integral Equa- 
tion. — If in Theorem III we put 

fix) = \g(x)u(x), Fix) = u(x) 

we obtain the theorem: 

Theorem IV. — If u{x) is continuous , then 

(17) u(x) = XjT K(x, t)g{t)u(t)dt 

implies and is implied by u(x) is of class C", 

L(u) + \gu = 0, R 0 (u) = 0, and Ri(u) = 0. 

For X is constant and by (Hi) g is continuous, therefore the 
hypothesis that f(x) is continuous becomes u(x) is continuous. 

We notice that (17) is a homogeneous linear integral 
equation of the second kind with, in general, an unsym- 
metric kernel: 

(18) 


H(X, t) m K Or, t)g(t). 
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We remark further that the condition that u(x) be of class 
C" carries with it the condition that u(x) is of class C. Thus 
we drop the explicit statement that u(x) be continuous and 
obtain from Theorem IV the two following theorems: 
Theorem IVA . — The conditions 

a) u(x) is of class C". 

b) L{u) + \gu = 0, Ro(u) = 0, Ri(u) = 0 

imply that 

u(x) = X f K(x } t)g{t)u{t)dt . 

Theorem IVB . — The conditions 


a) u(x) is continuous. 

b) u(x) = X J' K(x f t)g(t)u(t)dt 
imply that 

a) u(x) is of class C". 

b) L(u) + \gu = 0, Ro(u) = 0, Ri(u) = 0. 

Theorems IV-4 and I \B establish the equivalence of the 
boundary problem and of the integral equation. Hence, 

1) If Xo is a characteristic constant of the boundary 
problem, then X 0 is a characteristic constant of the integral 
equation and vice versa . 

2) If u(x) is a fundamental function for the boundary 
problem, belonging to X 0 , then u(x) is a fundamental func- 
tion, belonging to Xo, for the integral equation and vice versa. 

We remark that for this particular kernel (18), the funda- 
mental functions are of class C". 

75. Special Case g(x) = 1. — For the special case g (x) = 1, 
the equivalence between the boundary problem and the 
integral equation becomes: 

L(u) + \u = 0, Rq(u) = 0, R\{u) = 0 
implies and is implied by 


(19) 


u(x) 




K(x, t)u(t)dt. 



182 


LINEAR INTEGRAL EQUATIONS 


[§75 


The kernel of the integral equation in (19) is now sym- 
metric and thus the results of both the Fredholm and the 
Hilbert-Schmidt theory apply. 

Let us state some of the results of the Hilbert-Schmidt 
theory: 

1) There exists at least one characteristic constant. 

2) All of the characteristic constants are real. 

3) The index q = the multiplicity r. 

4) There exists a complete normalized orthogonal 

system of fundamental functions t„(x) with correspond- 


ing characteristic constants A„ [ , v = 1, 2, . 

5) If ^ is uniformly convergent on R , then 


( 20 ) 


Ux)Mt) 


= K(x } t). 


6) If u(x) is expressible in the form 

u(x) = X J* K(x, t)u(t)dt 

and if u(x) is continuous, then 

(21) u(x) = % CMx), 


where C v = ( u\f/„) 7 and the series is absolutely and uniformly 
convergent on j. 

For the special case under consideration, each of these 
six statements can be made for the boundary problem on 
account of the equivalence established. 

Further results follow, for the kernel under considera- 
tion, besides satisfying the conditions K(x, t), is continuous, 
^ 0, real, and symmetric of the Hilbert-Schmidt theory, 
satisfies now, in addition, the four conditions A) B ) C) D) 
of §73. 
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Theorem V. — There exists always an infinite number of 
characteristic constants \v and a corresponding complete 
normalized orthogonal system of fundamental functions 

Proof . — Suppose that there is a finite number of charac- 
teristic constants. Then there are a finite number of 
fundamental functions: 

ilMy . . • , im{x) 

Al, ■ • • At n* 

For these the bilinear formula (20) holds. But is of 
class C" on R and, therefore, K(x f t) would be of class C" 
on R y which contradicts D), namely 

K'(x, t-0)-K'(x,t + 0) =-j ry 

Theorem VI . — If u(x) is of class C" and R 0 (u) = 0, 

R\(u) = 0, 

then 

U(x) = %Cj,Ax) 

V 

where C, = (uf/f), and the series is absolutely and uniformly 
convergent. 

Proof . — From the corollary to Theorem III A 
u(x) = K(x, <)j^ — L{u) jdx. 

But L(u) is continuous and, therefore, from (21) 

U(X) = ^ Crfyi*)- 

V 

Theorem VII. — For every characteristic constant A the 
index q is unity : <7=1. 

Proof . — Suppose q > 2, then at least three of the charac- 
teristic constants are equal, say, Ai = A 2 = A 8 . Let the 
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corresponding fundamental functions be ^i(x), ^ 2 (x), 
^ 3 (x). We would then have three different independent 
solutions for X = Xi, of the same integral equation, that is, 
by the equivalence theorem three different solutions of the 
same differential equation of the second order. Hence one 
of them, say, ^ 3 , is linearly expressible in terms of the 
other two : 

^ 3 (x) = Ci^i + £2^2. 

This is a contradiction. Therefore q > 2. 

Suppose q = 2. Then there would be two fundamental 
functions ^i(x), ^ 2 (x) belonging to X = Xi. Now, by 
Green’s formula, 

(22) ~ J = C ^ 0. 

But 

■RoW'i) = A\f/i(a) + B\j/\{a) = 0 
Roi'I'z) = A\f/ 2 (a) + B\f/2(a) = 0. 

These are two linear homogeneous equations for the 
determination of A, B, not both zero. Hence 

^1 (a)\f/2 f (a) - fa(a)fi(a) = 0 , 

which contradicts (22), therefore q 7 * 2. Therefore we 
have q = 1. 

We shall now discuss the more special boundary problem 
in which it follows from the boundary conditions that 



For instance, if we have 


u(a) = 0, u(b ) = 0, or u(a) = 0, u’{b) = 0, 
or u'(a) = 0 , u(b) = 0, or u'(a) = 0 , u'(b ) = 0 , 
equation (23) is satisfied. 

For this more special boundary problem we have the 
theorem: 
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Theorem VIII. — //, as a consequence of the boundary 
conditions , we have 



then there exists a 


( smallest 
[ largest 


characteristic constant if 


\p(x) > 0 
}p(:r) < 0 

Proof . — The assumptions p(x) >0, p(x) < 0 are in 
harmony with our previous assumption that p(x) ^0 on 



for then p(x) is always of the same sign. 


We have 


previously shown that there are an infinite number of 
characteristic constants, but, so far as we know, at present 
they may be infinite in number in both the positive and 
negative directions. Let \p v (x) be a fundamental function 
belonging to X„, then 


(24) L(*„) + XA = 0, 

Ro(t„) = o, fliWO = 0, 


is of class C", and ^ 0. Multiply both members of 

(24) by \f/ p and integrate. We obtain 

(25) X, = - jT + y (x)L(+J)dx 


since 



= 1 . 


In (25) put the explicit expression for L(^„). We have 
X, = - jf 

or X, = — J' 'l',f x (p'h')dx + ( — qWSdx. 
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Integrate the first integral by parts. We find 

X, = - [pM'] a + jf «)*'*<**- 


Now — g is a continuous function on 


finite maximum M and a finite minimum m: 


Therefore 

(26) 

If p > 0 on 


H 

lurm 

m ^ — q ^ M on J^afc j. 

^ j* p\pj 2 dx + M , and 
^ / p\p/ 2 dx + m. 


and hence has a 


ab , 


then the integral in (26) is a positive 


number and therefore X„ > m. 


If p < 0 on l^afcj, then the integrand in (26) is a negative 

number and therefore X„ < M . 

Combining these results with the fact that a finite interval 
can contain only a finite number of the X/s, we obtain the 
result: 

When p(x) > 0, the characteristic constants can be 
arranged in a sequence increasing towards plus infinity: 

p(x) > 0; Xi < X 2 < X 3 < . . . < X, < . . . 

and when p(x) < 0, they may be arranged in a sequence 
decreasing towards minus infinity: 

p(x) < 0; Xi > X 2 > X 3 > . . . > X„ > . . . 


Corollary . — If p{x) >0 and q 


^ 0 on , 


then all of the 


characteristic constants are positive; if p{x) <0 and q ^ 0 
£ai>J, then all of the characteristic constants are negative. 


on 
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For if — q ^ 0, then m ^ 0, so that, from (26), since 
p > 0, we get 

m + (a positive quantity) ^ X„. 

Therefore X„ > 0. 

If -q £ 0, then M £ 0, so that, from (26), since p < 0, 
we obtain 

X, ^ M + (a negative quantity not zero). 


Therefore X„ < 0. 

Definition . — A real symmetric kernel K{x , t) is said to be 
closed if there exists no continuous function h{x) other than 
h(x) = 0, for which 

■ , t)h{t)dt = 0, (x). 

Theorem IX. — Green's function K(x, t) for our boundary 
problem is always closed . 

Proof . — We make use of Hilbert’s third fundamental 
theorem, which states the equivalence of the boundary 
problem and the homogeneous linear integral equation: 

If f(x) is continuous , then 

f{x) = jTV(x, m)dt 

implies and is implied by F{x) is of class C", 

L(F) + / = 0, R 0 (F) = 0, and R X (F) = 0. 

We apply this theorem for F(x) = 0, whence if f(x) is con- 
tinuous and 



jfx(z, t)!(t)dt = 0, (*), 
° / - - L( 0) = 0. 


76. Miscellaneous Remarks, a) The General Case g(x) 
fk i. — in the previous article we considered the special 
case g(x) s= 1. We now consider the problem for g(x) ^ 1. 
Hilbert’s third fundamental theorem now reads: 
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If it (:r) is continuous, then 


u(x) 


= \£k{x, 


t)g(i)u{t)dt 


implies and is implied by u(x) is of class C", 

L(u) + \gu = 0, R 0 (u) = 0, Ri(u) = 0. 
There are two cases to be considered : 


Case /. — g(x) ^ 


0 on ab j. 


This case can be reduced to 


the case g{x) = 1. Since g(x) ^ 


ab . 


0 on , 


we have either 


g(x) > 0 or g{x) < 0 on 
Multiply both sides of 
(27) u(x) = X j* K(x, t)g(t)u(t)dl 

by \/g(^j t and put 

u(x) = VgWy u(xy 

K(x , t) = K(x, t)Vg(x)Vg(J)- 

We then obtain 


Consider the first case. 


(28) u{x) = \ J K(x, t)u(t)dt. 

This is the reduction desired, for K(x } t) is symmetric. 

If g(x) < 0 on |^a6 j, multiply both sides of (27) by 

y/ — g(x) y and put 

u(x) = V- g(x) * u(x). 

K{x, t) = K(x, g(t)- 

We obtain 

u(x) = - X J K(x, t)u(t)dt y 
which is again the reduction desired. 
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Case II. — g{x) vanishes at some point 
has been treated by Hilbert p'Gott. Nach.,” 


This case 
5, p. 462, 


1906 for functions K(x, t) which are definite , by means of 
the theory of quadratic forms with infinitely many vari- 
ables. J. Marty j^Coraptes Rendus , vol. 150, p. 515; Ibid. y 

p. 605, 1910 j has reached the same results without the use 

of quadratic forms of infinitely many variables. 

Definition. — A real symmetric 1 kernel K(x , t) is said to be 
definite if no continuous function exists , other than h(x) = 0, 
for which 

K(x , t)h(x)h(t)dxdt = 0. 



The name “definite” has been used on account of the 
analogy with a definite quadratic form ^ f K tJ y l y J which 
vanishes only when all of the y ’ s vanish. 

Integral equations of the form 

(29) u(x) = f(x) + X j* K(x, t)g(t)u(t)dt 


with K(x , t) definite have been called by Hilbert polar 
integral equations or integral equations of the third kind. 
If we multiply the equation (29) by g(x) and put 

70*0 = f(x)g(x) 

R(x, t ) = K(x, t)g(x)g(t), 


we obtain the equation in the form in which Hilbert 
sidered it: 


g(x)u(x) = f(x) + 


X J K(x, t)u{t)dt. 


con- 


1 For a discussion of this and other special kernels consult Lalesco, 
T. f “Thdorie Des Equations Int^grales,” pp. 64/. 
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Definition. — A kernel H(x , t) is said to be symmetrizable 
if there exists a definite symmetric kernel G(x, t) such that 
either 

K i(x, 0 = £g{x, s)H(s, t)ds 


or 


K-<(x, t) = jf 


H(x, s)G(s, t)ds 


is symmetrical. 

In this instance the kernel 

H(x f t) = K(x, t)g(t) 

is symmetrizable if K(x , t) is definite, for 

K 2 (x, t) = J' K(x, s)g(s)K(s, t)ds 
is symmetric, since 

Ki(t, x) = J' K(t, s)g(s)K(s, x)ds 

= t)g(s)K(x, s)ds 

= K 2 (x, t). 


For symmetrizable kerns Marty has shown that 

1) There exists at least one characteristic constant. 

2) All of the characteristic constants are real. 

b) N on-homogeneous Boundary Problems. — We next con- 
sider the non-homogeneous boundary problem : 

L(u) + \gu + r = 0, Ro(u) = 0, Ri(u) = 0, 

where r is a given function of x, continuous on j^a6 j, and 

Ro(u), Ri(u) are defined by (4). 

We are going to show that the boundary problem is 
equivalent to a non-homogeneous integral equation. To do 
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this we again make use of Hilbert’s third fundamental 
theorem for 

/ = \gu + r, F = u. 


Since X, g ) r arc continuous by hypothesis, this theorem now 
reads: if u(x) is continuous, then the combined statement 
u is of class C",L(u) + \gu + r = 0, Rq(u),= 0, Ri(u) = 0 

is equivalent to the statement that 

'6 


u(x) 


■ /*<’■ «[ 
= \£k(x, 


\g(t)u(t) + r(t) 


/ 

dt 


P 


t)g(t)u{t)dt + / K(x, t)r(t)dt 


Hence we have the theorem : 

Theorem X . — The non-homogeneous boundary 'problem : 
L(u) + \gu + r = 0, R 0 (u ) = 0, R } (u) = 0 


with the further condition that u(x) is of class C"> is equivalent 
to the non-homogeneous integral equation 

u(x) = /(x) + X £ K(x 1 t)g{t)u{t)dt 

r 

where u(x) is continuous and f(x) = / K(Xj t)r(t)dt . 


c) The Exceptional Case X = 0 7s a Characteristic Con- 
stant. — All of the preceding developments have been made 
under the hypothesis (FL 2 ) that X = 0 is not a characteristic 
constant of the boundary problem. This hypothesis, how- 
ever, is not satisfied in certain problems of mathematical 
physics. For example, the following boundary problem 
in the theory of heat : 


d u 
~dx* 


+ \u = 0, u'(a ) = 0, u'(6) = 0 


has the non-trivial solution u = constant for X = 0. 

The exceptional case in which the hypothesis (H 2 ) is not 
satisfied can be treated, according to Hilbert, 1 by introduc- 
ing a modified Green’s function. 

1 See Hilbert, “Gott. Nach.,” p. 213, 1904. 
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In most cases, however, the following simple artifice, 
due to Kneser will be sufficient. 

Let us replace the assumption (/7 2 ) by the much milder 
assumption ( H 2 ’ ): 

(Hi) There exists at least one value c of X which is not a 
characteristic constant for the boundary 'problem . 

Let us write the differential equation 

x( p s) +<«+*>«- 0 

in the form 

d4( p £) + [ ? + CJ/ + (x_c)!7 l u = 0 

° r dx ( pd £) + + x?)u = °* 

where q = q + cg,\ = \ — c. 

Then X = 0 is certainly not a characteristic constant of 
the boundary problem 

dici^lx) + + ^) u = °> = °> = °» 

since, by hypothesis (Hi) , the boundary problem 

Jz( P 5x) + 7“ + = o, flo(u) = 0, R i(m) = 0 

has no solution other than u * 0. 

II. Applications to Some Problems op the Calculus 
of Variations 

77. Some Auxiliary Theorems of the Calculus of Varia- 
tions. a) Formulation of the Simplest Type of Problem . — 
For the simplest type of problems of the calculus of varia- 
tions we have given 

1) Two points Po(xo, y 0 ), Pi(x u j/,). 

2) A function F{x, y, y') of three independent variables. 
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Required : to find among all curves 

(30) y = y(x) 

joining P 0 and Pi that one which furnishes for the definite 
integral 

J(y) = jT /j^x, y(x), 2/'(x)jdx, j y'(x) = ^y(x) j 

the smallest value. 

Concerning the admissible curves (30) we make the as- 
sumption that they satisfy the following conditions: 

A) y(x) of class C". 

(31) 

B) y(x o) = 2 / 0 ; y(xi) = y x . 

We assume that the function F is of class C m for all 
systems of values x, y(x), y'(x) furnished by all of the admis- 
sible curves. 

b) Euler 1 s Differential Equation. — Suppose we have found 
the minimizing curve C Q 

C 0 : y = f(x). 

We replace it by a neighboring admissible curve of the 
special form 

C: y = f(x) + «i?(x), 

where € is a small constant and rf{x) a function of x satisfying 
the conditions: 

A') ff(x) is of class C". 

(32) 

B ') y(x 0 ) = 0, v(x i) = 0. 

Since Co minimizes the integral, we have 

jj | 'x,f+ tv ,f + jdx ^ Jj jx,/,/']dx, 

which we shall write in the form 
/(e) ^ 7(0). 
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Considered as a function of t, I (e) has, therefore, a minimum 
for c = 0 and hence 

/'( 0) = 0, /"( 0) ^ 0. 

These are necessary conditions for a minimum. It is 
customary to write 

51 = €/'(0), 5 2 I m c 2 /"(0), (r,) 

and to call 67, 6 2 /, the first and second variation respectively. 
We first consider the condition 7'(0) = 0. By definition 

1(f) = f * F J^x, y + «tj, y' + «i?'j dx, 

whence, by the rules for differentiating a definite integral 
with respect to a parameter, 

(33) /'(*) = jT [*> + *W] dx, ( n ) 

where the dash indicates that we use the arguments, 
x, f(x) + ei)(x), f'(x) + ejj'(x). Therefore 

f'(0) = £h +F -- v')dx, ( v ) 

the arguments now being x, /(x), /'(x). 1 
An integration by parts gives 

on account of (32). 

But 7'(0) = 0, and, hence, by the fundamental theorem 
of the calculus of variations, 2 

(34) 

1 Consult Bolza, “Lectures on the Calculus of Variations," pp. 

University of Chicago Press, 1904. 

* See Bolza, “Lectures on the Calculus of Variations," §5. 
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This is a differential equation of the second order for the 
determination of y = f(x). It is the first necessary con- 
dition and is known as Euler’s equation. Its solution 
involves* two arbitrary constants which have to be 
determined by the two conditions (31). 

From (33) we get 

/ ,,( «) =/>,’ + + *v»v 2 )<fc, 

whence 

/"(0) = f (F yyT ) 2 + 2 F yy'W + F (lx, (if). 


c) Euler 1 s Rule for I soperimetric Problems — For isoperi- 
metric problems the admissible curves are subject to a 
third condition C in addition to A) and B)\ 


C: 




l } a constant. 


The problem is, then, to determine, among all curves 

y = y(x) 

satisfying the conditions A) B) C), that one which will 
furnish the smallest value for the integral 

J(y) = f y, y')dx. 

Jx 0 

The conditions on G are the same as those on F, viz., F and 
G are continuous and possess continuous partial derivatives 
of the first, second, and third order in the region under 
consideration. Put 

H = F + \G, 

X an arbitrary constant. Then, by Euler's rule, the first 
necessary condition for a minimum is the same as if it were 
required to minimize the integral 

H(x } y } y f )dx 
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with respect to the totality of curves satisfying the condi- 
tions A) and B), that is, 

H, - *H, - 0, 

or, more explicitly, 

Fy — \Gy — ~ (F y> — \G y') = 0 . 

The solution of this equation involves three arbitrary con- 
stants (a, 0, X) which are to be determined by the three 
conditions B) and C). 

78. Dirichlet’s Problem. — We now propose to minimize 
the integral 

(35) D(u) = £ [p(^) - qu^dx 

with respect to the totality M of curves satisfying the condi- 
tions 

u is of class C", u(a) = 0, v(b) = 0, 

<36 > = 

with the further hypotheses 

p > 0, p of class C' } 
q continuous j 

Hilbert, to whom the following developments are due, calls 
this problem Dirichlet's problem . The problem is an iso- 
perimetrical problem of the type considered in §77, with 

F = pu ' 2 — qu 2 , G = u 2 . 

Hence 

H(x } u, u') = pu' 2 — (q + X)u 2 
and, therefore. Euler’s differential equation for H is 

Hu - J-HJ = -2 ( ? +;\) U - ^(2 pm') = 0. 
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Whence 

^(pw') + (q + X)u = 0, 

which may be written 

(37) L(tt) + Xu = 0. 

Every solution of this problem must satisfy this equation 
and the conditions (3G). Now (36) and (37) constitute a 
boundary problem of the type previously discussed in which 

g(x) = 1, \^puu' j = 0, 

hence the Theorems I to IX hold. 

We can, therefore, state at once that this problem (36), 

(37) has no solutions except when X is a characteristic con- 
stant. We know that 

1) The characteristic constants are real. 

2) The characteristic constants are infinite in number. 

3) For each characteristic constant the index q = 1 . 
Therefore the X’s are distinct, and, since p > 0, we have, by 
Theorem VIII, 

(38) Xi < X 2 < X 3 < . . . , 
with a corresponding complete set, 

^i(z), ^ 3 (z), . . . 

of normalized orthogonal fundamental functions of class 
C". We have, then, for n = 1 , 2, . . . 


(39) 


£(*.) + Mn = 0, 

Ma) = o, tn(b) = 0, 


£ 


\f/„ t (x)dx = 1. 


If, then, Dirichlet’s problem has a solution, it must be of the 
form 

u = Ci „(*), X = X.. 
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But from (36) we obtain 

&f\ n \x) dx = 1. 

Comparing with (39) we find that C — ± 1. The only 
possible solutions, therefore, are 

u = ± X = X n . 

But in the proof of Theorem VIII we showed that 
Xn = (Ptn 2 ~ qtn 2 )dX. 

Therefore 

Xn = D(± ^ n ), by (35). 

Hence, it follows from (38) that 

D(± *0 < D(± * n ), (n = 2, 3, . . . ). 

Hence we infer that: If there exists at all a function which 
minimizes D(u) with respect to the totality M of all admissible 
curves , it must be the function 


u = ± \h(x) 


and X must have the value Xi. 

b) Sufficiency Proof . a) Transformation of D{u ). — By 
an integration by parts we obtain 

/ = «!»'].-/ 4 O’fi) 1 '*' 

But wpu' j = 0, since u(a) = 0, w(i>) = 0. 


Therefore 


Therefore 


DM -/ [p(g)‘ - «»’]* 

= ~ f. U [i( p 2) + «“!*• 


Z)(u) 




uL{u)dx . 
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Let us put 

— L{u) — oi(x). 

Then w is continuous and we have 


D(u) 




(x)w (x)dx. 


We now apply Hilbert’s third fundamental theorem, 
whence from 

u is of class C" f L(u) + co — 0, u(a) = 0, u(b) = 0 
it follows that 


u(x) — f K(x, t)o)(i)dt. 


Multiply both members of this equation by u(x) and inte- 
grate. We obtain 


(40) 


D(u) = 



b 

K(x y t)w(t)u(x)dtdx. 


/3) Applications of the Expansion Theorem . — From Corol- 
lary II to Theorem XVII of §68, we have 

u(x) = f b K(x, tMDdl =X^T l) *»(*), 

Ja „ = 1 


the series being absolutely and uniformly 
Let us put 


then 


C v = (w^„), constant, 


convergent. 


(41) 





Form 
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This series is also absolutely and uniformly convergent. 
We obtain, therefore, 

£u\x)dx = X\fJ\^Xx) d x = 1. 


Therefore 


J 1^0* ■)'l'.(x)dx = 


H - v 
0, .u it v. 


2x’. - >• 


We now apply Corollary III to Theorem XVII of §68. to the 
double integral in (40). We obtain 


DM- XT'- 2x:’ 


y) Computation of D{u) — D(± ft ). — Let us now com- 
pute the difference 

D(u) - D(± fi) = D(u) - X,. 

On account of (42) 


Therefore 


Xi _ Vx;*'* 


D(u) - X, = - X C 


= i - x,) ^ o, 

c 2 

since ^ 0, and X„ — Xi > 0 for v ^ 2. 

A *, £ 

Therefore we have 

D(u ) - D(± f0 > 0. 

The equality holds only if 

C, = 0 for v = 2, 3, . . . , » . 
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But in this event from (42) we obtain C i = ± Xj, whence 
from (41), u(x) = ± ^i(x). Therefore, whenever u(x) fk 
\h(x) y it results that 


D(u) -D(± Ux)) > 0. 


Thus we have proved the following theorem: 
Theorem XI . — u = ± ^i(x) furnishes for 


D(u) = 



a smaller value (\ viz. } \i) than any other function satisfying 
the conditions 


u is of class C", 


u(a) = 0, u(b) = 0, 



6 

u 2 (x)dx = 1. 


c) Dropping the Assumption (II 2 ). — The results for the 
Dirichlet problem seem to presuppose (// 2 ). that is, that 
X = 0 is not a characteristic constant of the boundary 
problem 

L(u) + \u = 0, u(a) = 0, u(b) = 0, 


but they are independent of this assumption. 

Proof. — a) We notice first that the assumption, X = 0 
is not a characteristic constant, was necessary for the 
construction of a Green’s function. But the Green’s 
function did not occur in the proof of Theorem VIII. In 
this theorem, we made the special assumption that 


R 0 (u) = 0, Ri(u) = 0, imply 



= 0. 


Let then Xo be any characteristic constant of the boundary 
problem : 

(43) L(u) + Xu = 0, R 0 (u) = 0, Ri(u) = 0 

and ^o(^) & corresponding normalized fundamental function 
of the boundary problem : 
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\//q of class C", L(\p o) 4" Xo^o — 0, R 0 (to) — 0, /Zi(^o) = 0, 

j~ \f/ Q 2 (x)dx = 1. 

Hence we derived, since j^p^o^o'J = 0, without using the 
Green's function, that is, independently of (tfo) the equality 
X 0 = J Wo' 2 - qt<?)dx = D(^o-) 

Hence followed from the corollary to Theorem VIII that 
V > 0, q b 0, imply X 0 > 0; 


that is, all of the characteristic constants of the boundary 
problem are greater than zero. Thus the hypothesis (// 2 ) 
is satisfied and the Theorems V to VIII certainly hold. 

0) Suppose now that the condition q ^ 0 is not satisfied. 

Denote, as before, by m the minimum of — q on j, that is, 

q + m ^ 0. 


Then the differential equation 

L(u) + Xu = J-(pg) + (q + X)u = 0 

becomes 

L( U ) + Xu ^ ~(pf x ) + qu + \u = 0 

where 

q + m = q and X — m = X. 

Since p > 0, q ^ 0, the Theorems V to VIII hold for the 
boundary problem 

(44) L(u) + Xu - 0, f?o(u) = 0, Ri (u) = 0. 

In particular, it has a single infinitude of real, distinct 
characteristic constants : 

0 < Xi < X s < Xj < . . . 
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with corresponding normalized fundamental functions 
ihOO, thix), . . . 

But since 

L(u ) = L(u) + mu 

it follows that, if X 0 is a characteristic constant and ^o(^) 
a fundamental function for (43), then Xo = A 0 — w is a 
characteristic constant and \l/ 0 (x) the corresponding funda- 
mental function for (44), and vice versa . 

Hence also the boundary problem (43) has an infinitude 
of real, distinct characteristic constants forming an increas- 
ing sequence : 

Xi = Xi + wi, X2 == X2 4" m, . . , 

X1<X2<CX3< . . . , 

with the corresponding normalized orthogonal fundamental 
functions \h(x), \f/ 2 (x) t . . . . 

7) Consider now the problem 

D(u) — minimum on (Af). 

This problem is evidently equivalent to 

D(u) = D(u) — m = minimum on (Af ), i.e ., 

D(u) = J* — (q + m)u 2 Jdx = minimum on ( AT ). 

Since q + m ^ 0, our former results hold and 
u = ± ^i(x) 

furnishes the minimum for D(u), that is, 
d[± M*)] = Xi. 

On account of the equivalence of the two problems, the same 
function u = ± furnishes the minimum for D(u ) and 

D(± ypi) = D(± ^1) + m = Xi + m = Xi. 
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But by 0) Xi = Xi + m is the smallest characteristic 
constant for the boundary problem 

L{u) + Xu = 0, u(a) = 0, u(b ) = 0. 

This shows that Theorem XI is true also when the assump- 
tion (H 2 ) is not satisfied. 

79. Applications to the Second Variation. — Hilbert has 
made an application of the preceding result to the discussion 
of the second variation for the simplest type of variation 
problem considered in §77. 

a) Reduction of the Problem . — The problem is to find the 
condition under which 


(45) dx> 0 

for all functions rj(x ) satisfying the conditions 

A') rj(x) is of class C". 

B') ri(x 0 ) = 0, ri(xi) = 0. 


The arguments of F yyt F vy ’ } F y ' y > are x, y = f(x), y ' = /'(x) 
where /(x) is a solution of Euler’s differential equation (34) 
satisfying the initial conditions. We adopt the notation 


F» x, f(x), fix) 


Fv' 


X, f(x), f'(x ) 


= P(x), F vy . [x, f(x), fix) j = Q (x), 
= R(x). 


Then (45) becomes 

(46) £ X [ Pl >* f ^ °- (”)■ 

It is easily shown 1 that a first necessary condition for the 
inequality (46) is that R ^ 0 on which is Legendre’s 
condition. 

1 Compare Bolza, “Lectures on the Calculus of Variations," §11. 
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We suppose this condition to be satisfied in the stronger 
form R > 0 on j. 

We now transform the integral by integrating the second 
term by parts 



Therefore (45) becomes 

jT'[(P - QV + Rn ,? ]dx > o, (,). 

If for 1 7, x 0 , Xi, R, P — Q' 

we put u, a, by p, — q y 

then the above inequality becomes 

D(u) ^ 0 

for the totality N of all functions u satisfying the conditions 
u is of class C n y u(a) = 0, u(b) = 0. 

b) Connection with DirichleVs Problem . — We now show 
the equivalence of the two statements 

(47) D(u) ^ 0, for all curves of class N, and 

(48) D(u) ^ 0, for all curves of class M. 

A) The class of curves M is contained within the class 
N and hence 

D(u) ^ 0, ( N ) implies D(u ) ^ 0, (M). 

B) Suppose u 0 belongs to the class (N). Construct 
U\ = pu such that 
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Then Wi belongs to M f for u x is of class C" and U\{a) = 0, 
u\(b ) = 0, since u{a ) = 0, u(b ) = 0 and by construction 

= 1. 

Therefore D(ui) > 0. 

But D{ui) = D{pu) = p 2 Z)(w). 

Therefore D(u) ^ 0. 

Hence, if u belongs to the class (N) and u ^ 0, then D(u) ^ 
0, while if u = 0 also = 0. Therefore, if u belongs 

to (A0, then D(u) ^ 0. 

The equivalence between the two inequalities (47) and 
(48) being established, we can now apply the results of 
§78: 

The smallest value which D(u) can take in M is Xi and 
this value is furnished by u = ± ^i(x) and by no other 
function of M. 

Hence if 

1) Xi > 0, then D(u) > 0 (M). 

2) Xi = 0, then D(u) > 0 ( M ). 

except when u = ± ^i(x), in which case D(u) = 0. 

3) Xi < 0, then D(u ) can be made negative in M. 
Hence, Xi ^ 0 is the necessary and sufficient condition that 
D{u) ^ 0 for all curves of the class M and therefore also the 
necessary and sufficient condition that D(u) ^ 0 for all 
curves of the class N. 

Returning now to the notation of the calculus of varia- 
tions, we have the theorem : 

Theorem XII. — Suppose R > 0 and let Xi denote the 
smallest characteristic constant of the boundary problem 

~( p ~ Q> = o, u(x o) = o, «(*,) = o, 

then Xi > 0 is the necessary and sufficient condition that 

« ^ 0 , (,). 
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80. Connection with Jacobi’s Condition, a) Sturm's 
Oscillation Theorem. — It is a 'priori clear that the condition 
Xi ^ 0 must be equivalent to Jacobi's condition. 1 The 
connection between the two can be established by means 
of Sturm's oscillation theorem. 

Since the differential equation 

L(u) + \u = 0 

has no singularities on ^ab there exists one and only one 
solution for which 

u(a) = 0, u'(a) = 1. 

Let us call this u = F(x, X), so that 

V (a, X) = 0, F'(a, X) = 1. 

Any other solution u(x) % for which u(a ) = 0, is then of the 
form 

u = CF(x, X). 

Now the boundary problem 

L(u ) + Xw = 0, u(a) = 0, u(b ) = 0 
has for X = Xi a solution u = ^i(x), for which 
(a) = 0 , ii(b) = 0 . 

Hence 

Ux) = C V(x, X0 

and, therefore, 

F(a, X0 = 0, V(b, XO = 0. 

Let us designate by f(X) the root of F(x, X) next greater 
than a . Then Sturm's oscillation theorem states 2 that 

1 Cf. Bolza, “Lectures/' §16. 

2 See Bocher, Bull. Ain. Math. So«\, 4, 1898. 
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1) as X increases, £ (X) decreases 
(49) as X decreases, £(X) increases 

2) V(x , Xi) 0 between a and b and, therefore, 
f(Xi) = b. 

b) The Conjugate Point . — Consider the solution 
u = V(x, 0) 

and put a' = £(0). 

Case I . — Xi > 0. Then, by (49), as X decreases from 
Xi to 0, £(X) increases from £(Xi) = b to £(0) = a! and, 
therefore, a' > 6. 



Case IL — = 0. Then a' = b. 

Case III . — Xi < 0. Then, by (49), as X increases from 
Xi to 0, £(X) decreases from £(Xi) = b to £(0) = a' and, 
therefore, a f < b. 

Let us now return to the notation of the calculus of varia- 


tions, that is 


from 

a ’ b - d,{ p t) + 

to 

***■-£(*») 


Then u = V(x y 0) is defined as that integral of Jacobi's 
differential equation 
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which satisfies the initial conditions. 

u(x o) = 0, u'(x 0 ) = 1. 

Hence F(x, 0) is, up to a constant factor, identical with the 
function denoted in the calculus of variations by A(x, x 0 ) 
and, therefore, a' is identical with x 0 ', the abscissa of the 
point conjugate to x 0 . 

This establishes the equivalence between Hilbert’s condi- 
tion 

Xi > 0 

and Jacobi’s condition 

X\ ^ Xu' 

for a non-negative sign of 5 2 /. 


III. Vibration Problems 


81. Vibrating String, a) Reduction to 
For the homogeneous string we had 
d 2 r? = d 2 T 7 

dt 2 dx 2 


m 


Boundary Problem. 



(51) i?(0, t) = 0, riCl, t) = 0, (0 

(52) r)(x, 0) = /(x), r) t (x, 0) = F(x), (x) 


where 


m = o, /(D - o 

F(0) = 0, F( 1) = 0. 


C was a real positive constant and 

p 

C 2 = , where 

K<T 

P = normal tension, k = density, a = area of cross-section. 

The differential equation (50) also holds 1 when k, <r are 
given functions of x, i.e. y the string is non-homogencous. 
C 2 is then an always positive, given function of x. 

1 See Weber, ‘‘Differcntialgleichungen,” vol. 2, p. 201. 
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We try for a solution of the form 

v = u(x)<t>(t). 

Substitution of this expression for r\ in (50) gives 


u(x)4>"(t) = C*u”(x)4>{t ) 

whence 

= C*u"(x) 

<t>(t) u(x) 

But the left-hand member is a function of t alone, the right- 
hand member is a function of x alone ; they are equal, hence 
equal to the same constant, say — X. We are thus led to 
two ordinary differential equations: 

/co\ d 2 u . X 

(53) IT * + C‘ u 0 


with the boundary conditions 

(54) u(0) = 0, u(l) 0, 

and 


(55) 


W + U= °- 


b) The Boundary Problem . — The problem (53) (54) is of 
the type 


(56) 


L(u ) + \gu = 0 

R 0 (u) = 0, R\(u ) = 0, with j^puu' j = 0 
with p = 1 , q ss 0, g = ^ > 0 on |^ab|. 


We shall show first that every characteristic constant of 
(56) is positive if 


($l\ v > 0, q i 0, g > 0. 

Let Xo be a characteristic constant and ifo(x) a correspond- 
ing fundamental function of (56): 

vo(z) of class C", v> 0 (x) 0, 

L(<Po) + *offvo = O, Rq(vq) = 0 . Ri(u> d ) m O. 
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Then 


r r 

X 0 I gtp t ?dx = — / <pjj(<p u )dx 

%/a %/a 

= fa [KliY ~ 

Whence, on account of (57), 

/ [ K ^°) 2 - qW ] dx 


Ao = 


/ 


> 0. 


g<Pu 2 dx 


Hence, under the assumption (57) the condition (// 2 ) is 
always satisfied. 

Applying this result to the special case (53) (54), we 
obtain the following lemma: 

Lemma I. — For the boundary problem (53) (54), all of the 
characteristic constants are positive . 

Green’s function K(x, t) is the same as for the homogene- 
ous string, since it depends only on L{u) and not on g . 
Therefore 


K(z, t) = 


(1 — t)x ) X ^ t 
(1 - x)t, x > t. 


The boundary problem (53) (54) is equivalent to 


In this integral equation the kernel 


Kjx, t) 

c 2 (0 


is not sym- 


metric. But, since C(x) ^ 0, this integral equation is 

reducible to one in which the JicrarJ fesiymmtjb b 

«(*) = C{x)u(x) and K(x, t) - C(*)C(l)K(*. 0- 

Then 


u(x) « x/W. t)M)dL 
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By the same transformation (58) the differential equation 
(53) is transformed into 

<59 > + cc "“ + « - ° 

with the boundary conditions 

(60) u( 0 ) = 0 , u(l) = 0 

and it is easily shown that K(x , t) is Green's function 
belonging to the boundary problem (59) (60). 

We can now apply the Theorems V to VIII , with the 
following result: 

The boundary problem (59) (60) has an infinitude of real 
characteristic constants all of index 1 , forming an increasing 
sequence 

\i < X 2 < X 3 <! . . . 

with corresponding normalized fundamental functions 
+ i(x), + t (x), ^ 3 (x), .... 

But, if for a given X, the boundary problem (59) (60) 
has a non-trivial solution, then for the same X, (53) (54) 
has a non-trivial solution u = Cu. Therefore we have the 
following lemma: 

Lemma //. — The boundary problem (53) (54) has an 
infinitude of real positive characteristic constants , all of 
index 1 ,/ormm^ an increasing sequence : 

0 < Xi < X 2 < . . . , 

with corresponding normalized fundamental functions 
^l(x), . . . 

where 

t n (x) = CtJx). 

c) The Generalized Fourier Series. — We return now to (55) 
with X = X n : 
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Since X„ > 0, the general solution of (61) is 

4> = A„ cos y/\„t + B„ sin \/x„<. 

Therefore, presumably a solution of (50) which satisfies 
(51) is 

00 

(62) v ~ % (A n cos VM + B n sin\/x»0^n(x). 

«-l 

In order to be a solution, the condition (52) must be satisfied. 
Imposing condition (52), we obtain 

v(x> 0) = 2 A n^nix) = f(x) 

(63) 

Vt(X,0)' = 2) VKBntJx) = Fix ). 

n = 1 

But f{x) and F(x) are given functions. Hence (63) can be 
satisfied if A n and B n can be determined so that the series in 
(63) represents f(x) and F(x ). Since /(0)= 0, /( 1) = 0, 
F( 0) = 0, F( 1) = 0, it follows, from Theorem VI, that/(x) 
and F{x) can be so represented if / and F are of class C", 
and then 

An = C/V'n), V = ( F\f / n ). 

We can be sure that (62) satisfies the differential equation 
if the series is twice differentiable, term by term, with 
respect to x and t . Since 

*»"(*) = 

this means if 

^^X n (i4. n cos \/x n £ sin *\/x n O^AnOE) 

is uniformly convergent in x and t. 

d) Special Case of Homogeneous String . — If c is constant, 
then 

X„ = nW 

and ^n{x) = y/2 sin mrx, 
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while 

00 

rj = cos UTC t + sin r*7rc0 sin n7rx 

n-l 

00 

= X ’»«> sa y- 
» * 1 

For/(x) and F(x) we obtain: 

00 

/(*) = 2 V2A n sin mrx 

M- 1 
00 

F(x) = ^ y/2mrc B n Sin 717TX. 
n = 1 


These are sine series for/(x) and F(x). For the develop- 
ment of an arbitrary function in trigonometric series we 
need know only that the function is continuous and has a 
finite number of maxima and minima. These conditions 
are not so strong as those obtained by means of the theory 
of integral equations which were demanded for the develop- 
ment in series of fundamental functions. 

2 

771 is periodic in t with period T 1 = -> this being the 

c 

period of the fundamental tone. 77 „ is periodic with period 

o t 

T n = - = - S and with intensity \/A n 2 + B„'K Upon 

nc n 

the intensity of the different harmonics depends the quality 

T 

of the tone. The tone of period - is called the nth har- 

n 


monic overtone, or simply the nth harmonic. 

For the non-homogeneous string 7? n is also periodic with 


period 


271 - 

Vk 


T n decreases with n; the different periods are not fractions 
of T 1, hence the total motion is not periodic. 
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82 . Vibrations of a Rope, a) Differential Equation of 
the Problem . — Let us consider a heavy rope of length 1 

AB = 1 


suspended at one end A . It is given a small initial displace- 
ment in a vertical plane through A B and then 
each particle is given an initial velocity. The 
rope is supposed to vibrate in a given vertical 
plane and the displacement is so small that 
each particle is supposed to move horizon- 
tally; the cross-section is constant; the den- 
sity constant; the cross-section infinitesimal 
compared to the length. 

Let AB' be the position of the rope at time 
t and P any point on AB '. Draw PM hori- 
zontal and put 

MP =-- rj , BM = x. 

Then the differential equation 1 of the motion is given by 



where C 2 = constant, 


with the boundary conditions 

(65) 77(1, t) = 0, i(Q, t) finite 

(66) v(x, 0) = f(x), rjtix, 0) = F(x). 

We try for a solution of the form 

7 ] = ll(x)<t>(t). 

Substitute this expression for rj in (64). We obtain 

M (x)*"(0 = C^(t) J x (x d £} 

’Sec Ivnesek, “Dio Integralgleichungen und ihre Amvendung in 
der Mathematischcn Physick,” §11. 


A 



Fig. L'l 
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Whence 


d / du\ 
4>”(t) _ ^, 2 dx\ rix/ 
<t>{t ) _ u(x) 


= — XC S , constant. 


That is 

and 

(67) 


d‘<t> 

dt* 


+ XCV = 0, 


L( x S-*) + Xu *° 


with the boundary condition derived from (65): 
(68) w(0) finite, w(l) = 0. 


Equation (67) is of the form 

L{u) + \u = 0 


with 


V = X) q = 0. 


In the general case p ^ 0 on J^a6 J. This condition is not 

fulfilled in (67), for p(0) = 0. We have also the condition 
u(0) finite, which did not appear in the general case. The 
differential equation (67) has a singular point for x = 0. 

b ) Solution of the Boundary Problem . — We solve the 
boundary problem (67), (68) directly. Put 


x 


t 2 

4X’ 


then (67) becomes 

< 69 > td ^ + d dt + tu = 0 - 


We try to find a solution of the form 

U = X Cntn - 

n-0 

If we substitute this series for u in (69), we obtain 


Ci + 



C„_, 


+ (w + l) 2 C r »+i f" 


0. 
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Therefore 

Ci = 0, C n _i + in + l) 2 C n +i = 0, n = 1, 2, . . . . 
That is, 


C„+i — — t 


Cn— 1 


Whence 

Ci = C 3 = c 5 = 


Co 


(n + 1 ) 2 

= C2„4-l = 0 

Co 


ft _ _ Co ^ _ ^'0 _ _ I'O 

l ' 2 2 2? 1,4 2 2 4 2 L 6 2 2 4 2 O 2 * 


Therefore 

u 




+ 


t 4 

2*4* 


+ 

2 2 4 2 t> 2 ^ 




By comparison with the series for e r , which is permanently 
convergent, we show that this series for u is permanently 
convergent. This series also satisfies (09). Put 

(70) •/(<) = 1 ~ + 2243 - 2 2 4 2 6 2 + • ' ' 

J(t) is called Bessel’s function of order zero. 

J{t) is then a solution of (69). Knowing a particular 
solution, we can, by means of Green’s formula, find the 
general solution : 

«jj(<)F' - FJ'(oj = Ci * 0(Ci constant). 
Divide both members by J 2 (t) and integrate. We find 

+ Co. 


V 

J(t) 


But from (70) 


- c J 


dt 

u-(t) 


A) - 1 + ^ 

P{t 2 ) being a power series in i 2 ) whence 
dt 


and 


/. 


= log t + Pi(t 2 ) 


tJ\t) 

V = CoJ(t) + CJ(t) log t + P,(<*) 
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where Pi{i 2 ) is a power scries in t 2 . 

This is the general solution of (09). The solution of (67) 
is given by putting 

t = 2\ZXa/x. 

Whence 

u = CV(2\/ju) + C l J(2V\x) [log 2\/xi + Pi(4Xx)|. 


But, u(0) finite, is a condition upon the solution and this is 
impossible unless C\ = 0. Therefore 
(71) u = C q J{2\/\x) 

is the most general solution of (67), which satisfies the first 
initial condition. We have the further condition u(l) = 0, 
whence 

J( 2y/\) = 0. 


The solution of this equation gives us the characteristic 
constants. 

c ) Construction of Green's Function . — We construct for 
the boundary problem (67) (68) the Green’s function 
K(x , 0 satisfying the following conditions: 


A) K continuous on 

B) K of class C" on 


01 

0* 


]• 

]H 


separately. 


U* l -£) = ° ° n H [ a ] scparatoiy - 

C) K( 0, t ) finite, K( 1) = 0. 


D) K'(( - 0) - K'(t + 0) = ~ 

l 


Integrating the differential equation in 5), we obtain 

cto log X + I 3 0 , I 0 1 

k(x, t ) = ; 

log X + 0i, <1 
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But K( 0, t) is finite, therefore a 0 = 0, 

and K{\, t) — 0, therefore 0i = 0. 

Hence 

Kt>(x, t) = 0 O , Of 

K(x, 1) = 

/) = aj log x, 11 

From condition A) 

00 = a, log 1. 


From condition D), since K'(t — 0) = 0 and K'(t + 0) 
” l > we obtain a, = — 1. 

Therefore 


(72) 


K(x, t ) = 


K 0 (x, f) = — log t, Of 
Kxix, t) = — log x, 11 j. 


We observe that K ( x , f) is symmetric. The graph of K (x, f) 
for 1 fixed is shown by the full line in the accompanying 
figure. As a function of the two variables x and f, K(x, f) 

is continuous on |^0lj except at x = 1 = 0. For in the 

region marked I we have 1 > x and 


K(x, t) = log 




while in the region marked II we have 1 < x and 

1 
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Forx = 0, t > 0, we have K = — log t, finite. 

For t = 0, x > 0, we have K = — log x, finite. 

d) Equivalence with a Homogeneous Integral Equation . — 
We have 

L(u) = — \u 
L(K) = 0. 

Multiply the first of these by —K and the second by u 
and add. We obtain 

uL(K) - KL(u) = \uK. 

Integrate both members of this expression from 0 to t — 0 
and from t + 0 to 1 with respect to t and add. We obtain 

u(x) = X / K{x y t)u(t)dt. 

The details of the integration are the same as those given 
several times previously, except for the term 

x | uK' — Ku' j for x = 0. 

But here u and K are finite by hypothesis. From (71) we 
see that if u is finite so also is u\ From the explicit expres- 
sion (72) for K we find K'(0, t ) = 0. Therefore 

: j uK r — K’u j = 0 for x = 0. 

The kernel 


K(x t t) = 


- log h 


- log X, 


is symmetric, but it is discontinuous at one point, viz. f 
x = t = 0. Schmidt (page 21 of his dissertation) has 
shown that the results of the Hilbert-Schmidt theory of 
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continuous symmetric kernels still hold for a discontinuous 
kernel if 

1) j* K(x, t)f(t)dt for / continuous, is continuous in 
x on 

2) The iterated kernel K 2 (x, t ) is continuous and does 
not vanish identically. 

These conditions are satisfied in the present instance and 
thus all of the Hilbert-Schmidt theory, as well as the 
Theorems V to VIII on boundary problems, remain true. 
Therefore we know that there exists an infinite sequence 
of positive characteristic constants 

O<X1<X2<X3< . . . , 

with a corresponding complete normalized orthogonal sys- 
tem of fundamental functions. Therefore 

J(2-\A) = 0 

has an infinitude of positive roots X n . Put 

2\/x = k. 

Then J(k ) = 0, and the roots are 
kn = 2 \/Xn. 


The first four values of k n are 1 


k\ = 2.405, k 2 = 5.520, Jfc* = 8.654, k 4 = 11.792 
and generally (n — H)tt < k n < nir. Therefore 
{ p n (x ) = CoJ(2y/\ n x) = CoJ(k n y/z). 

These fundamental functions <p n (x) will become orthogon- 
alized if we choose 


f£ 


x)dx 


1 See Fricke, “ Analytischc-Funktionentheoretische Vorlesungen, 

p. 74. 
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But 1 

Therefore 


v 


Jo J2(/c " V * )dx - [«/'(*„)]*• 

, , . J(k n \/x) , 

‘ ~7W’ “ nd 

cos + B„ sin 

?t*l ' ' 


This expression for rj satisfies (04) and (65). We now 
determine A n , B ni if possible, in order that (06) may be 
satisfied. This gives us the two equations 

£*4„^ n (x) = f(x) 

%™ n Kni n (x) = F(x). 

Since /( 0) is finite, /( 1) = 0, 

F(0) is finite, F(l) = 0, 

/(x) and F(x) can be expanded as series in ^„(x), provided 
/ and F are of class C", and then 

a.- £ /mm*)* - £ 

while = J f F(x)yp n (x)dx. 

83. The Rotating Rope. — (See Kneser, page 46.) 

a) The Problem and Its Di ff erential 
Equation. — Let FG be an axis 
around which a plane is rotating 
with constant velocity; a rope AB 
is attached at a point A of the 
axis and constrained to remain in 
the rotating plane. The velocity 
of the rotation is so large that the 
weight of the rope can be neg- 
lected. Then the straight line AB perpendicular to FG 
1 See Fricke, Loc. cit., p. 65. 
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is a relative position of equilibrium for the rope. Dis- 
place the rope slightly from this position AB , then let it go 
after imparting to its particles initial velocities perpendicu- 
lar to AB. The rope will then describe small vibrations 
around the position of equilibrium. 

Let APB f be the position of the rope at the time t, P one 
of its points, PM JL AB. Put AM = x, MP = and sup- 
pose AB = 1. Then the function rj(x , t) must satisfy the 
partial differential equation 

S = C2 £[ (l - x2) !} c constant ’ 

the boundary conditions 

17(0, 0 = 0, 17O, 0 = finite, (0, 
and the initial conditions 

v (x, 0 ) = f(x), Vt (x, 0 ) = Fix), (:c). 

Putting 7] = m(x) <f> it) 

we obtain 

< 73 > <t[ (i - *’)&] + - ° 

u(0) = 0 , m(1 ) = finite 

dP + - °‘ 

b) Solution of the Boundary Problem. — x = 1 is a singular 
point of ( 73 ). By Fuch's theory 1 ( 73 ) has for every X one 
and only one solution, which in the vicinity of x = 1 is 
given by 

Ui = 1 + a\(x — 1) + a*{x — l) 2 + . . • 

Every other solution U2 is obtained from Green's formula 

(1 — X 2 )(U\U 2 f — U2U1) = Cl 7 * 0 . 

1 See Goursat, “Cours D f Analyse,” tome 2, §412. 
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Therefore 

+ S t (x - 1) 

Whence 


d U 2 
dx Ui 


C i 


(x 2 — l)Ui 2 


= C i 


w 2 = C 0 ui + Ci^i log (x - 1) + S(x — 1) 


Therefore the condition, w(l) finite, leads to C\ = 0 and 
hence 

(74) u = C 0 wi 

is the most general solution of (73) which satisfies the second 
boundary condition. Put 

ui = U(x f X). 

Then the first boundary condition gives 
17(0, X) = 0 

for the determination of the characteristic constants. From 
(74) we see that each characteristic constant is of index 1. 

Let X 0 be a characteristic constant and <po(x) = U (x, X 0 ) 
a corresponding fundamental function. Then <p Q (x) is an 
odd function : 

<Po( — x) = — p(x). 

For u\ can be expanded according to powers of x, say 


Ui 


= XC r X'. 


The substitution of this series in the differential equation 
leads to the following recurrent formula 
r(r + 1) — X 0 


C r+2 = 


(r + l)(r + 2) 
which shows that if C 0 = 0, thea 


C r , r = 0, 1, 2, 


Csji — 0, ft — 0, 1, 2, . . . . 

But from U(0, X) = 0, we obtain <pn(Q) = 0, hence Co = 0, 
and, therefore, <po(x) is an odd function. 
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We can at once indicate some of the characteristic con- 
stants and fundamental functions from the theory of 
Legendre’s polynomials: 

2 - 1 ; &[<*’-'>•] 

Po(x) = 1. 

P n {x) is a rational integral function of degree n, satisfy- 
ing the differential equation 

£ 2 ] = 

Furthermore, P 2n {x) is an even function and P 2n ( 0) ^ 0, 
P 2 n-i(x) is an odd function and P 2n -i( 0) = 0. Therefore 

X n = 2n(2n — 1), n = 1, 2, 3, . . . 

is a characteristic constant and P 2rl _ i(x) a corresponding 
fundamental function. 

The characteristic constants are of index 1 since the condi- 
tion u(l) = 0 determines u up to a constant factor. 

We will now show that there are no other characteristic 
constants than 


X» = 2n(2n — 1), n = 1, 2, 3, . . . 


Suppose Xq to be a characteristic constant and X 0 ^ X n 
and ^o0*0 a corresponding normalized fundamental func- 
tion, then, according to the orthogonality theorem (§59), 
i 

ypy){x)P 2n -i{x)dx = 0. 

Now ypo(x) is continuous on the interval — 1, +ll and, 



therefore, by a theorem due to Weierstrass, 1 can be expanded 
in an infinite series of polynomials uniformly convergent on 



1 Goursat-Hedrick, “Mathematical Analysis,” vol. 1, §199. 
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(76) Mx) = %G r (x). 

r - 1 

But, as shown under 5), 

^o(“ x) = -\fro(x). 


Therefore, from 


U- X) = SG r (- X) 
r-l 


and (75) above, we obtain 


Mx) = l 2 k(*) - G r { -*)]- %Hr(x) 
r-lL J r -l 

and ^H r (x) is uniformly convergent on £ — 1, +1 j. From 
the definition of H r (x ) we obtain 

Hr(-X) = - tf r (x), 


that is, H r (x) is an odd function. 

From the uniform convergence of ^H r (x) we have that 
for every positive c it is possible to find an m such that 


(76) 


Mx) 


m r- 

- X H r(.x) <€, -1, +1 . 

r-l L 


Let us choose 


0 < e < 

77 jT l^o(x )| dx 

Since H r ( x ) is an odd function we have 

m n 

%H r (x) = %CrX*'-'. 


r-l 


r — 0 


(78) 
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But Pan- i(x) are odd functions: 

Pi(x) = a n x 
Pz(x) = (Z 22 X 3 + a« ix 

Pzn-i(x) = a n n^ 2n_1 + . . . + a n! x 

with Oil) &22> • • • » ®nn 0. 

These equations can be solved sequentially for x , x 3 , 
. . . , x 2n_1 in terms of P u P 3 , . . . , P 2 „-i. Put these 
values of x 2r ~ l in (78) above and we will have 


%H t ( X ) = %C r P,r-l(x). 

r-1 r-0 

This expression for ^// r (x), substituted in (76), gives 

n 

toil) ~ C r Pir-l(x) < f. 


i o(x) = 5) C r Plr-l(x) + r(x), 


whence 


| r(x) I < e on 


[-H- 


From (79) we obtain 


f i^(x)dx = S.C, f f 0 (x)P 2r -i(x)dx+ f r(x)i 0 (x)dx. 
Jo r _0 Jo Jo 

But J' \pa{x)P iT -\(x)dx = 0 

and ^ \pi‘(x)dx = 1. 

1 = J' r(x)i// 0 (x)dx. 


Therefore 
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(76) 


UX) = %G T {X). 


r-l 


But, as shown under b), 

M~ x) = -io(x). 

Therefore, from 

M- X) = %G r (- x) 


r-l 


and (75) above, we obtain 

ux) = \ x k(x) - c r ( -*)]- 2h,(x) 

r-l*- J r-l 

and ^H,{x) is uniformly convergent on £ — 1, + 1 j. From 
the definition of 77 r (x) we obtain 

Hr(-X) = - 77,(x), 

that is, 7/ r (x) is an odd function. 

From the uniform convergence of ^77, (x) we have that 
for every positive e it is possible to find an m such that 


(76) 

Let us choose 

(77) 


Mx) 


m r 

- <«, ~1,+1 . 
r-l L J 


0 < e < 


£ |^o(x)|dx 

Since H r (x) is an odd function we have 

m n 

%H r (x) = %CrX*'-K 


r-l 


r — 0 


(78) 
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But P2i»-i(a0 are odd functions: 

PiCc) = a n x 
Pt(x) = a22 £ 3 + CLtlX 


P 2n— — Q>nnX? n * "I" “1" 0>n\X 

with On, O 22 , • , dnn ^ 0. 

These equations can be solved sequentially for x , x 3 , 
. . . , x 2n— 1 in terms of Pi, P 3 , . . . , P 2n - 1 . Put these 
values of x 2r_1 in (78) above and we will have 

7* 

2#r(*) = 

r-1 r-0 


This expression for ^H r (x), substituted in (76), gives 

n 

Mx)-%C t P 2 _,(*) < t . 


lAo(*) = 2 ) C r Pir-l(x ) + r(x), 


whence 


I r(i) I < c on 


[-H- 


From (79) we obtain 


f \f>o t (x)dx = Y C, f \//o(x)Ptr-i(x)dx + f r(x)ip 0 (x)dx. 

Jo r-0 J° J° 

But J' io(x)Pi,-i(x)dx = 0 

and / \f'o i (x)dx = 1. 

1 = / r(x)^o(a;)da;. 


Therefore 
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Now 



Therefore 


r(x)\po(x)dx 


<-£\ 
£ 
£, 


< « 

1 < 


r(x)+ 0 (x) dx 
ia(x) dx. 
to{x) dx, 


which, on account of our choice (77) of e, gives 


1 < 


£\*- 


(x) dx < 1, 


which constitutes a contradiction. Therefore 
X n = 2 n (2 n — 1) 

are the only characteristic constants, and the only funda- 
mental functions are 


But 


P2n~]0) 


<Pn{x) - 

yJJ o P 2 zn-i(x)dx 


£ 


PU»-i(x)dx = 


4n — 1 


as shown in the theory of Legendre’s polynomials. There- 
fore 

<Pn(x) = y/4n - \ Pm- i(x). 

C) Equivalence with Integral Equation . — We construct the 
Green’s function as before and obtain 


K(x, t) = 


f 1 , 1 + x n . / , 

2 1or 1 — V° - X ~ l 

\ log ft < x < 1. 


K(x , 0 is symmetric and has but one point of discontinuity 
and that is for x = t = 1. 

Schmidt’s conditions for a discontinuous kernel hold, 
however, and so the theorems of the Hilbert-Schmidt theory 
apply. Proceeding as in the previous problems, we find 
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that the boundary problem is equivalent to the following 
integral equation: 

u{x) = X J K(x, t)u(t)dt. 

The Theorems V to IX hold for this boundary problem as 
well as the orthogonality theorem, §59. Hence 

i 

P^\{x)P 2 m^\{x)dx = 0, m 7 * n 

This last result agrees with a result of the theory of 
Legendre polynomials. Applying Theorem VI, we see that 
if / is of class C" and /( 0) = 0, then 

fix) = XCrPtn- l(x) 

r — () 

4 71 — 1 

where C r = (/P, n -i) ~ 

IV. Applications of the Hilbert-Schmidt Theory to 
the Flow of Heat in a Bar 

84. The Partial Differential Equations of the Problem. 1 

a) General Hypotheses . — The theory of the flow of heat in 
a bar is based upon the following hypotheses: 

A) Let dm denote the mass of an element of a conductor 
of temperature 0, C its specific heat, then the amount of 
heat dQ necessary to increase the temperature of the element 
from 0 to 0 + dd is given by the formula 

dQ = CdmdO. 

B) Let do) be the area of an element of surface through 
an interior point P of a conductor, n one of the two normals 
to the element, k the inner conductivity at point P , then the 
amount of heat which flows through the inner surface do) 
in time dt is 

dQ = —k^dwdt. 

1 See Weber, “Partielle Diffe^entiftlgleichungen/ , 5532-34. 
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C) Let dw be an element of the outer surface of the 
conductor, h the outer conductivity at P, 0 the temperature 
of the conductor at P, 0 the temperature of the surrounding 
medium at P, then the amount of heat which flows through 
the outer surface du in time dt is 

dQ = h(8 — 0)dwdL 

b ) We now apply these principles to the determination 
of the flow of heat in a straight bar placed along the x-axis 
of a rectangular system of coordinates, with a cross-section 
a } infinitesimal compared to the length, so that the tem- 
perature 0 may be considered as constant; accordingly, 0 
will be a function of x and t : 0(x, t). The bar is imbedded in 
a medium of given temperature which is also supposed to be 
a function of x and t : 0(x, /). The bar has a given initial 
temperature 0(x, 0) = /(x). Consider an element of the 
bar of length dx; we may regard it as a cylinder. 


X+cfx 




Fig. 25. 

1) By B ) the quantity of heat which enters at the left- 
hand end is 

dx Jx 

2) Similarly, the quantity of heat which flows out through 

d6~\ 

the right-hand end is — ka — d/, 

OXjx + dx 

or, if we expand according to powers of dx and neglect 
higher powers of dx , 

-hr dt - dtdx. 

dx] x dx\ dx} jx 
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3) The quantity of heat which flows out through the 
cylindrical surface is, by C), 

h(9 — 0)ldxdt , 

where l is the periphery of the cross-section. The total 
amount of heat which enters the element of the bar in the 
time dt is, therefore, 

Fx( ka tic) - h{e - 0)/ ( dxdt ■ 

This amount of heat increases the temperature of the ele- 

dO 

ment in the time dt by ^ dt and, therefore, by A), is equal 
dd 

to Cpadx dt y where p is the density. Hence we obtain 
the partial differential equation 

«*» off -£(*•£) 

If, moreover, heat is produced in the interior of the bar by 
electric currents or other sources of energy, let 

A ( x)dxdt 

be the quantity of heat produced in the time dt in the 
interior of the element of the bar between the cross-sections, 
at x and x + dx. Then the partial differential equation 
(80) becomes 

cp<r Fx = Fx ( ka dt) ~ h{e ~ e)l + A (x) ■ 

In addition, the temperature 6 has to satisfy certain bound- 
ary conditions, which are obtained as follows: 

The amount of heat which leaves at a is, by C), 

h(e - evl dt. 


(81) 
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On the other hand, the quantity of heat which flows through 
the cross-section a + h in the direction of the negative x- 
axis in the time dt is, by B), 


ka 


30 ] 

dxj 


dt. 

a+h 


The limit of this expression as h approaches zero must be 
equal to the quantity (81). Hence we obtain the first bound- 
ary condition 


h{0 - 0) - k = 0. 
dr ]« 


The same reasoning applied to the cross-section b gives us 
the second boundary condition 


c) The Special Cane 8 = 0, A = 0. — We now consider 
the differential equation under the assumption that 

6 = 0, A = 0. 


The differential equation is, then, 



Put cap = g(x), ka = p(x), hi = —q(x), 

then g(x) > 0, p(x) > 0 , q(x) ^ 0, 

and q(x) = 0 only when h = 0. 


The differential equation of the problem now becomes 


(82) 

Put 


h (a) 
k(a) 


-h^o^-h^o, 


then the boundary conditions become 


( 83 ) 


0 t (a, t) - H 0 d(a, t) = 0 

0.(6, t ) + Htfib, 0=0 W 
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The initial condition is 

(84) 0(i r, 0) = fix). 

f(x) is not entirely arbitrary, for from (83) we obtain for 
t = 0 

e x (a, 0) - IIoO(a, 0) = 0 
0 x (b, 0) + lh0(b, 0) = 0 

whence 

(85) /'(«) - Ilnf(u) = 0 
f'(b) + IIJib) = 0. 

To solve (82), put 

0 = u(.r)<j>(t). 

Then, in the usual manner, (82) breaks up into the two 
ordinary differential equations: 

(80) (/> |J") + qu + = 0 

(87) ^ + \<f> = 0, 

while from (83) we get 

(88) u'(a) — Iloii(a) = 0 
u'(b) + HMD = 0 

as boundary conditions on (8G). 

We have, as in our hypothesis (II i), §72, that p is of class 
C, p > 0. In addition, we have g > 0 and q ^ 0. 

Wc shall now show that all of the characteristic constants 
of (8G) are ^ 0. This proof is analagous to that given in 
the proof of Theorem VIII. 

We suppose that X 0 is a characteristic constant and <po 
a corresponding fundamental function. Therefore 

(89) L(<f>o) + Xo<A)£7 = 0 

(90) <po'(a) — Ho*po ( a ) = <po'(D + Hi<p 0 (b) = 0 

and <p 0 0 is of class C". 
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From (89) we obtain 


r r b 

o / gWdx = — / (poL(<p 0 )dx. 

Ja Ja 


Integration by parts gives 

Xo f g</>o 2 dx = - p(b)<po(b)<p<,'(b) + p(a)<p 0 (a)<po(a) 


£ (?W 2 - 


q<p<r)dx, 


which, by (90), reduces to 


(91) Xo / gWdx = p(6W(i“)//i + p(aW{a)H 0 


£ (P<P o ' 2 - 


q<Po 2 )dx. 


Now p(6), (po 2 (&), p(a), ^o 2 (a), and p are positive and not 
zero, and H i, // 0 , v’o' 2 , <po 2 , — g are ^ 0. Whence, from 
(91), we conclude 

Xo ^ 0. 

The equality will hold only when ffi = 0, flo = 0, 5 s 0 
simultaneously. But — q = hi and l > 0. Therefore h 
as 0, which means that no heat escapes through the cylindri- 
cal surface. It also follows that no heat escapes through 
the ends for h{a) = 0, A (6) = 0, and hence the equality 
holds only when no heat escapes to the surrounding medium. 

We can now construct the Green's function K(x , t) and 
establish the equivalence of the boundary problem with 
the integral equation 

u(x) = X j* K(x , t)g(t)u(t)dt. 

The kernel is not symmetric but the substitution 
u(x)\/gW) = u(x ), K(x, tWg{x)g(t) = K(x, t ) 

transforms the problem into one with a symmetric kernel. 
This transformation leads the given differential equation 
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into one in which 0=1. We can then apply the results 
of the general Hilbert-Schmidt theory. Further, we can 
apply the Theorems V to VIII. We know then the exist- 
ence oi an infinitude of real characteristic constants each 
of index 1 : 

0 ^ Xi ^ X2 ^ X3 ^ . 

with corresponding normalized fundamental functions 
tiix), ^ 2 (x), 0 3 (x), . . . 

We now turn to the solution of (87) for X = X*. The 
solution is 

*(0 = C n e ~ x *‘ 

whence 

e = C'„e -x “V»(x) 

is a solution of (82) which satisfies the boundary conditions 
but in general will not satisfy the initial conditions (84). 
Construct 

(92) 9 = X C B e- x ”V»(x). 

n-1 

If we assume that (92) is convergent and admits one term- 
by-term partial differentiation with respect to t and two 
term-by-term partial differentiations with respect to x, then 
(92) satisfies (82) and (83), and (84) will be satisfied if 

X <?»*»(*) = fW, 

n-1 

that is, if /(x) can be expanded into a series of fundamental 
functions. That this is possible follows from Theorem VI 
when we take account of (85), provided / is of class C", 
and C n will be given by 

C n = Wn). 

85. Application to an Example. — We consider now a 
special case where C, <r, p, /c, ft, l are constants and a = 0, 
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6 = 1. Hence, p, (/, <y in (8(i) arc constant. Put ^ = 

V 

— 6 2 , and -- = constant, which we use as a new para- 
V 

meter and again designate by A. Then (86) becomes 
g + (X - - 0. 

If we now assume that no heat escapes through the two 
end surfaces, then J/ 0 = // 1 = 0 and the boundary condi- 
tions become 

u'(0) = 0, u'( 1) = 0. 

For this boundary problem the characteristic constants are 
easily found to be 

A 0 = b 2 } X„ = nV + 6 2 , n = 1 , 2, 3, . . . 
and the normalized fundamental functions are ^o(z) = 1, 

'f'n(x) = V2 COS 717TX. 

For the further discussion we have to distinguish two 
cases: 

Case I . — 6 ^ 0. Then all of the characteristic constants 
are positive. Therefore X = 0 is not a characteristic con- 
stant and condition (// 2 ) is satisfied. Hence for this 
boundary problem we can construct a Green’s function 
satisfying the following conditions: 

A) K is continuous on |(il 

H) K is of class C" on 11 separately. 

d 2 K 

( i T i ~ ^ = 0 on I 0/1 I tl separately. 

C) K’{ 0) = 0, K' (I) . 0. 

D) K’(l - 0) - K’(t + 0) - 1. 
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The Green’s function satisfying these conditions is easily 
found to be 

[ cosh bx cosh 6(1—0 


K(x, t) = 


b sinh b 
cosh bt cosh 6(1 — x) 
b sinh b 


0 £ x £ t 
,t £ x £ 1. 


It is symmetric and the boundary problem is equivalent to 
the integral equation 

u(x) = Xjf K(x, t)u(t)di. 

Theorem VI of this chapter assures us that every funda- 
mental function of class C" of this boundary problem, for 
which u'(0) = 0, u'( 1) = 0 can be expanded into a cosine 
series 

oc 

u(x') = ^ C„ cos nwx 

n- 0 

convergent on the interval 0 ^ x ^ 1. 

Case II, — b = 0. The boundary problem now becomes 

(93) ~ + \u = 0, tt'(0) = 0, tt'(l) = 0, 


for which the characteristic constants are 

Ao = 0, A„ = nV, n = 1, 2, 3, . . . 
with the corresponding normalized fundamental functions 
^#(r) = 1, in(x) = \/2 cos nrx. 

Let us consider 

K(x, t) - K( x, i) - 6 V 

From the conditions on K we find that K satisfies the same 
conditions. Now let 

lim K(x, t) = H(x, t). 

6->0 
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H(x, t ) = 


X 'X - + 

— 5 - - + \- x^H h t<x<l. 


We see that t) is symmetric and satisfies the follow- 
ing conditions: 


A ) H is continuous on 


B) H is of class C" on 
d 2 H 


dx 2 


= 1 on 


H 
M M 
MW 


separately, 
separately. 


C) H'( 0) = 0, tf'(l) = 0. 

D) H'(t - 0) - H'(t + 0) = 1. 


E) 


J II (x, t)dt = 0, (t). 


We will now show that the boundary problem (93) is 
equivalent to 


u(x) 


= Xjf 


t)u(t)dt. 


-4) Multiply both members of 
d 2 H 


d?u 

dx 2 


= — \u by — 77, 


and both members of ^ 2 = 1 by u and add. We obtain 
d 


dx 


( uH ' — Hu f ) = \uH + u, 


whence 


(uH 9 - Hu ') 1 °+ (uH f - Hu 9 )] 1 = f l u(x)dx + 

_0 Ji H -0 JO 
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which, on account of (93) and condition C) on //, reduces to 

] i — o r\ /*i 

= X / u(x)dx + X / H(x, t)u{x)dx , 

<+ o Jo Jo 

which, by conditions A) and D) on //, reduces to 

u(t) = X f u(x)dx + X f H(x, t)u(x)dx . 

Jo Jo 

Now from = — Xw(x) 

we obtain, by integration, 

- £ „(,)* - £ g* - o. 


Therefore 
(94) 


u{x) = H(x, t)u 


(i t)dt . 


Thus we have shown that every solution of the boundary 
problem (93) with X ^ 0 is a solution of the integral equa- 
tion (94). 

B) Conversely, suppose that u is continuous and 


(95) u{x) = X J* H(x, t)u(t)dt, and X ^ 0. 

Then 

u(x) = \f Ihix, t)u{t)dt + Xjf Ho(x, t)u(t)dt , 
whence 

(96) tt'(x) = X / //j'(x, t)u(t)dt + X ^ Hq(x } t)u{t)dt 


and 

74 


(z) = t)u(t)dt + \J^H a "{x, t)u{t)dt 

+ \H i(x, x)u(x) - \ff 0 '(x, x)u(x). 
But //" = 1 and H’(t - 0) - H'(t + 0) = 1. 
Therefore 

u"{x) + Xw(x) = u{t)dt . 
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But from (95) 



u(x)dx = X f f H(x, t)u(l)dtdx 
Jo Jo 

= X / u(t)dt I H(x, t)dx = 0 
Jo Jo 


on account of E). Therefore 

u"(x ) + \u(x) = 0. 


Further, from (96) we obtain 

u'(0) = X J' Ho'(0, t)u(t)dt = 0 

u'(l) = \j£ l Hi'(l, t)u(t)dt = 0, 

on account of C). Therefore we have proved the equiva- 
lence of the boundary problem and integral equation. 

86. General Theory of the Exceptional Case. — The 
method just applied to the special boundary problem (93) 
is a special case of the general method which Hilbert uses 
in the exceptional case where X = 0 is a characteristic 
constant of the boundary problem : 

(97) L(u) + Xu = 0 

(98) fio(u) = 0, R\{u) = 0. 

Let ^o(x) be a normalized fundamental function belonging 
to X = 0, so that is of class C", 


£(*o) 


— 0, 7?o(^u) = 0, 7?i(iM 



0 , 


Then, according to Hilbert, 1 the equivalence of (97) (98) 
with an integral equation can be established as follows. 
a) The Modified Green* s Function.— 

1 G6tt. Nach., 2, p. 219, 1904. 
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Theorem I. — Under the above assumptions there exists 
one and only one function H(x, t) satisfying as a function of 
x the following conditions: 


A) 

B) 


H is continuous on 
H is of class C" on 
L{H) = \po(x)\l/ 0 (t) on 


} 

]M 


ab 

at 


separately, 
separately. 


C) Rq(H) = 0, R X (H) = 0. 


D) H'(t - 0) - //'« + 0) = -* 

V (0 


E) J H(x, t)\po(x)dx = 0, ( t ). 

H(x , t) is called the modified Green’s function. An 
outline of the proof of this theorem is as follows: 

Let M 0 (x) be a particular solution of 

L(u) = io(x)i 0 (t), 

then the general solution is 

u = u 0 (x ) + onf'o(x) + 0F(x), 

where F is a particular solution of L(u) = 0, independent of 
^ o(x). 

Now, by Green’s theorem, 

p(W - WV) = c 

and we can select F in such a way that C = 1. 

We now put 

tt( t \ _ { Uo(x) + aotoix) + 0o T' (^), x ^ / 

{x ’ ' “ 1 u 0 (x) + ai i „(x) + ^V(x), t £ x. 

Then 


(99) Ro(H) = R 0 (u 0 ) + p 0 Ro(V) = 0 

Ri(H) = Ri(u 0 ) + Mi(F) = 0 


determine 0o, Pi, since i?o(F) 0, #i(F) ^ 0. 
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The conditions A) to D) determine ao — and 0o — 0i: 
oto — ai = — F(0, 00 — Pi * (0- 

Since 0o, 0i have already been determined, this furnishes an 
apparent contradiction, but it will be found that the 
determination of 0o — 0i is a consequence of the determina- 
tion of 0o and 0i separately. Thus the conditions A) to 
D) determine 0o, 0i, a 0 , an, except for an additive constant 
which is determined by E). 

Theorem II. The function H(x, t) is symmetric . — 

For let a £ t ^ s £ b. 

Multiply each member of 

L | H{x< t) | = 

by — H(x, s) and each member of 

L | H(x, s) ) = Mrf'I'ois) 

by //(x, t). Add and integrate from a to t f t to s y s to b 
and add the results. We obtain 

H(t, s) = H(s, t). 

b ) Hilbert’s fundamental Theorem III now takes the 
form 

Theorem III . — If f is continuous , then the statements F 
is of class C ", L(F) + f = 0, Rq(F) = 0, Ri(F) = 0 imply 
and are implied by 

F{x) = jf H(x, t)f(t)dt. 

Hence the expansion Theorem VI has to be modified as 
follows: 

If F is of class C", R U (F) = 0, Ri(F) = 0, 
then 

Fix) = %CM*) 

where 

c. = m,). 
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Applying this theorem when F = u, f = Xu, X 5* 0 we 
obtain: if u is continuous, then the statements, u is of class 
C", L(u) + \u = 0, Ro(u) = 0, Ri(u) = 0, X ^ 0, imply 
and are implied by 


u(x) = X j* 


H(x y t)u{t)dL 


This establishes the equivalence of the boundary problem 
and the integral equation. 

87. Flow of Heat in a Ring. — The deductions which we 
made in the previous problem for a straight bar hold for 
any linear conductor if we take for the inde- 
pendent variable x the length of arc from a 
fixed point 0. The results also hold if the / J 
ring is closed and the two end points A and B 
coincide. When A and B coincide, the bound- F 26 
ary conditions are modified as shown later. 

Let us suppose 0 == 0, A = 0, total length of ring = 1. 
Then the boundary problem becomes 

/ 1 dd d f dd\ 

0(0, t) = 0(1, t); 0x(O, t) = 0.(1, 0 

from the continuity of the temperature and of the flow of 
heat at A. Also 

d(x, 0) = /Or), initial temperature. 

Put 0 = u(x)<t>(t) in (100). 


We obtain 


b 2 )u = 0 


102) u( 0) = u( 1), u'( 0) = u'(l). 

Case L — X — 6* > 0, say X — b 2 = /i 2 . 
The general solution of (101) is 


u = a cos fix + 0 sin y.x. 
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The boundary conditions (102) give the following two equa- 
tions for the determination of a , f3. 

(103) a(cos fi — 1) + ft sin n = 0 

— a sin jn + /3( cos p — 1) = 0. 

These two equations are compatible for values of a, p 
not both zero, if and only if 

| cos fx — 1 sin n _ 

— sin ju cos n — 1 
That is, if 2(1 — cos m) = 0, 

whence 

n = 2mr. 

For these values of equations (103) are satisfied by all 
values of a and p. For other values of n, the only solution 
is the trivial one u = 0. The characteristic constants are 
then 

An = b 2 + 4ft 2 7r 2 , n = 1, 2 , . . . , 
each of index 2. 

The corresponding fundamental functions are 
u = a cos 2mrx + sin 2nirx. 

Case II. — A — b 2 = 0. Then A = b 2 is the only charac- 
teristic constant, u = constant is the only solution. 

Case III. — A — b 2 < 0. Then the only solution is the 
trivial one u = 0. The characteristic constants of the 
problem are then A = b 2 , A n = b 2 + 4n 2 7r 2 , n = 1, 2, . . . 
with normalized fundamental functions 

1, y/2 cos 2mrx ) \/2 sin 2nwx 

and, sine cos 2mrx sin 2mrx dx = 0, the complete nor- 
malized orthogonal system of fundamental functions is 
1 , y/2 cos 2mrx, y/ 2 sin 2mx 
with the characteristic constants 

6 2 , b 2 + 4 nV, b 2 + 4 nV. 
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This seems to contradict Theorem VII of §75, which stated 
that the index is always 1. The assumptions of this 
theorem were, however, that the boundary conditions were 
of the form 

Au(a) +Bu' (a) = 0 
Cu(b) + Du'(b) = 0. 


The boundary conditions of the above problem are of a 
more general type: 

A 0 u(a) + Bou'(a ) + C 0 u(b) + D 0 u'(b) = 0 
Aiu(a) + Biu,'(a) + C\u(b) + Diu\b ) = 0, 


which explains the apparent contradiction. 

If b y* 0, (H 2 ) is satisfied and we can proceed to construct 
Green’s function: 


K(x, t) 


cosh b(t - x - y?) _ , , 
h 9 x - 1 

2b sinh 


cosh b(x — t 


M) 


2b sinh , 


, x > t 


and the boundary problem is equivalent to the integral 
equation 


u{x) =\ 



b 

K (x, t)u(t)dt. 


The expansion theorem can now be stated as follows: If 
F is of class C", F( 0) = F( 1) and F'(0) = F'(l) then 

F(x) = A 0 + ^(A n cos 2mrx + B n sin 2mrx). 


This is an ordinary Fourier series for the expansion of 
F(x) for the interval ^OlJ. 

If b = 0, then ( H 2 ) is not satisfied. Then, as in §86, we 
construct 1 a modified kernel: 


' }i{t - x - y 2 y + 4 , 

— Xiy + 

Kxeser, “Integralglcichungen,” §7. 


IK*, t) = 


x £ t 
t x . 
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88. Stationary Flow of Heat Produced by an Interior 
Source. — We have so far been considering the problem of 
the flow of heat under the assumption that no heat was 
produced in the interior of the conductor: -4=0. 

a) Solution of the Problem of Stationary Flow of Heat . — 
Let us now consider the case -4 0. The equations of the 

problem now are 

de d( d$\ . 

*» " S^W + + Mx) 

HvO — — 0 for x = a, Ho i 0 

dx - 

IQ 

Hid + ° = 0 for x = b J H 1 > 0. 


Instead of the initial condition 6(x, 0) = /(x), we require 
that the flow of heat shall be stationary, that is, independ- 

dS 

ent of the time, that is, 6 - w(x) and, therefore, = 0. 

dt 

Then the equations of the problem are 



(105) 


+ gw + A (x) =0 j^L(w) + A 

R 0 (wY = II 0 w(a) — w'(a) = 0 
Rti w) = HMb) + w'(b) = 0. 


= 0 


] 


This is a non-homogeneous boundary problem. From 
Hilberts third fundamental theorem we can write down at 
once the following: 

If A is continuous, then the statements, w is of class 
C", L(w) + .4=0, Rq(w) = 0, R\(w) — 0, imply and are 
implied by 

(106) w(x) = f K(x f t)A(t)dt. 


That is, the boundary problem (104) (105) has one and 
only one solution given by (106). Thus we have the 
theorem: Every continuous source of heat A{x) produces one 
and only one stationary flow of heat expressed by (106). 
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b ) Physical Interpretation of Green's Function . — From 
(106) Kneser obtains a physical interpretation for Green’s 
function. 



Fig. 27. 


Take to between a and b and let us suppose that 

| == 0 for a ^ x ^ to — h ) to + h ^ x ^ b 
X | ^0 for to — h ^ x ^ to + h. 

Then, from the first mean value theorem for definite 
integrals, there exists a t\, to — h ^ t\ ^ to + h such that 

X to+h. rto + h 

Kix , t)A (t)dt = K(x, U) I A (t)dL 

-h Jto — h 

Now A(x)dx is the quantity of heat produced in an element 

dx in unit of time, and hence J' A{t)dt is the total amount 

of heat produced in- the bar in unit time. This is called the 
strength of source of heat. 

Let us suppose that the strength of the source of heat is 1 : 
rn+h 

(107) / A{t)dt = 1. 

%/to — h 

Let now h — » 0 and let at the same time A (x), which depends 
upon hj so vary that (107) remains satisfied. Then 

K(x, to) = lim w(x, h). 
h-+ o 


Thus we have the theorem: In the general case , Greens 
function K(x } t) represents the stationary temperature produced 
by a point source of strength unity placed at x = t. 

89. Direct Computation of the Characteristic Constants 
and Fundamental Functions. — In all of the examples in 
which we have been able actually to determine the charac- 
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teristic constants and the fundamental functions, we have 
determined the latter by means of a boundary problem. 

The question arises : How could we directly determine the 
characteristic constants, and the fundamental functions 
for an integral equation which does not correspond to a 
boundary problem? We might obtain the characteristic 
constants by the solution of the equation D{\) = 0, and 
determine the index and the fundamental functions by 
means of the Fredholm minors. For some simple kernels 
this is easily done, but in the general case this method is 
hardly practicable. 

Another direct method has been developed by Schmidt 
(“Diss.,” pages 18 to 21) and Kneser (“Integralgleich- 
ungen,” pages 190 to 197), at least for a symmetric kernel. 

For simplicity, let us suppose that we knew a 'priori that 
all of the characteristic constants are positive and of index 1. 

a) Determination of Xi. — It was established in the general 
theory that ifO<Xi<X 2 < . . . were the characteris- 
tic constants for K(x, t) and ^i(x), ^ 2 (z), . . . the cor- 
responding complete normalized orthogonal system of fund- 
amental functions, then the kernel X 2 (x, t) had the same 
fundamental functions and they belong to the character- 
istic constants 0 < X ] 2 < X 2 2 < . . . , for which we write 
jui < p 2 < • • • • Now we have the following expansion 
for the logarithmic derivative of Fredholm’s determinant 
D(X) derived from the kernel K(x, t) : 


where U n 


]J^y = ~? 0 f/n+lX " [(14), §54]. 

K n (x, x)dx, convergent for sufficiently 


small values of X. 

Hence if we call Z) 2 (/z) the Fredholm determinant for 
Ki{x, t), we obtain the corresponding expression 


f D'iO O 

\pM 


2n+2M B . 

n- 0 


(108) 
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Now 


D'M . .. , . 

Di(n) 1S a meromor Phic function with simple 

poles, the poles being the roots of Z) 2 (m) = 0. Arrange the 
roots 0 < mi < /i* < Ma < • • • in order of magnitude. 
Hence the circle of convergence of the expression (106) for 

passes through mi and hence the radius of con- 


vergence R is equal to mi- 

Now there is a theorem 1 on power series to the effect that 
the radius of convergence R for the series ^.4 n 2"is given by 

lim -j— = R, 

n — * oo-A n+1 


provided this ratio has a determinate limit as n — > oo . 
This theorem applied to the present problem gives 

V 2 n 


lim 


U 


2n+2 


= Ml, 


provided the limit exists. That this ratio has a determinate 
limit follows from the monotony principle applied to the 
inequality 


t^2n-2 

Utn 


> -,P 2? - > o 

O 2n+2 


which we proved in §58. 

b ) Computation of the Fundamental F unction ^i(x). — From 
^271+2(2, y ) = J* t)K 2 n(t, y)dt 

we obtain 

(109) pn n+l Kt n ^ 2 (x, y ) = Ml jT t)(^n n K 2n (t, y^jdt. 


Now Schmidt proves in his existence proof for the charac- 
teristic constants that 

lim ixi n K in (x, y) = f(x, y) 

n — ► » 

1 Harkness and Morley, “Theory of Functions,” §76. 
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a definite limit function which is approached uniformly 
with respect to x and y in the region R. Therefore, by 
passing to the limit in (109), we find 

f(x, y) = juijT Ki(x, t)f(t, y)dt. 

Further Schmidt proves that f(x , x) yk 0. Hence, if for 
some quantity c we have /(c, c) ^ 0, then the function 
f(x , c) = (p(x) yk 0 and, therefore, <p(x) is a fundamental 
function belonging to jui since it satisfies the equation. 

This function <p(x), normalized in the usual way, gives us 
the fundamental function \pi(x) belonging to Xi. 

c ) Computation of the Other Characteristic Constants and 
Fundamental Functions. — The other characteristic constants 
and fundamental functions can be obtained successively as 
follows. Let 

(110) Kt(x, t ) = Ki(x, t ) - 

Mi 

be a new kernel, then we can show that its characteristic 
constants and fundamental functions are 

X 2 2 < X 3 2 < . . . ; ^(x), ^a(x), .... 

For from (110) we obtain 

(111) f KHx, t)Mt)dt = C-Ktix, ^ 

Ja Ja Ml 

where 8 i* is the Kronecker symbol. When v = 1, (111) 
gives 

VOr, Mi (t)dt = 0. 

When v 5 ^ 1, (111) gives 

= M,/ -KY(x, M v (t)dt } 

which proves the above statement. 

Applying now to the kernel if 2 ' (x, /) the method described 
under a) and 6), we obtain X 2 2 and and so on. 
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ALGEBRAIC THEORIES, L. E. Dickson. Best thorough introduction to classical topics in highei 
algebra develops theories centering around matrices, invariants, groups. Higher algebra 
Galois theory, finite linear groups, Klein’s icosahedron, algebraic invariants, linear trans- 
formations, elementary divisors, invariant factors; quadratic, bi-hnear, Hermitian forms 
singly and in pairs. Proofs rigorous, detailed; topics developed lucidly, in close connection 
with their most frequent mathematical applications. Formerly “Modern Algebraic Theories.” 
155 problems. Bibliography. 2 indexes. 285pp. 53/ s x 8. S547 Paperbound $1.5® 

LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE 
Felix Klein. The solution of quintics in terms of rotation of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mosth 
bibliographic. 2nd edition, xvi + 289pp. 5% x 8. S314 Paperbound $ 2 . 2 ! 

LINEAR GROUPS, WITH AN EXPOSITION OF THE GALOIS FIELD THEORY, L. E. Dickson. The 

classic exposition of the theory of groups, well within the range of the graduate student 
Part I contains the most extensive and thorough presentation of the theory of Galois Field: 
available, with a wealth of examples and theorems. Part II is a full discussion of lineai 
groups of finite order. Much material in this work is based on Dickson’s own contributions, 
Also includes expositions of Jordan, Lie, Abel, Betti-Mathieu, Hermite, etc. “A milestone 
in the development of modern algebra,” W. Magnus, in his historical introduction to this 
edition. Index, xv + 312pp. 5Va x 8. S482 Paperbound $ 1.99 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda 
mental theorems and their application. Beginning with sets, systems, permutations, etc., il 
progresses in easy stages through important types of groups: Abelian, prime power, per- 
mutation, etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 
exercises, problems. Index, xvi + 447pp. 5% x 8. S300 Paperbound $2.29 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
this is still one of the clearest introductory texts. Partial contents: permutations, groups 
independent of representation, composition senes of a group, isomorphism of a group with 
itself. Abelian groups, prime power groups, permutation groups, invariants of groups of lineai 
substitution, graphical representation, etc. 45pp. of notes. Indexes, xxiv + 512pp. 5% x 8. 

S38 Paperbound $2.79 


CONTINUOUS GROUPS OF TRANSFORMATIONS, L. P. Eisenhart. Intensive study of the theory and 
geometrical applications of continuous groups of transformations; a standard work on the 
subject, called forth by the revolution in physics in the 1920’s. Covers tensor analysis, 
Riemanman geometry, canonical parameters, transitivity, imprimitivity, differential invariants, 
the algebra of constants of structure, differential geometry, contact transformations, etc, 
“Likely to remain one of the standard works on the subject for many years . . . principal 
theorems are proved clearly and concisely, and the arrangement of the whole is coherent,” 
MATHEMATICAL GAZETTE. Index. 72-item bibliography. 185 exercises, ix + 301pp. 5% x 8. 

S781 Paperbound $2.0C 

THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger's 
wave equation, de Broglie’s waves of a particle, Jordan-Hoelder theorem, Lie’s continuous 
groups of transformations, Pauli exclusion principle, quantization of Maxwell-Dirac field 
equations, etc. Unitary geometry, quantum theory, groups, application of groups to quantum 
mechanics, symmetry permutation group, algebra of symmet'ic transformation, etc. 2nd 
revised edition. Bibliography. Index, xxii + 422pp. 5% x 8. S269 Paperbound $ 2 . 3 ! 

APPLIED GROUP-THEORETIC AND MATRIX METHODS, Bryan Higman. The first systematic 
treatment of group and matrix theory for the physical scientist. Contains a comprehensive 
easily-followed exposition of the basic ideas of group theory (realized through matrices) anc 
its applications in the various areas of physics and chemistry- tensor analysis, relativity 
quantum theory, molecular structure and spectra, and Eddington’s quantum relativity 
Includes rigorous proofs available only in works of a far more advanced character. 3^ 
figures, numerous tables. Bibliography. Index, xiu + 454pp. 5% x 8%. 

SI 147 Paperbound $2.5C 


THE THEORY OF GROUP REPRESENTATIONS, Francis 0. Murnaghan. A comprehensive intro- 
duction to the theory of group representations. Particular attention is devoted to those 
groups — mainly the symmetric and rotation groups — which have proved to be of funda- 
mental significance for quantum mechanics (esp. nuclear physics). Also a valuable contribu- 
tion to the literature on matrices, since the usual representations of groups are groups of 
matrices. Covers the theory of group integration (as developed by Schur and Weyl), the 
theory of 2-valued or spin representations, the representations of the symmetric group, the 
crystallographic groups, the Lorentz group, reducibility (Schur's lemma, Burnside's Theorem, 
etc.), the alternating group, linear groups, the orthogonal group, etc. Index. List of refer- 
ences. xi + 369pp. 5% x BV 2 . S1112 Paperbound $ 2.35 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde- 

E endent study. Subdivision of main theory, such as theory of sets of points, are discussed, 
ut emphasis is on general theory. Partial contents: rudiments of set theory, arbitrary sets 
and their cardinal numbers, ordered sets and their order types, well-oidered sets and their 
cardinal numbers. Bibliography. Key to symbols. Index, vii + 144pp. 5% x 8. 

S141 Paperbound $1.35 
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THEORY AND APPLICATIONS OF FINITE GROUPS, G. A. Miller, H. F. Blichfeldt, L. E. Dickson. 

Unusually accurate and authoritative work, each section prepared by a leading specialist: 
Miller on substitution and abstract groups, Blichfeldt on finite groups of linear homogeneous 
transformations, Dickson on applications of finite groups. Unlike more modern works, this gives 
the concrete basis from which abstract group theory arose. Includes Abelian groups, prime- 
power groups, isomorphisms, matrix forms of linear transformations, Sylow groups, Galois’ 
Theory of algebraic equations, duplication of a cube, trisection of an angle, etc. 2 Indexes. 
267 problems, xvii + 390pp. 5% x 8. S216 Paperbound $2.00 

THE THEORY OF DETERMINANTS, MATRICES, AND INVARIANTS, H. W. Turnbull. Important 

study Includes all salient features and major theories. 7 chapters on determinants and 
matrices cover fundamental properties, Laplace identities, multiplication, linear equations, 
rank and differentiation, etc. Sections on invariants gives general properties, symbolic and 
direct methods of reduction, binary and polar forms, general linear transformation, first 
fundamental theorem, multilinear forms. Following chapters study development and proof 
of Hilbert’s Basis Theorem, Gordan-Hilbert Finiteness Theorem, Clebsch’s Theorem, and 
include discussions of apolarity, canonical forms, geometrical interpretations of algebraic 
forms, complete system of the general quadric, etc. New preface and appendix. Bibliography, 
xvlii + 374pp. 5% x 8. S699 Paperbound $2.25 

AN INTRODUCTION TO THE THEORY OF CANONICAL MATRICES, H. W. Turnbull and A. C. Aitken. 

All principal aspects of the theory of canonical matrices, from definitions and fundamental 
properties of matrices to the practical applications of their reduction to canonical form. 
Beginning with matrix multiplications, reciprocals, and partitioned matrices, the authors go 
on to elementary transformations and bilinear and quadratic forms. Also covers such topics 
as a rational canonical form for the collineatory group, congruent and conjunctive transfor- 
mation for quadratic and hermitian forms, unitary and orthogonal transformations, canonical 
reduction of pencils of matrices, etc. Index. Appendix. Historical notes at chapter ends. 
Bibliographies. 275 problems, xiv + 200pp. 5% x 8. S177 Paperbound $1.55 

A TREATISE ON THE THEORY OF DETERMINANTS, T. Muir. Unequalled as an exhaustive compila- 
tion of nearly all the known facts about determinants up to the early 1930’s. Covers notation 
and general properties, row and column transformation, symmetry, compound determinants, 
adjugates, rectangular arrays and matrices, linear dependence, gradients, Jacobians, Hessians, 
Wronskians, and much more. Invaluable for libraries of industrial and research organizations 
as well as for student, teacher, and mathematician; very useful in the field of computing 
machines. Revised and enlarged by W. H. Metzler. Index. 485 problems and scores of numeri- 
cal examples, iv + 766pp. 5% x 8. S670 Paperbound $3.00 


THEORY OF DETERMINANTS IN THE HISTORICAL ORDER OF DEVELOPMENT, Sir Thomas Muir. 

Unabridged reprinting of this complete study of 1,859 papers on determinant theory written 
between 1693 and 1900. Most important and original sections reproduced, valuable com- 
mentary on each. No other work is necessary for determinant research: all types are covered- 
each subdivision of the theory treated separately; all papers dealing with each type are 
covered; you are told exactly what each paper is about and how important its contribution Is. 
Each result, theory, extension, or modification is assigned its own identifying numeral so that 
the full history may be more easily followed. Includes papers on determinants in general, 
determinants and linear equations, symmetric determinants, alternants, recurrents, determi- 
nants having invariant factors, and all other major types. “A model of what such histories 
ought to be,” NATURE. "Mathematicians must ever be grateful to Sir Thomas for his monu- 
mental work,” AMERICAN MATH MONTHLY. Four volumes bound as two. Indices. Bibliog- 
raphies. Total of Ixxxiv + 1977pp. 53/fe x 8. S672-3 The set, Clothbound $12.50 


Calculus and function theory, Fourier theory, infinite series, calculus of 
variations, real and complex functions 

FIVE VOLUME “THEORY OF FUNCTIONS’ SET BY KONRAD KNOPP 

This five-volume set, prepared by Konrad Knopp, provides a complete and readily followed 
account of theory of functions. Proofs are given concisely, yet without sacrifice of complete- 
ness or rigor. These volumes are used as texts by such universities as M.I.T., University of 
Chicago, N. Y. City College, and many others. “Excellent introduction . . . remarkably 
readable, concise, clear, rigorous,” JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION. 

ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book provides the student 
with background for further volumes in this set, or texts on a similar level. Partial contents: 
foundations, system of complex numbers and the Gaussian plane of numbers, Riemann 
sphere of numbers, mapping by linear functions, normal forms, the logarithm, the cyclometric 
functions and binomial series. “Not only for the young student, but also for the student 
who knows all about what is in it,” MATHEMATICAL JOURNAL. Bibliography, index. 140pp. 
5% x 8. S154 Paperbound $1.35 

THEORY OF FUNCTIONS, PART I, Konrad Knopp. With volume II, this book provides coverage 
of basic concepts and theorems. Partial contents: numbers and points, functions of a com- 

S I ex variable, integral of a continuous function, Cauchy’s Integral theorem, Cauchy’s integral 
ormulae. series with variable terms, expansion of analytic functions in power series, analytic 
continuation and complete definition of analytic functions, entire transcendental functions, 
Laurent expansion, types of singularities. Bibliography. Index, vii + 146pp. 5% x 3. 

S156 Paperbound $1.35 
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THEORY OF FUNCTIONS, PART II, Konrad Knapp. Application and further development of 
general theory, special topics. Single valued functions, entire, Welerstrass, Meromorohlc 
functions. Riemann surfaces. Algebraic functions. Analytical configuration, Riemann surface. 
Bibliography. Index, x + 150pp. 5% x 8. Sisf Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1. Konrad Knopp. Problems in ele- 
mentary theory, for use with Knopp's THEORY OF FUNCTIONS, or any other text, arranged 
according to Increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variab e, integral theorems, development in series, conformal mapping. 182 
problems. Answers, vni + 126pp. 5% x 8. S158 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to be used either with Knopp’s THEORY OF FUNCTIONS, or any other com- 
parable text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, 
multiple-valued functions, Riemann surfaces, conformal mapping. Includes a section of addi- 
tional elementary problems. “The difficult task of selecting from the immense material of the 
modern theory of functions the problems just within the reach of the beginner is here 
masterfully accomplished, “ AM. MATH. SOC. Answers. 138pp. 5% x 8. S159 Paperbound $1.35 


A COURSE IN MATHEMATICAL ANALYSIS, Edouard Goursat. Trans, by E. R. Hedrick, 0. Dunkel. 
Classic study of fundamental material thoroughly treated. Exceptionally lucid exposition of 
wide range of subject matter for student with l year of calculus. Vol. 1: Derivatives and 
Differentials, Definite Integrals, Expansion in Series, Applications to Geometry. Problems. 
Index. 52 illus. 556pp. Vol. 2, Part I: Functions of a Complex Variable, Conformal Repre- 
sentations, Doubly Periodic Functions, Natural Boundaries, etc. Problems. Index. 38 illus. 
269pp. Vol. 2, Part 2: Differential Equations, Cauchy-Lipschitz Method, Non-linear Differential 
Equations, Simultaneous Equations, etc. Problems. Index. 308pp. 5% x 8. 

Vol. 1 S554 Paperbound $2.50 
Vol. 2 part 1 S555 Paperbound $1.85 
Vol. 2 part 2 S556 Paperbound $1.85 
3 vol. set $6-20 


MODERN THEORIES OF INTEGRATION, H. Kestelman. Connected and concrete coverage, with 
fully-worked-out proofs for every step. Ranges from elementary definitions through theory 
of aggregates, sets of points, Riemann and Lebesgue integration, and much more. This new 
revised and enlarged edition contains a new chapter on Riemann-Stieltjes integration, as well 
as a supplementary section of 186 exercises. Ideal for the mathematician, student, teacher, 
or self-studier. Index of Definitions and Symbols. General Index. Bibliography, x + 310pp. 
5% x 8%. S572 Paperbound $2.25 


THEORY OF MAXIMA AND MINIMA, H. Hancock. Fullest treatment ever written; only work in 
English with extended discussion of maxima and minima for functions of 1 E 2, or n variables, 
problems with subsidiary constraints, and relevant quadratic forms. Detailed proof of each 
important theorem. Covers the Scheeffer and von Dantscher theories, homogeneous quadratic 
forms, reversion of senes, fallacious establishment of maxima and minima, etc. Unsurpassed 
treatise for advanced students of calculus, mathematicians, economists, statisticians. Index. 
24 diagrams. 39 problems, many examples. 193pp. 5% x 8. S665 Paperbound $1.50 


AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, A. Cayley. Still the fullest and clearest 
text on the theories of Jacobi and Legendre for the advanced student (and an excellent 
supplement for the beginner). A masterpiece of exposition by the great 19th century British 
mathematician (creator of the theory of matrices and abstract geometry), it covers the 
addition-theory, Landen’s theorem, the 3 kinds of elliptic integrals, transformations, the 
q-functions, reduction of a differential expression, and much more. Index, xii + 386pp. 5% x 8. 

S728 Paperbound $2.00 


THE APPLICATIONS OF ELLIPTIC FUNCTIONS, A. G. Greenhill. Modern books forego detail for 
sake of brevity— this book offers complete exposition necessary for proper understanding, 
use of elliptic integrals. Formulas developed from definite physical, geometric problems; 
examples representative enough to offer basic information in widely useable form. Elliptic 
integrals, addition theorem, algebraical form of addition theorem, elliptic integrals of 2nd, 
3rd kind, double periodicity, resolution into factors, series, transformation, etc. Introduction. 
Index. 25 illus: xi + 357pp. 5% x 8. S603 Paperbound $1.75 


THE THEORY OF FUNCTIONS OF REAL VARIABLES, James Plerpont. A 2-volume authoritative 
exposition, by one of the foremost mathematicians of his time. Each theorem stated with 
all conditions, then followed by proof. No need to go through complicated reasoning to dis- 
cover conditions added without specific mention. Includes a particularly complete, rigorous 
presentation of theory of measure; and Pierpont s own work on a theory of Lebesgue 
integrals, and treatment of area of a curved surface. Partial contents, Vol. 1: rational 
numbers, exponentials, logarithms, point aggregates, maxima, minima, proper integrals, 
Improper integrals, multiple proper integrals, continuity, discontinuity, indeterminate forms. 
Vol. 2: point sets, proper integrals, series, power series, aggregates, ordinal nurnbers, 
discontinuous functions, sub-, infra-uniform convergence, much more. Index. 95 illustrations. 
1229pp. 5% x 8. S558-9, 2 volume set, paperbound $5.20 
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FUNCTIONS OF A COMPLEX VARIABLE, James Pierpont. Long one of best in the field. A 
thorough treatment of fundamental elements, concepts, theorems. A complete study, rigor- 
ous, detailed, with carefully selected problems worked out to illustrate each topic. Partial 
contents: arithmetical operations, real term series, positive term series, exponential functions, 
integration, analytic functions, asymptotic expansions, functions of Weierstrass, Legendre, 
etc. Index. List of symbols. 122 illus. 597pp. 5 3 /a x 8. S560 Paperbound $2.45 

MODERN OPERATIONAL CALCULUS: WITH APPLICATIONS IN TECHNICAL MATHEMATICS, N. W. 
McLachlan. An introduction to modern operational calculus based upon the Laplace trans- 
form, applying it to the solution of ordinary and partial differential equations For physi- 
cists, engineers, and applied mathematicians. Partial contents Laplace transform, theorems 
or rules of the operational calculus, solution of ordinary ana partial linear differential 
equations with constant coefficients, evaluation of integrals and establishment of mathe- 
matical relationships, derivation of Laplace transforms of various functions, etc. Six appen- 
dices deal with Heaviside's unit function, etc. Revised edition Index. Bibliography, xiv + 
218pp. 5% x 8V2. S192 Paperbound $1.75 


ADVANCED CALCULUS, E. B. Wilson. An unabridged reprinting of the work which continues 
to be recognized as one of the most comprehensive and useful texts in the field. It contains 
an immense amount of well-presented, fundamental material, including chapters on vector 
functions, ordinary differential equations, special functions, calculus of variations, etc., 
which are excellent introductions to these areas. For students with only one year of cal- 
culus, more than 1300 exercises cover both pure math and applications to engineering 
and physical problems. For engineers, physicists etc , this work, with its 54 page intro- 
ductory review, is the ideal reference and refresher Index, ix + 566pp. 5 3 /s x 8. 

S504 Paperbound $2.45 


ASYMPTOTIC EXPANSIONS, A. ErdGlyi. The only modern work available in English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research. It dis- 
cusses various procedures for asymptotic evaluation of integrals containing a large parameter 
and solutions of ordinary linear differential equations. Bibliography of 71 items, vi + 108pp. 
5% x 8. S318 Paperbound $1.35 


INTRODUCTION TO ELLIPTIC FUNCTIONS: with applications, F. Bowman. Concise, practical 
introduction to elliptic integrals and functions. Beginning with the familiar trigonometric 
functions, it requires nothing more from the reader than a knowledge of basic principles 
of differentiation and integration. Discussion confined to the Jacobian functions. Enlarged 
bibliography. Index. 173 problems and examples 56 figures, 4 tables. 115pp. 5% x 8. 

S922 Paperbound $1.25 


ON RIEMANN’S THEORY OF ALGEBRAIC FUNCTIONS AND THEIR INTEGRALS: A SUPPLEMENT 
TO THE USUAL TREATISES, Felix Klein. Klein demonstrates how the mathematical ideas in 
Riemann's work on Abelian integrals can be arrived at by thinking in terms of the flow 
of electric current on surfaces, intuitive explanations, not detailed proofs given in an 
extremely clear exposition, concentrating on the kinds of Tunctions which can be defined 
on Riemann surfaces. Also useful as an introduction to the origins of topological problems. 
Complete and unabridged. Approved translation by Frances Hardcastle. New introduction. 
43 figures. Glossary, xu + 76pp. 5 3 /e x 8V2. S1072 Paperbound $1.25 

COLLECTED WORKS OF BERNHARD RIEMANN. This important source book is the first to con- 
tain the complete text of both 1892 Werke and the 1902 supplement, unabridged. It contains 
31 monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of 
enormous importance in relativity, topology, theory of complex variables, and other areas 
of mathematics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text. 
English introduction by Hans Lewy. 690pp. 5% x 8. S226 Paperbound $3.75 


THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 

VARIABLE, P. Dienes. This book investigates the entire realm of analytic functions. Only 
ordinary calculus is needed, except in the last two chapters. Starting with an introduction 
to real variables and complex algebra, the properties of infinite senes, elementary func- 
tions, complex differentiation and integration are carefully derived. Also biuniform mapping, 
a thorough two part discussion of representation and singularities of analytic functions, 
overconvergence and gap theorems, divergent series, Taylor series on its circle of con- 
vergence, divergence and singularities, etc. Unabridged, corrected reissue of first edition. 
Preface and index. 186 examples, many fully worked out. 67 figures, xii + 555pp. 5% x 8. 

S391 Paperbound $2.75 


INTRODUCTION TO BESSEL FUNCTIONS, Frank Bowman. A rigorous self-contained exposition 
providing all necessary material during the development, which requires only some knowl- 
edge of calculus and acquaintance with differential equations. A balanced presentation 
including applications and practical use. Discusses Bessel Functions of Zero Order, of Any 
Real Order-, Modified Bessel Functions of Zero Order-, Definite Integrals; Asymptotic Expan- 
sions; Bessel’s Solution to Kepler’s Problem; Circular Membranes; much more. "Clear and 
straightforward . . . useful not only to students of physics and engineering, but to mathe- 
matical students in general," Nature. 226 problems. Short tables of Bessel functions. 27 
figures. Index, x + 135pp. 5% x 8. S462 Paperbound $ 1.35 
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ELEMENTS OF THE THEORY OF REAL FUNCTIONS, i. E. Llttlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introducing 
graduate students to the modern theory of functions. It offers a full and concise coverage 
of classes and cardinal numbers, well-ordered series, other types of series, and elements 
of the theory of sets of points. 3rd revised edition, vii + 71pp. 5% x 8. 

5171 Clothbound $2.85 

5172 Paperbound $1.25 

TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. First English translation of work 
by leading Soviet mathematician. Thue-Siegel theorem, its p-adic analogue, on approximation 
of algebraic numbers by numbers in fixed algebraic field; Hermite-Lindemann theorem on 
transcendency of Bessel functions, solutions of other differential equations; Gelfond-Schneider 
theorem on transcendency of alpha to power beta; Schneider’s work on elliptic functions, 
with method developed by Gelfond. Translated by L. F. Boron. Index. Bibliography. 200pp. 
5% x 8. S615 Paperbound $1.75 


ELLIPTIC INTEGRALS, H. Hancock. Invaluable in work involving differential equations contain- 
ing cubics or quartics under the root sign, where elementary calculus methods are inade- 
quate. Practical solutions to problems that occur in mathematics, engineering, physics? 
differential equations requiring integration of Lamp's, Briot’s, or Bouquet’s equations; deter- 
mination of arc of ellipse, hyperbola, lemmscate; solutions of problems in elastica; motion 
of a projectile under resistance varying as the cube of the velocity; pendulums; many 
others. Exposition is in accordance with Legendre-Jacobi theory and includes rigorous dis- 
cussion of Legendre transformations. 20 figures. 5 place table. Index. 104pp. 5Ve x 8. 

S484 Paperbound $1.25 


LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of the only book 
in English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrasse, 
Hermite, Liouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
theory, in discussing elliptic function (the universe of elliptic integrals originating in works 
of Abel and Jacobi), their existence, and ultimate meaning. Use is made of Riemann to 
provide the most general theory 40 page table of formulas. 76 figures, xxiil + 498pp. 

S483 Paperbound $2.55 


THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER'S SERIES, 
E. W. Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier’s series. Requires only a good background in calculus. Provides an exhaustive 
coverage of: metric and descriptive properties of sets of points; transfimte numbers and 
order types; functions of a real variable; the Riemann and Lebesgue integrals; sequences 
and series of numbers; power-series; functions representable by series sequences of continuous 
functions; trigonometrical series; representation of functions by Fourier’s series; complete 
exposition (200pp.) on set theory; and much more. “The best possible guide,’’ Nature. Vol. I: 
88 detailed examples, 10 figures. Index, xv + 736pp. Vol. II: 117 detailed examples, 13 
figures. Index, x + 780pp. 6Va x 9V*. Vol. I: S387 Paperbound $3.00 

Vol. II: S388 Paperbound $3.00 

ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr's theory of 
almost periodic functions-. (1) as a generalization of pure periodicity, with results and 

B roofs; (2) the work done by Stepanoff, Wiener, Weyl, and Bohr in generalizing the theory. 
Ibliography. xi + 180pp. 5% x 8. S18 Paperbound $1.75 

THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, is listed In the Great Books program, and many other listings of great 
books. It has been used with profit by generations of mathematicians and physicists who are 
interested in either heat or in the application of the Fourier integral. Covers cause and 
reflection of rays of heat, radiant heating, heating of closed spaces, use of trigonometric 
series in the theory of heat, Fourier integral, etc. Translated by Alexander Freeman. 20 
figures, xxii + 466pp. 5% x 8. S93 Paperbound $2.50 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip Franklin. 

Concentrates upon essentials, enabling the reader with only a working knowledge of calculus 
to gain an understanding of Fourier methods in a broad sense, suitable for most applica- 
tions. This work covers complex qualities with methods of computing elementary functions 
for complex values of the argument and finding approximations by the use of charts; 
Fourier series and integrals with half-range and complex Fourier senes; harmonic analysis; 
Fourier and Laplace transformations, etc.,- partial differential equations with applications to 
transmission of electricity; etc. The methods developed are related to physical problems of 
heat How, vibrations, electrical transmission, electromagnetic radiation, etc. 828 problems 
with answers. Formerly entitled “Fourier Methods.’’ Bibliography. Index, x -I- 289pp. 5% x 8. 

S452 Paperbound $2.00 

THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integral as link between pure and applied math. An expansion 
of lectures given at Cambridge. Partial contents: Plancherel's theorem, general Taubenan 
theorem, special Taubenan theorems, generalized harmonic analysis. Bibliography, vtil + 
201pp. 5% x 8. S272 Paperbound $1.50 
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Differential equations, ordinary and partial; integral equations 

INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing Intuitive rather than 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law 
of causality, energy theorem, damped oscillations, coupling by friction, cylindrical and 
spherical coordinates, heat source, etc. Index. 46 figures. 160pp. 5% x 8. 

S120 Paperbound $1.25 

INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EQUATIONS, E. G. Poole. Authorita- 
tive discussions of important topics, with methods of solution more detailed than usual, for 
students with background of elementary course in differential equations. Studies existence 
theorems, linearly independent solutions; equations with constant coefficients; with uniform 
analytic coefficients; regular singularities; the hypergeometric equation; conformal repre- 
sentation; etc. Exercises. Index. 210pp. 5% x 8. S629 Paperbound $1.65 

DIFFERENTIAL EQUATIONS FOR ENGINEERS, P. Franklin. Outgrowth of a course given 10 
years at M. I. T. Makes most useful branch of pure math accessible for practical work. 
Theoretical basis of D.E.'s; solution of ordinary D.E.'s and partial derivatives arising from 
heat flow, steady-state temperature of a plate, wave equations; analytic functions; con- 
vergence of Fourier Series. 400 problems on electricity, vibratory systems, other topics. 
Formerly “Differential Equations for Electrical Engineers." index 41 illus. 307pp. 5% x 8. 

S601 Paperbound $1.65 

DIFFERENTIAL EQUATIONS, F. R. Moulton. A detailed, rigorous exposition of all the non- 
elementary processes of solving ordinary differential equations. Several chapters devoted to 
the treatment of practical problems, especially those of a physical nature, which are far 
more advanced than problems usually given as illustrations. Includes analytic differential 
equations; variations of a parameter; integrals of differential equations; analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions; deviation of formal bodies; 
Cauchy-Lipschitz process; linear differential equations with periodic coefficients; differential 
equations in Infinitely many variations; much more. Historical notes. 10 figures. 222 prob- 
lems. Index, xv + 395pp. 5% x 8. S451 Paperbound $2.00 


DIFFERENTIAL AND INTEGRAL EQUATIONS OF MECHANICS AND PHYSICS (DIE DIFFERENTIAL- 
UND INTEGRALGLEICHUNGEN DER MECHANIK UNO PHYSIK), edited by P. Frank and R. von 

Mises. Most comprehensive and authoritative work on the mathematics of mathematical 
physics available today in the United States: the standard, definitive reference for teachers, 
physicists, engineers, and mathematicians — now published (in the original German) at a rela- 
tively inexpensive price for the first time! Every chapter in this 2,000-page set is by an 
expert in his field: Carath6odory, Courant, Frank, Mises, and a dozen others. Vol I, on 
mathematics, gives concise but complete coverages of advanced calculus, differential equa- 
tions, integral equations, and potential, and partial differential equations. Index, xxiii + 
916pp. Vol. II (physics): classical mechanics, optics, continuous mechanics, heat conduction 
and diffusion, the stationary and quasi-stationary electromagnetic field, electromagnetic 
oscillations, and wave mechanics. Index, xxiv + 1106pp. Two volume set. Each volume avail- 
able separately. 5% x 8%. S787 Vol > Clothbound $7.50 

S768 Vol II Clothbound $7.50 
The set $15.00 


LECTURES ON CAUCHY’S PROBLEM, i. Hadamard. Based on lectures given at Columbia, Rome, 
this discusses work of Riemann, Kirchhoff, Volterra, and the author's own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical 
waves to apply to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, 
fundamental formula, equations with odd number, with even number of independent var- 
iables; method of descent. 32 figures. Index, iii ■+■ 316pp. 5% x 8. S105 Paperbound $1.75 


THEORY OF DIFFERENTIAL EQUATIONS, A. R. Forsyth. Out of print for over a decade, the 
complete 6 volumes (now bound as 3) of this monumental work represent the most com- 
prehensive treatment of differential equations ever written. Historical presentation includes 
in 2500 pages every substantial development. Vol. 1, 2: EXACT EQUATIONS, PFAFF’S 
PROBLEM; ORDINARY EQUATIONS, NOT LINEAR: methods of Grassmann, Clebsch, Lie, Dar- 
boux; Cauchy’s theorem; branch points; etc. Vol. 3, 4: ORDINARY EQUATIONS, NOT LINEAR; 
ORDINARY LINEAR EQUATIONS: Zeta Fuchsian functions, general theorems on algebraic 
integrals, Brun’s theorem, equations with uniform periodic coffiecients, etc. Vol. 4, 5: 
PARTIAL DIFFERENTIAL EQUATIONS: 2 existence-theorems, equations of theoretical dynamics, 
Laplace transformations, general transformation of equations of the 2nd order, much more. 
Indexes. Total of 2766pp. 5% x 8. S576-7-8 Clothbound: the set $15.00 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on 
elasticity, compression theory, potential theory, theory of sound, heat conduction, wave 
propagation, vibration theory. Contents include: deduction of differential equations, vibra- 
tions, normal functions. Fourier’s series, Cauchy’s method, boundary problems, method of 
Riemann-Volterra. Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures, 
vi I -t- 440pp. 5% x 8. S263 Paperbound $2.00 
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ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, solu- 
tions in an infinite form, definite integrals, algebraic theory, Sturmian theory, boundary prob- 
lems, existence theorems, 1st order, higher order, etc. “Deserves the highest praise, a notable 
addition to mathematical literature,” BULLETIN, AM. MATH. SOC. Historical appendix. Bib- 
liography. 18 figures., viii + 558pp. 534 x 8. S349 Paperbound $2.75 

INTRODUCTION TO NONLINEAR DIFFERENTIAL AND INTEGRAL EQUATIONS, Harold T. Davis. 

A thorough introduction to this important area, of increasing interest to mathematicians and 
scientists. First published by the United States Atomic Energy Commission, it includes chap- 
ters on the differential equation of the first order, the Riccati equation (as a bridge between 
linear and nonlinear equations), existence theorems, second order equations, elliptic integrals 
elliptic functions, and theta functions, second order differential equations of polynomial' 
class, continuous analytic continuation, the phase plane and its phenomena, nonlinear me- 
chanics, the calculus of variations, etc. Appendices on Painlev6 transcendents and Van der 
Pol and Volterra equations. Bibliography of 350 items. 137 problems. Index, xv + 566pp. 
5% x 8V2. S971 Paperbound $2.00 

THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EQUATIONS, Vito 
Volterra. Unabridged republication of the only English translation. An exposition of the 
general theory of the functions depending on a continuous set of values of another function, 
based on the author's fundamental notion of the transition from a finite number of variables 
to a continually infinite number. Though dealing primarily with integral equations, much 
material on calculus of variations is included. The work makes no assumption of previous 
knowledge on the part of the reader. It begins with fundamental material and proceeds to 
Generalization of Analytic Functions, Integro-Differential Equations, Functional Derivative 
Equations, Applications, Other Directions of Theory of Functionals, etc. New introduction by 
G. C. Evans. Bibliography and criticism of Volterra's work by E. Whittaker. Bibliography. 
Index of authors cited. Index of subjects, xxxx + 226pp. 534 x 8. S502 Paperbound $ 1.75 

LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics. 
Partial contents: integral equation of 2nd kind by successive substitutions; Fredholm’s equa- 
tion as ratio of 2 integral series in lambda, applications of the Fredholm theory, Hilbert- 
Schmidt theory of symmetric kernels, application, etc. Neumann, Dirichlet, vibratory prob- 
lems. Index, ix + 253pp. 534 x 8. S176 Paperbound $ 1.60 


Foundations of mathematics 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type of 
serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, It offers an easily followed analysis of ordered classes, 
discrete and dense series, continuous series, Cantor’s transfmite numbers. 2nd edition. Index. 

viii + 82pp. 534 \ 8. S130 Paperbound $1.00 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 

These papers founded a new branch of mathematics. The famous articles of 1895-7 are 
translated, with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the back- 
ground of his discoveries, their results, future possibilities. Bibliography, index. Notes. 

ix + 211 pp. 534 x 8. S45 Paperbound $1.35 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. 


This classic text is an outgrowth of Klein's famous Integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic 
topics in each area, illustrating its discussion with extensive analysis. It is especially 
valuable in considering areas of modern mathematics. “Makes the reader feel the inspiration 
of ... a great mathematician, inspiring teacher . . . with deep insight into the founda- 
tions and interrelations,” BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, 
it enlivens abstract discussion with graphical and geometrically perceptual methods. Partial 
contents: natural numbers, extension of the notion of number, special properties, complex 
numbers. Real equations with real unknowns, complex quantities. Logarithmic, exponential 
functions, gomometric functions, infinitesimal calculus. Transcendence of e and pi, theory 
of assemblages. Index. 125 figures, ix + 274pp . 534 x 8. S150 Paperbound $ 1.83 


Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent 
in geometry with analytic formulas which facilitate precise formulation. Partial contents: 
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ESSAYS ON THE THEORY OF NUMBERS: 1. CONTINUITY AND IRRATIONAL NUMBERS; 2. THE 
NATURE AND MEANING OF NUMBERS, Richard Dedeklnd. The two most important essays on 
the logical foundations of the number system by the famous German mathematician. The 
first provides a purely arithmetic £nd perfectly rigorous foundation for irrational numbers and 
thereby a rigorous meaning to continuity in analysis. The second essay is an attempt to 

? ;ive a logical basis for transfmite numbers and properties of the natural numbers. Discusses 
he logical validity of mathematical Induction. Authorized English translations by W. w. 
Deman of "Stetfgkeit und irrationale Zahlen” and "Was sind und was sollen die Zahlen?" 
vll + 115pp. 5% x 8. T1010 Paperbound $1.00 


Geometry 

THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. The first rigorous account of 
Euclidean geometry, establishing propositions without recourse to empiricism, and without 
multiplying hypotheses. Corrects many traditional weaknesses of Euclidean proofs, and 
investigates the problems imposed on the axiom system by the discoveries of Bolyai and 
Lobachevsky. Some topics discussed are Classes and Relations; Axioms for Magnitudes; 
Congruence and Similarity; Algebra of Points; Hessenberg’s Theorem; Continuity; Existence 
of Parallels; Reflections; Rotations; Isometries; etc. Invaluable for the light it throws on 
foundations of math. Lists: Axioms employed, Symbols, Constructions. 295pp. 5% x 8. 

S481 Paperbound $2.00 

ADVANCED EUCLIDEAN GEOMETRY, R. A. Johnson. For years the standard textbook on advanced 
Euclidean geometry, requires only high school geometry and trigonometry. Explores in unusual 
detail and gives proofs of hundreds of relatively recent theorems and corollaries, many 
formerly available only m widely scattered journals. Covers tangent circles, the theorem of 
Miquel, symmedian point, pedal triangles and circles, the Brocard configuration, and much 
more. Formerly "Modern Geometry." Index. 107 diagrams, xiii + 319pp. 5% x 8. 

S669 Paperbound $1.65 

HIGHER GEOMETRY: AN INTRODUCTION TO ADVANCED METHODS IN ANALYTIC GEOMETRY, F. S. 
Woods. Exceptionally thorough study of concepts and methods of advanced algebraic geometry 
(as distinguished from differential geometry). Exhaustive treatment of 1-, 2-, 3-, and 4- 
dimensional coordinate systems, leading to n-dimensional geometry in an abstract sense. 
Covers projectivity, tetracyclical coordinates, contact transformation, pentaspherical coordi- 
nates, much more. Based on M.l.T. lectures, requires sound preparation in analytic geometry 
and some knowledge of determinants. Index. Over 350 exercises. References. 60 figures. 
X + 423pp. 5% x 8. S737 Paperbound $2.00 

CONTEMPORARY GEOMETRY, Andr£ Delachet. Translated by Howard G. Bergmann. The recent 
developments in geometry covered in uncomplicated fashion. Clear discussions of modern 
thinking about the theory of groups, the concept of abstract geometry, projective geometry, 
algebraic geometry, vector spaces, new kinds of metric spaces, developments in differen- 
tial geometry, etc. A large part of the book is devoted to problems, developments, and 
applications of topology. For advanced undergraduates and graduate students as well as 
mathematicians in other fields who want a brief introduction to current work in geometry. 
39 figures. Index, xix + 94pp. 5% x 8V2. S988 Paperbound $1.00 

ELEMENTS OF PROJECTIVE GEOMETRY, L. Cremona. Outstanding complete treatment of projec- 
tive geometry by one of the foremost 19th century geometers Detailed proofs of all funda- 
mental principles, stress placed on the constructive aspects. Covers homology, law of duality, 
anharmonic ratios, theorems of Pascal and Brianchon, foci, polar reciprocal figures, etc. Only 
ordinary geometry necessary to understand this honored classic. Index Over 150 fully worked 
out examples and problems. 252 diagrams, xx + 302pp. 5% x 8. S668 Paperbound $1.75 

AN INTRODUCTION TO PROJECTIVE GEOMETRY, R. M. Winger. One of the best introductory 
texts to an Important area in modern mathematics. Contains full development of elementary 
concepts often omitted in other books. Employing the analytic method to capitalize on the 
student’s collegiate training in algebra, analytic geometry and calculus, the author deals 
with such topics as Essential Constants, Duality, The Line at Infinity, Projective Properties 
and Double Ratio, Projective Coordinates, The Conic, Collmeations and Involutions in One 
Dimension, Binary Forms, Algebraic Invariants, Analytic Treatment of the Conic, Collinea- 
tions in the Plane, Cubic Involutions and the Rational Cubic Curve, and a clear discussion 
of Non-Euclidean Geometry. For senior-college students and graduates. "An excellent text- 
book . . . very clearly written . . . propositions stated concisely," A Emch, Am. Math. 
Monthly. Corrected reprinting. 928 problems. Index. 116 figures, xii + 443pp. 5% x 8. 

S949 Paperbound $2.00 

ALGEBRAIC CURVES, Robert J. Walker, Professor of Mathematics, Cornell University. Fine 
introduction to algebraic geometry. Presents some of the recently developed algebraic meth- 
ods of handling problems in algebraic geometry, shows how these methods are related to 
the older analytic and geometric problems, and applies them to those same geometric prob- 
lems. Limited to the theory of curves, concentrating on birationa! transformations. Contents: 
Algebraic Preliminaries, Projective Spaces, Plane Algebraic Curves, Formal Power Series, 
Transformations of a Curve, Linear Series. 25 illustrations. Numerous exercises at ends of 
sections. Index, x 4- 201pp. 5% x 8V2. S336 Paperbound $1.80 
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THE ADVANCED GEOMETRY OF PLANE CURVES AND THEIR APPLICATIONS, C. Zwikker. An un- 
usual study of many important curves, their geometrical properties and their applications, 
Including discussions of many less well-known curves not often treated in textbooks on 
synthetic and analytic Euclidean geometry. Includes both algebraic and transcendental curves 
such as the conic sections, kinked curves, spirals, lemniscates, cycloids, etc. and curves 
generated as involutes, evolutes, anticaustics, pedals, envelopes and orthogonal trajectories. 
Dr. Zwikker represents the points of the curves by complex numbers instead of two real 
Cartesian coordinates, allowing direct and even elegant proofs. Formerly: “Advanced Plane 
Geometry." 273 figures, xii + 299pp. 53/ 8 x 8V2. S1078 Paperbound $2.00 


A TREATISE ON THE DIFFERENTIAL GEOMETRY OF CURVES AND SURFACES, L. P. Eisenhart. 

Introductory treatise especially for the graduate student, for years a highly successful text- 
book. More detailed and concrete in approach than most more recent books. Covers space 
curves, osculating planes, moving axes, Gauss’ method, the moving trihedral, geodesics, 
conformal representation, etc. Last section deals with deformation of surfaces, rectilinear 
congruences, cyclic systems, etc. Index. 683 problems. 30 diagrams, xii + 474pp. 5% x 8. 

S667 Paperbound $2.75 


A TREATISE ON ALGEBRAIC PLANE CURVES, J. L. Coolidge. Unabridged reprinting of one of 
few full coverages in English, offering detailed introduction to theory of algebraic plane 
curves and their relations to geometry and analysis. Treats topological properties, Rlemann- 
Roch theorem, all aspects of wide variety of curves including real, covariant, polar, contain- 
ing series of a given sort, elliptic, polygonal, rational, the pencil, two parameter nets. etc. 
This volume will enable the reader to appreciate the symbolic notation of Aronhold and 
Clebsch. Bibliography. Index. 17 illustrations, xxiv + 513pp. 5 3 /a x 8. S543 Paperbound $2.75 


AN INTRODUCTION TO THE GEOMETRY OF N DIMENSIONS, 0. M. Y. Sommerville. An introduc- 
tion presupposing no prior knowledge of the field, the only book in English devoted exclu- 
sively to higher dimensional geometry. Discusses fundamental ideas of incidence, parallelism, 
perpendicularity, angles between linear space; enumerative geometry; analytical geometry 
from projective and metric points of view; polytopes; elementary ideas in analysis situs; 
content of 'hyper-spacial figures. Bibliography. Index. 60 diagrams. 196pp. 5% x 8. 

S494 Paperbound $1.50 


GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, and mostly Euclidean, although In hyperplanes and hyper- 
spheres at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 
4-dimensional geometry. Perpendicularity, simple angles. Angles of planes, higher order. 
Symmetry, order, motion; hyperpyramids, hypercones, hyperspheres; figures with parallel 
elements; volume, hypervolume in space; regular polyhedroids. Glossary. 78 figures, ix + 
348pp. 5% x 8. S182 Paperbound $2.00 


CONVEX FIGURES AND POLYHEDRA, L. A. Lyusternik. An excellent elementary discussion by 
a leading Russian mathematician. Beginning with the basic concepts of convex figures and 
bodies and their supporting lines and planes, the author covers such matters as centrally 
symmetric convex figures, theorems of Euler, Cauchy, Steinitz and Alexandrov on convex 
polyhedra, linear systems of convex bodies, planar sections of convex bodies, the Brunn- 
Minkowski inequality and its consequences, and many other related topics. No more than a 
high school background in mathematics needed for complete understanding. First English 
translation by T. J. Smith. 182 illustrations. Index, x + 176po. 5% x 8V2. 

S1021 Paperbound $1.50 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom- 
etry. It examines from both a historical and mathematical point of view the geometries 
which have arisen from a study of Euclid’s 5th postulate upon parallel lines. Also .included 
are complete texts, translated, of Bolyai's SCIENCE OF ABSOLUTE SPACE. Lobachevsky’s 
THEORY OF PARALLELS. 180 diagrams. 431pp. 5% x 8. S27 Paperbound $2.00 


ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D. M. Y. Sommerville. Unique in proceeding step- 
by-step, in the manner of traditional geometry. Enables the student with only a good 
knowledge of high school algebra and geometry to grasp elementary hyperbolic, elliptic, 
analytic non-Euclidean geometries; space curvature and its philosophical implications; 
theory of radical axes; homothetic centres and systems of circles; parataxy and parallelism; 
absolute measure; Gauss’ proof of the defect area theorem; geodesic representation; much 
more, all with exceptional clarity. 126 problems at chapter endings provide progressive 
practice and familiarity. 133 figures. Index, xvi + 274pp. 5% x 8. S46D Paperbound $1.50 


INTRODUCTORY NON-EUCLIDEAN GEOMETRY, H. P. Manning. Sound elementary introduction to 
non-Euclidean geometry. The first two thirds (Pangeometry and the Hyperbolic Geometry) 
require a grasp of plane and solid geometry and trigonometry. The last sections (the 

Elliptic Geometry and Analytic Non-Euclidean Geometry) necessitate also basic college Cal- 

culus for understanding the text. The book does not propose to investigate the foundations 
of geometry, but rather begins with the theorems common to Euclidean and non-Euclidean 
geometry and then takes up the specific differences between them. A simple and direct 
account of the bases of this important branch of mathematics for teachers and students. 

94 figures, vii + 95pp. 5% x 8. S310 Paperbound $1.00 
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ELEMENTARY CONCEPTS OF T0P0L06Y, P. Alexandroff. First English translation of the famous 
brief introduction to topology for the beginner or for the mathematician not undertaking 
extensive study. This unusually useful intuitive approach deals primarily with the concepts of 
complex, cycle, and homology, and is wholly consistent with current investigations. Ranges 
from basic concepts of set-theoretic topology to the concept of Betti groups. "Glowing 
example of harmony between Intuition and thought," David Hilbert. Translated by A. E. Farley. 
Introduction by D. Hilbert. Index. 25 figures. 73pp. 5% x 8. S747 Paperbound $1.00 


Number theory 

INTRODUCTION TO THE THEORT OF NUMBERS, L. E. Dickson. Thorough, comprehensive op- 
proach with adequate coverage of classical literature, an introductory volume beginners 
can follow. Chapters on divisibility, congruences, quadratic residues & reciprocity, Dlophantine 
equations, etc. Full treatment of binary quadratic forms without usual restriction to integral 
coefficients. Covers infinitude of primes, least residues, Fermat’s theorem, Euler’s phi 
function, Legendre's symbol, Gauss’s lemma, automorphs, reduced forms, recent theorems 
of Thue & Siegel, many more. Much material not readily available elsewhere. 239 prob- 
lems. Index. I figure, viii + 183pp. 5% x 8. S342 Paperbound $1.65 


ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics: 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents-, divisibility theory, important number 
theoretical functions, congruences, primitive roots and Indices, etc. Solutions to both 
problems and exercises. Tables of primes, indices, etc. Covers almost every essential formula 
in elementary number theory! Translated from Russian. 233 problems, 104 exercises, viii + 
227pp. 5% x 8. S259 Paperbound $1.60 


THEORY OF NUMBERS and DIOPHANTINE ANALYSIS, R. D. Carmichael. These two complete 
works in one volume form one of the most lucid Introductions to number theory, requiring only 
a firm foundation in high school mathematics. "Theory of Numbers,” partial contents: 
Eratosthenes' sieve, Euclid's fundamental theorem, G.C.F. and L.C.M. of two or more integers, 
linear congruences, etc "Diophantine Analysis”: rational triangles, Pythagorean triangles, 
equations of third, fourth, higher degrees, method of functional equations, much more. "Theory 
of Numbers": 76 problems. Index. 94pp. "Diophantine Analysis”: 222 problems. Index. 118pp. 
5% x 8. S529 Paperbound $1.33 


Numerical analysis, tables 

MATHEMATICAL TABLES AND FORMULAS, Compiled by Robert B. Carmichael and Edwin R. 
Smith. Valuable collection for students, etc. Contains all tables necessary in college algebra 
and trigonometry, such as five-place common logarithms, logarithmic sines and tangents of 
small angles, logarithmic trigonometric functions, natural trigonometric functions, four-place 
antilogarithms, tables for changing from sexagesimal to circular and from circular to sexa- 
gesimal measure of angles, etc. Also many tables and formulas not ordinarily accessible, 
Including powers, roots, and reciprocals, exponential and hyperbolic functions, ten-place 
logarithms of prime numbers, and formulas and theorems from analytical and elementary 
geometry and from calculus. Explanatory introduction, viii + 269pp. 5% x 8V2. 

Sill Paperbound $1.00 

MATHEMATICAL TABLES, H. B. Dwight. Unique for its coverage in one volume of almost every 
function of importance in applied mathematics, engineering, and the physical sciences. 
Three extremely fine tables of the three trig functions and their inverse functions to 
thousandths of radians; natural and common logarithms; squares, cubes; hyperbolic functions 
and the inverse hyperbolic functions: (a 2 + b 2 ) exp. Via; complete elliptic integrals of the 
1st and 2nd kind; sine and cosine integrals-, exponential integrals Ei(x) and Ei( — x); binomial 
coefficients; factorials to 250; surface zonal harmonics ana first derivatives; Bernoulli and 
Euler numbers and their logs to base of 10; Gamma function-, normal probability Integral; 
over 60 pages of Bessel functions,- the Riemann Zeta function. Each table with formulae 
generally used, sources of more extensive tables, interpolation data, etc. Over half have 
columns of differences, to facilitate Interpolation. Introduction. Index, viii + 231pp. 5% x 8. 

S445 Papertapnd $1.75 

TA5LE5 OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world's most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent 
functions. 4th corrected edition, new 76-page section giving tables, formulae for elementary 
functions — not In other English editions. Partial contents: sine, cosine, logarithmic integral; 
factorial function; error integral; theta functions; elliptic integrals, functions; Legendre, 
Bessel, Riemann, Methieu, hypergeometric functions, etc. Supplementary books. Bibliography. 
Indexed. "Out of the way functions for which we know no other source," SCIENTIFIC COM- 
PUTING SERVICE, Ltd. 212 figures. 400pp. 5% x 8. S133 Paperbound $2.00 
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JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Mllne-Thomson. An easy to follow, practical 
book which gives not only useful numerical tables, but also a complete elementary sketch 
of the application of elliptic functions. It covers Jacobian elliptic functions and a description 
of their principal properties; complete elliptic integrals; Fourier senes and power series 
expansions: periods, zeros, poles, residues, formulas for special values of the argument; 
transformations, approximations, elliptic integrals, conformal mapping, factorization of cubic 
and quartic polynomials; application to the pendulum problem; etc. Tables and graphs form 
the body of the book: Graph, 5 figure table of the elliptic function an (u m); cn (u m); 
dn (u m). 8 figure table of complete elliptic Integrals K, K', E, E' and the nome q. 7 figure 
table of the Jacobian zeta-function Z(u). 3 figures, xi + 123pp. 5% x 8. 

S194 Paperbound $1.38 


TABLES OF INDEFINITE INTEGRALS, G. Petit Bois. Comprehensive and accurate, this orderly 
grouping of over 2500 of the most useful Indefinite integrals will save you hours of laborious 
mathematical groundwork. After a list of 49 common transformations or integral expressions, 
with a wide variety of examples, the book takes up algebraic functions, irrational monomials, 
products and quotients of binomials, transcendental functions, natural logs, etc. You will 
rarely or never encounter an integral of an algebraic or transcendental function not Included 
here: any more comprehensive set of tables costs at least $12 or $15. Index. 2544 integrals, 
xil + 154pp. 6V% x 9V4. S225 Paperbound $2.00 

SUMMATION OF SERIES, Collected by L. B. W. Jolley. Over 1100 common series collected, 
summed, and grouped for easy reference — for mathematicians, physicists, computer techni- 
cians, engineers, and students. Arranged for convenience into categories, such as arith- 
metical and geometrical progressions, powers and products of natural numbers, figurate and 
polygonal numbers, inverse natural numbers, exponential and logarithmic series, binomial 
expansions simple inverse products, factorials and trigonometric and hyperbolic expansions. 
Also included are series representing various Bessel functions, elliptic integrals; discussions 
of special series involving Legendre polynomials, the zeta function, Bernoulli’s function, 
and similar expressions. Revised, enlarged second edition. New preface, xii 4- 251pp. 5% 
x 8 Vfe. S23 Paperbound $2.25 

A TABLE OF THE INCOMPLETE ELLIPTIC INTEGRAL OF THE THIRD KIND, R. G. SelfrldfO, J. E. 
Maxfield. The first complete 6-place tables of values of the incomplete integral of the third 
kind, prepared under the auspices of the Research Department of the U.S. Naval Ordnance 
Test Station. Calculated on an IBM type 704 calculator and thoroughly verified by echo- 
checking and a check integral at the completion of each value of a. Of inestimable value 
In problems where the surface area of geometrical bodies can only be expressed in terms 
of the incomplete integral of the third and lower kinds; problems In aero-, fluid-, and 
thermodynamics involving processes where nonsymmetrical repetitive volumes must be 
determined; various types of seismological problems; problems of magnetic potentials due to 
circular current; etc. Foreword. Acknowledgment. Introduction. Use of table, xiv + 805pp. 
5% x 8%. S501 Clothbound $7.50 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Wlllers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to Interpolate, use 
various methods of numerical differentiation and integration, determine the roots of a single 
algebraic equation, system of linear equations, use empirical formulas, integrate differential 
equations, etc. Hundreds of shortcuts for arriving at numerical solutions. Special section on 
American calculating machines, by T. W. Simpson. 132 illustrations. 422pp. 5% x 8. 

S273 Paperbound $2.00 


NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, A. A. Bennett, W. E. Milne, H. 
Bateman. Republication of original monograph prepared for National Research Council. New 
methods of integiation of differential equations developed by 3 leading mathematicians: THE 
I NTERPOLAT IONAL POLYNOMIAL and SUCCESSIVE APPROXIMATIONS by A. A. Bennett; STEP-BY- 
STEP METHODS OF INTEGRATION by W. W. Milne; METHODS FOR PARTIAL DIFFERENTIAL 
EQUATIONS by H. Bateman. Methods for partial differential equations, transition from differ- 
ence equations to differential equations, solution of differential equations to non-integral 
values of a parameter will interest mathematicians and physicists. 288 footnotes, mostly 
bibliographic; 235-item classified bibliography. 108pp. 54% x 8. S305 Paperbound $1.35 


INTRODUCTION TO RELAXATION METHODS. F. S. Shaw. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear 
simultaneous equations, linear ordinary differential equations, partial differential equations. 
Eigen-value problems by relaxation methods. Detailed examples throughout. Special tables 
for dealing with awkwardly-shaped boundaries. Indexes. 253 diagrams. 72 tables. 400pp. 
5% x 8. S244 Paperbound $2.48 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy $ E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. 
All must pass 2 requirements: easy to grasp and practical, more rapid than school methods. 
Partial contents: graphical integration of differential equations, graphical methods for de- 
tailed solution. Numerical solution. Simultaneous equations and equations of 2nd and higher 
orders. “Should be in the hands of all In research in applied mathematics, teaching,” 
NATURE. 21 figures, vlil + 236pp. 54% x 8. S168 Paperbound $1.75 
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Probability theory and information theory 

AN ELEMENTARY INTRODUCTION TO THE THEORY OF PROBABILITY, B. V. Gnedenko and A. Ya. 
Kh inch In. Translated by Leo F. Boron. A clear, compact introduction designed to equip the 
reader with a fundamental grasp of the theory of probability. It is thorough and authori- 
tative within its purposely restricted range, yet the layman with a background in elementary 
mathematics will be able to follow It without difficulty. Covers such topics as the processes 
involved in the calculation of probabilities, conditional probabilities and the multiplication 
rule, Bayes's formula, Bernoulli’s scheme and theorem, random variables and distribution 
laws, and dispersion and mean deviations. New translation of fifth (revised) Russian edi- 
tion (1960) — the only translation checked and corrected by Gnedenko. New preface for Dover 
edition by B. V. Gnedenko. Index. Bibliography. Appendix: Table of values of function ^(a). 
xi i + 130pp. 5% x 8V2. T155 Paperbound $1.50 


AN INTRODUCTION TO MATHEMATICAL PROBABILITY, Julian Lowell Coolidge. A thorough intro- 
duction which presents the mathematical foundation of the theory of probability. A sub- 
stantial body of material, yet can be understood with a knowledge of only elementary cal- 
culus. Contains: The Scope and Meaning of Mathematical Probability; Elementary Principles 
of Probability; Bernoulli's Theorem; Mean Value and Dispersion; Geometrical Probability; 
Probability or Causes; Errors of Observation; Errors m Many Variables; Indirect Observations; 
The Statistical Theory of Gases; and The Principles of Life Insurance. Six pages of logarithm 
tables. 4 diagrams. Subject and author indices, xm + 214pp. 5% x 8V2. 

S258 Paperbound $1.35 

A GUIDE TO OPERATIONS RESEARCH, W. E. Duckworth. A brief nontechnical exposition of 
techniques and theories of operational research. A good introduction for the layman; also 
can provide the initiate with new understandings. No mathematical training needed, yet not 
an oversimplification. Covers game theory, mathematical analysis, information theory, linear 
programming, cybernetics, decision theory, etc. Also includes a discussion of the actual 
organization of an operational research program and an account of the uses of such pro- 
grams in the oil, chemical, paper, and metallurgical industries, etc. Bibliographies at 
chapter ends. Appendices. 36 figures. 145pp. 5 1 /* x 8V2. T1129 Clothbound $3.50 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. For the first time 
mathematicians, statisticians, physicists, cyberneticists, and communications engineers are 
offered a complete and exact introduction to this relatively new field. Entropy as a measure of 
a finite scheme, applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any ergodic source and any stationary channel 
with finite memory, and much more are covered. Bibliography, vii + 120pp. 5% x 8. 

S434 Paperbound $1.35 

SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 

Illinois. 6 basic papers for newcomers in the field, for those whose work involves noise 
characteristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob. In- 
cluded is Kac’s Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 
articles, up through 1953. 21 figures. 337pp. 6Vb x 9V4. S262 Paperbound $2.50 

THEORY OF PROBABILITY, William Burnside. Synthesis, expansion of individual papers pre- 
sents numerous problems in classical probability, offering many oiiginal views succinctly, 
effectively. Game theory, cards, selections from groups; geometrical probability in such 
areas as suppositions as to probability of position of point on a line, points on surface 
of sphere, etc. Includes methods of approximation, theory of errors, direct calculation of 
probabilities, etc. Index. 136pp. 5 3 /a x 8. S567 Paperbound $1.00 


Statistics 

ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES. 
F. E. Croxton. A sound introduction to statistics for anyone in the physical sciences, assum- 
ing no prior acquaintance and requiring only a modest knowledge of math. All basic 
formulas carefully explained and illustrated; all necessary reference tables included. From 
basic terms and concepts, the study proceeds to frequency distribution, linear, non-linear, 
and multiple correlation, skewness, kurtosis, etc. A large section deals with reliability 
and significance of statistical methods. Containing concrete examples from medicine and 
biology, this book will prove unusually helpful to workers in those fields who increasingly 
must evaluate, check, and interpret statistics. Formerly titled "Elementary Statistics with 
Applications in Medicine.” 101 charts. 57 tables. 14 appendices. Index, iv + 376pp. 5% x 8. 

S506 Paperbound $2.00 


ANALYSIS A DESIGN OF EXPERIMENTS, H. B. Mann. Offers a method for grasping the analysis 
of variance and variance design within a short time. Partial contents: Cni-square distribution 
and analysis of variance distribution, matrices, quadratic forms, likelihood ration tests and 
tests of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock 
estimates, etc. 15pp. of useful tables, x + 195pp. 5 x 7%. S180 Paperbound $1.45 
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METHODS OF STATISTICS, L. H. C. Tippett. A classic in its. field, this unusually complete sys- 
tematic introduction to statistical methods begins at beginner's level andf progresses to 
advanced levels for experimenters and poll-takers in all fields of statistical research. Sup- 
plies fundamental knowledge of virtually all elementary methods in use today by sociologists, 
psychologists, biologists, engineers, mathematicians, etc. Explains logical and mathematical 
basis of each method described, with examples for each section. Covers frequency distribu- 
tions and measures, inference from random samples, errors in large samples, simple analysis 
of variance, multiple and partial regression and correlation, etc. 4th revised (1952) edition. 

16 charts. 5 significance tables. 152-item bibliography. 96 tables. 22 figures. 395pp. 6x9. 

S228 Clothbound $7.90 

STATISTICS MANUAL, E. L. Crow, F. A. Davis, M. W. Maxfield. Comprehensive collection of 
classical, modern statistics methods, prepared under auspices of U. S. Naval Ordnance 
Test Station, China Lake, Calif. Many examples from ordnance will be valuable to workers in 
all fields. Emphasis is on use, with information on fiducial limits, sign tests, Chi-square 

runs, sensitivity, quality control, much more. “Well written . . . excellent reference work," 

Operations Research. Corrected edition of NAVORD Report 3360 NOTS 948. Introduction. 
Appendix of 32 tables, charts. Index. Bibliography. 95 illustrations. 306pp. 5% x 8. 

S599 Paperbound $1.75 


Symbolic logic 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Laneer. Probably the clearest book ever 
written on symbolic logic for the philosopher, general scientist and layman. It will be par- 
ticularly appreciated by those who have been rebuffed by other introductory works because 
of insufficient mathematical training. No special knowledge of mathematics is required. 
Starting with the simplest symbols and conventions, you are led to a remarkable grasp of 
the Boole-Schroeder and Russell-Whitehead systems clearly and quickly. PARTIAL CONTENTS: 
Study of forms, Essentials of logical structure, Generalization, Classes, The deductive system 
of classes, The algebra of logic, Abstraction of interpretation, Calculus of propositions. 
Assumptions of PRINCIPIA MA7HEMATICA, Logistics, Logic of the syllogism, Proofs of 
theorems. “One of the clearest and simplest introductions to a subject which Is very much 
alive. The style is easy, symbolism is introduced gradually, and the intelligent non-mathe- 
maticlan should have no difficulty in following the argument," MATHEMATICS GAZETTE. 
Revised, expanded second edition. Truth-value tables. 368pp. 5% x 8. 

S164 Paperbound $1.65 

A SURVEY OF SYMBOLIC LOGIC: THE CLASSIC ALGEBRA OF LOGIC, C. I. Lewis. Classic survey 
of the field, comprehensive and thorough. Indicates content of major systems, alternative 
methods of procedure, and relation of these to the Boole-Schroeder algebra and to one 
another. Contains historical summary, as well as full proofs and applications of the classic, or 
Boole-Schroeder, algebra of logic. Discusses diagrams for the logical relations of classes, the 
two-valued algebra, propositional functions of two or more variables, etc. Chapters 5 and 6 
of the original edition, which contained material not directly pertinent, have been omitted in 
this edition at the author's request. Appendix. Bibliography. Index, vm + 352pp. 5% x 8%. 

S643 Paperbound $2.00 

INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATIONS, R. Carnap. One of the clearest, 
most comprehensive, and rigorous introductions to modern symbolic logic by perhaps its 
greatest living master. Symbolic languages are analyzed and one constructed. Applications 
to math (symbolic representation of axiom systems for set theory, natural numbers, real 
numbers, topology, Dedekind and Cantor explanations of continuity), physics (the general 
analysis of concepts of determination, causality, space-time-topology, based on Einstein), 
biology (symbolic representation of an axiom system for basic concepts). “A masterpiece," 
Zentralblatt fur Mathematik und ihre Grenzgebiete. Over 300 exercises. 5 figures. Bibliog- 
raphy. Index, xvi + 241pp. 5% x 8. S453 Paperbound $ 1.85 

Clothbound $4.00 

SYMBOLIC LOGIC, C. I. Lewis, C. H. Langford. Probably the most cited book in symbolic 
logic, this is one of the fullest treatments of paradoxes. A wide coverage of the entire 
field of symbolic logic, plus considerable material that has not appeared elsewhere. Basic 
to the entire volume is the distinction between the logic of extensions and of intensions. 
Considerable emphasis is placed on converse substitution, while the matrix system presents 
the supposition of a variety of non-Aristotelian logics, it has especially valuable sections 
on strict limitations, existence of terms, 2-valued algebra and its extension to propositional 
functions, truth value systems, the matrix method, implication and deductibility, general 
theory of propositions, propositions of ordinary discourse, and similar topics. "Authoritative, 
most valuable," TIMES, London. Bibliography. 506pp. 5% x 8. S170 Paperbound $2.35 

THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any 
language. This book is intended for readers who are mature mathematically, but have no 
previous training in symbolic logic. It does not limit itself to a single system, but covers 
the field as a whole. It is a development of lectures given at Lund University, Sweden, in 
1948. Partial contents: Logic of classes, fundamental theorems, Boolean algebra, logic of 
propositions, logic of propositional functions, expressive languages, combinatory logics, 
development of mathematics within an object language, paradoxes, theorems of Post ana 
Goedel, Church's theorem, and similar topics, iv + 214pp. 53fe x 8. S227 Paperbound $ 1.45 
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BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


General 


WHAT IS SCIENCE?, Norman Campbell. This excellent introduction explains scientific method, 
role o* mathematics, types of scientific laws. Contents: 2 aspects of science, science & 
nature, laws of science, discovery of laws, explanation of laws, measurement & numerical 
laws, applications of science. 192pp. 5% x 8. S43 Paperbound $1.25 

THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has been a guide to classical scientific and 
mathematical thought. Explains with unusual clarity basic concepts, such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected, 130 diagrams redrawn. 249pp. 5% x 8. 

T61 Paperbound $1.60 

SCIENCE THEORY AND MAN, Erwin Schrttdinger. This is a complete and unabridged reissue 
of SCIENCE AND THE HUMAN TEMPERAMENT plus an additional essay.- “What is an Elementary 
Particle?” Nobel laureate Schrodinger discusses such topics as nature ot scientific method, 
the nature of science, chance and determinism, science and society, conceptual models for 
physical entities, elementary particles and wave mechanics. Presentation is popular and may 
be followed -by most people with little or no scientific training. “Fine practical preparation 
for a time when laws of nature, human institutions ... are undergoing a critical examina- 
tion without parallel," Waldemar Kaempffert, N. Y. TIMES. 192pp. 5% x 8. 

T428 Paperbound $1.35 

FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. 
Accounts of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoer- 
biger; Bellamy and the theory of multiple moons; Charles Fort; dowsing, pseudoscientific 
methods for finding water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, 
food fads, etc. Analytical accounts of Wilhelm Reich and orgone sex energy,- L. Ron Hubbard 
and Dianetics; A. Korzybski and General Semantics; many others. Brought up to date to 
include Bridey Murphy, others. Not just a collection of anecdotes, but a fair, reasoned 
appraisal of eccentric theory. Formerly titled IN THE NAME OF SCIENCE. Preface. Index, 
x + 384pp. 5% x 8. T394 Paperbound $1.50 

A DOVER SCIENCE SAMPLER, edited by George Barkin. 64-page book, sturdily bound, contain- 
ing excerpts from over 20 Dover books, explaining science. Edwin Hubble, George Sarton, 
Ernst Mach, A. d’Abro, Galileo, Newton, others, discussing island universes, scientific truth, 
biological phenomena, stability in bridges, etc. Copies limited; no more than 1 to a customer, 

FREE 

POPULAR SCIENTIFIC LECTURES, Hermann von Helmholtz. Helmholtz was a superb expositor 
as well as a scientist of genius in many areas. The seven essays in this volume are models 
of clarity, and even today they rank among the best general descriptions of their subjects 
ever written. "The Physiological Causes of Harmony in Music" was the first significant physio- 
logical explanation of musical consonance and dissonance. Two essays, “On the Interaction 
of Natural Forces" and “On the Conservation of Force,” were of great importance in the 
history of science, for they firmly established the principle of the conservation of energy. 
Other lectures include “On the Relation of Optics to Painting," “On Recent Progress in the 
Theory of Vision," “On Goethe’s Scientific Researches,” and “On the Origin and Significance 
of Geometrical Axioms." Selected and edited with an introduction by Professor Morris Kline, 
xii + 286pp. 5% x 8Vi. T799 Paperbound $1.45 
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Physics 

CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures delivered at 
the Royal Society by Nobel laureate. Why a spinning ball travels in a curved track; how 
uranium is transmuted to lead, etc. Partial contents.- atoms, gases, liquids, crystals, metals, 
etc. No scientific background needed; wonderful for intelligent child. 32pp. of photos, 57 
figures, xn + 232pp. 5% x 8. T31 Paperbound $1.50 

THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
and Its relatives, electrons & ions, waves & particles, electronic structure of the atom, 
nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 6x9. 

T412 Paperbound $2.00 
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THE STRANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL READER OF THE 
GROWTH OF IDEAS UNDERLYING OUR PRESENT ATOMIC KNOWLEDGE, B. Hoffmann. Presents 
lucidly and expertly, with barest amount of mathematics, the problems and theories which 
led to modern quantum physics. Dr. Hoffmann begins with the closing years of the 19th 
century, when certain trifling discrepancies were noticed, and with illuminating analogies 
and examples takes you through the brilliant concepts of Planck, Einstein, Pauli, de Broglie, 
Bohr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a 
new, long postscript carrying the story through 1958 “Of the books attempting an account 
of the history and contents of our modern atomic physics which have come to my attention, 
this is the best,” H. Margenau, Yale University, in “American Journal of Physics.” 32 tables 
and line illustrations. Index. 275pp. 5% x 8. T518 Paperbound $1.50 

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein’s 
special and general theories of relativity, with their historical implications, are analyzed in 
non-technical terms. Excellent accounts of the contributions of Newton, Riemann, Weyl, 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and time, 
equations of electromagnetics, finiteness of the universe, methodology of science. 21 dia- 
grams. 482pp. 5% x 8. T2 Paperound $2.25 

THE RISE OF THE NEW PHYSICS, A. d’Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thor- 
ough explanation, in everyday language, of the central core of modern mathematical physical 
theory, treating both classical and modern theoretical physics, and presenting in terms 
almost anyone can understand the equivalent of 5 years of study of mathematical physics. 
Scientifically impeccable coverage of mathematical-physical thought from the Newtonian 
system up through the electronic theories of Dirac and Heisenberg and Fermi’s statistics. 
Combines both history and exposition; provides a broad yet unified and detailed view, with 
constant comparison of classical and modern views on phenomena and theories. “A must for 
anyone doing serious study in the physical sciences,” JOURNAL OF THE FRANKLIN INSTITUTE. 
“Extraordinary faculty ... to explain ideas and theories of theoretical physics in the lan- 
guage of daily life,” ISIS. First part of set covers philosophy of science, drawing upon the 
practice of Newton, Maxwell, Poincarg, Einstein, others, discussing modes of thought, experi- 
ment, interpretations of causality, etc. In the second part, IOC pages explain grammar and 
vocabulary of mathematics, with discussions of functions, groups, series, Fourier series, etc. 
The remainder is devoted to concrete, detailed coverage of both classical and quantum 
physics, explaining such topics as analytic mechanics, Hamilton’s principle, wave theory of 
light, electromagnetic waves, groups of transformations, thermodynamics, phase rule. Brownian 
movement, kinetics, special relativity, Planck's original quantum theory, Bohr’s atom, 
Zeeman effect, Broglie’s wave mechanics, Heisenberg’s uncertainty, Eigen-values matrices, 
scores of other important topics. Discoveries and theories are covered for such men as Alem- 
bert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler, Laplace, 
Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 others. Indexed. 97 illustra- 
tions. ix + 982pp. 5% x 8. T3 Volume 1, Paperbound $2.25 

T4 Volume 2, Paperbound $2.25 

SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in flexible 
and fluid bodies by rapid motions; why gyrostat falls, top rises; nature and effect on climatic 
conditions of earth's precessional movement; effect of internal fluidity on rotating bodies, 
etc. Appendixes describe practical uses to which gyroscopes have been put in ships, com- 
passes, monorail transportation. 62 figures. 128pp. 5% x 8. T416 Paperbound $1.00 

THE UNIVERSE OF LIGHT, Sir William Bragg. No scientific training needed to read Nobel 
Prize winner’s expansion of his Royal institute Christmas Lectures. Insight into nature of 
light, methods and philosophy of science. Explains lenses, reflection, color, resonance, 
polarization, x-rays, the spectrum, Newton’s work with prisms, Huygens’ with polarization, 
Crookes’ with cathode ray, etc. Leads into clear statement ot 2 major historical theories 
of light, corpuscle and wave. Dozens of experiments you can do. 199 illus., including 2 
full-page color plates. 293pp. 5 % x 8. S538 Paperbound $1.65 

THE STORY OF X-RAYS FROM RONTGEN TO ISOTOPES, A. R. Bleich. Non-technical history of 
x-rays, their scientific explanation, their applications in medicine, industry, research, and 
art, and their effect on the individual and his descendants. Includes amusing early reactions 
to Rontgen’s discovery, cancer therapy, detections of art and stamp forgeries, potential 
risks to patient and operator, etc. Illustrations show x-rays of flower structure, the gall 
bladder, gears with hidden defects, etc. Original Dover publication. Glossary. Bibliography. 
Index. 55 photos and figures, xiv + 186pp. 53/e x 8. T662 Paperbound $1.35 

ELECTRONS, ATOMS, METALS AND ALLOYS, Wm. Hume-Rothery. An introductory-level explana- 
tion of the application of the electronic theory to the structure and properties ot metals 
and alloys, taking Into account the new theoretical work done by mathematical physicists. 
Material presented in dialogue-form between an “Old Metal lurgist’’ and a “Young Scientist.*' 
Their discussion falls Into 4 main parts-, the nature of an atom, the nature of a metal, 
the narture of an alloy, and the structure of the nucleus. They cover such topics as the 
hydrogen atom, electron waves, wave mechanics, Brillouin zones, co-valent bonds, radio* 
activity and natural disintegration, fundamental particles, structure and fission of the 
nucleus, etc. Revised, enlarged edition. 177 illustrations. Subject and name Indexes. 407pp. 
5% x 8 Vs. S1046 Paperbound $2.25 
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FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD. 
Sir Edmund Whittaker. A foremost British scientist traces the development of theories of 
natural philosophy from the western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 
The inadequacy of classical physics is contrasted with present day attempts to understand 
the physical world through relativity, non-Euclldean geometry, space curvature, wave me- 
chanics, etc. 5 major divisions of examination: Space; Time ana Movement; the Concepts 
of Classical Physics; the Concepts of Quantum Mechanics; the Eddington Universe. 212pp. 
5% x 8. T491 Paperbound $1.35 

PHYSICS, THE PIONEER SCIENCE, L. W. Taylor. First thorough text to place all Important 
physical phenomena in cultural-historical framework; remains best work of its kind. Exposi- 
tion of physical laws, theories developed chronologically, with great historical, Illustrative 
experiments diagrammed, described, worked out mathematically. Excellent physics text 
for self-study as well as class work. Vol. 1: Heat, Sound: motion, acceleration, gravitation, 
conservation of energy, heat engines, rotation, heat, mechanical energy, etc. 211 illus. 
407pp. 5% x 8. Vol. 2: Light, Electricity: images, lenses, prisms, magnetism, Ohm’s law, 
dynamos, telegraph, quantum theory, decline of mechanical view of nature, etc. Bibliography. 
13 table appendix. Index. 551 illus. 2 color plates. 508pp. 5% x 8. 

Vol. 1 S565 Paperbound $2.00 
Vol. 2 S566 Paperbound $2.00 
The set $4.00 

A SURVEY OF PHYSICAL THEORY, Max Planck. One of the greatest scientists of all time, 
creator of the quantum revolution in physics, wr.tes In non-technical terms of his own 
discoveries and those of other outstanding creators of modern physics. Planck wrote this 
book when science had just crossed the threshold of the new physics, and he communicates 
the excitement felt then as he discusses electromagnetic theories, statistical methods, evolu- 
tion of the concept of light, a step-by-step description of how he developed his own momen- 
tous theory, and many more of the basic ideas behind modern physics. Formerly “A Survey 
of Physics.” Bibliography, index. 128pp. 5% x 8. S650 Paperbound $1.15 

THE ATOMIC NUCLEUS, M. Korsunsky. The only non-technical comprehensive account of the 
atomic nucleus In English. For college physics students, etc. Chapters cover: Radioactivity, 
the Nuclear Model of the Atom, the Mass of Atomic Nuclei, the Disintegration of Atomic 
Nuclei, the Discovery of the Positron, the Artificial Transformation of Atomic Nuclei, Artifi- 
cial Radioactivity, Mesons, the Neutrino, the Structure of Atomic Nuclei and Forces Acting 
Between Nuclear Particles, Nuclear Fission, Chain Reaction, Peaceful Uses, Thermoculear 
Reactions. Slightly abridged edition. Translated by G. Yankovsky. 65 figures. Appendix includes 
45 photographic illustrations. 413 pp. 5% x 8. S1052 Paperbound $2.00 


PRINCIPLES OF MECHANICS SIMPLY EXPLAINED, Morton Mott-Smith. Excellent, highly readable 
introduction to the theories and discoveries of classical physics. Ideal for the layman who 
desires a foundation which will enable him to understand and appreciate contemporary devel- 
opments in the physical sciences. Discusses: Density, The Law of Gravitation, Mass and 
Weight, Action and Reaction, Kinetic and Potential Energy, The Law of Inertia, Effects of 
Acceleration, The Independence of Motions, Galileo and the New Science of Dynamics. 
Newton and the New Cosmos, The Conservation of Momentum, and other topics. Revised 
edition of “This Mechanical World.” Illustrated by E. Kosa, Jr. Bibliography and Chronology. 
Index, xiv + 171pp. 5% x 8V2. T1067 Paperbound $1.00 

THE CONCEPT OF ENERGY SIMPLY EXPLAINED, Morton Mott-Smith. Elementary, non technical 
exposition which traces the story of man’s conquest of energy, with particular emphasis on 
the developments during the nineteenth century and the first three decades of our own 
century. Discusses man’s earlier efforts to harness energy, more recent experiments and 
discoveries relating to the steam engine, the engine indicator, the motive power of heat, the 
principle of excluded perpetual motion, the bases of the conservation of energy, the concept 
of entropy, the internal combustion engine, mechanical refrigeration, and many other related 
topics. Also much biographical material. Index. Bibliography. 33 illustrations, ix + 215pp. 
5% x 8 Vz. T1071 Paperbound $1.25 

NEAT AND ITS WORKINGS, Morton Mott-Smith. One of the best elementary introductions to the 
theory and attributes of heat, covering such matters as the laws governing the effect of heat 
on solids, liquids and gases, the methods by which heat is measured, the conversion of a 
substance from one form to another through heating and cooling, evaporation, the effects of 
pressure on boiling and freezing points, and the three ways in which heat is transmitted 
(conduction, convection, radiation). Also brief notes on major experiments and discoveries. 
Concise, but complete, it presents all the essential facts about the subject in readable style. 
Will give the layman and beginning student a first-rate background in this major topic in 
physics. Index. Bibliography. 50 illustrations, x + 165pp. 5% x 8 Vi. T978 Paperbound $1.00 

THE STORY OF ATOMIC THEORY AND ATOMIC ENERGY, J. G. Felnberg. Wider range of facts 
on physical theory, cultural Implications, than any other similar source. Completely non- 
technical. Begins with first atomic theory, 600 B.C., goes through A-bomb, developments to 
1959. Avogadro, Rutherford, Bohr, Einstein, radioactive decay, binding energy, radiation 
danger, future benefits of nuclear power, dozens of other topics, told in lively, related, 
informal manner. Particular stress on European atomic research. “Deserves special mention 
. . . authoritative,” Saturday Review. Formerly “The Atom Story.” New chapter to 1959. 
Index. 34 illustrations. 251pp. 5% x 8. T625 Paperbound $1.00 
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OUT OF THE SKY, H. H. Nininger. A nontechnical but comprehensive introduction to “me* 
teoritics”, the young science concerned with all aspects of the arrival of matter from 
outer space. Written by one of the world’s experts on meteorites, this work shows how, 
despite difficulties of observation and sparseness of data, a considerable body of knowledge 
has arisen. It defines meteors and meteorites; studies fireball clusters and processions, 
meteorite composition, size, distribution, showers, explosions, origins, craters, and much 
more. A true connecting link between astronomy and geology. More than 175 photos, 22 other 
illustrations. References. Bibliography of author’s publications on meteorites. Index, viii + 
336pp. 5% x 8. T519 Paperbound 61 .85 


SATELLITES AND SCIENTIFIC RESEARCH, D. KIng-Hele. Non technical account of the manmade 
satellites and the discoveries they have yielded up to the autumn of 1961. Brings together 
information hitherto published only in hard-to-get scientific journals. Includes the life history 
of a typical satellite, methods of tracking, new information on the shape of the earth, zones 
of radiation, etc. Over 60 diagrams and 6 photographs. Mathematical appendix. Bibliography 
of over 100 Items. Index, xii + 180pp. 5% x 8 V 2 . T703 Paperbound $2.00 
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Mathematics 

CHANCE, LUCK AND STATISTICS: THE SCIENCE OF CHANCE, Horace C. Levinson. Theory of 
probability and science of statistics in simple, non-techmcal language. Part I deals with 
theory of probability, covering odd superstitions in regard to "luck,” the meaning of bet- 
ting odds, the law of mathematical expectation, gambling, and applications in poker, rou- 
lette, lotteries, dice, bridge, and other games of chance. Part II discusses the misuse of 
statistics, the concept of statistical probabilities, normal and skew frequency distributions, 
and statistics applied to various fields— birth rates, stock speculation, insurance rates, adver- 
tising, etc. “Presented In an easy humorous style which I consider the best kind of exposi- 
tory writing," Prof. A. C. Cohen, Industry Quality Control. Enlarged revised edition. Formerly 
titled “The Science of Chance." Preface and two new appendices by the author. Index, xiv 
+ 365pp. 5% x 8. T1007 Paperbound |1.85 


PROBABILITIES AND LIFE, Emile Borel. Translated by M. Baudin. Non-technfcal, highly read- 
able introduction to the results of probability as applied to everyday situations. Partial con- 
tents.- Fallacies About Probabilities Concerning Life After Death; Negligible Probabilities and 
the Probabilities of Everyday Life; Events of Small Probability; Application of Probabilities 
to Certain Problems of Heredity; Probabilities of Deaths, Diseases, and Accidents; On 
Poisson's Formula. Index. 3 Appendices of statistical studies and tables, vi + 87pp. 5% 
X 8 Vi. T121 Paperbound gl.OO 


CHEAT IDEAS OF MODERN MATHEMATICS: THEIR NATURE AND USE, iagjlt Singh. Reader with 
only high school math will understand mam mathematical ideas of modern physics, astron- 
omy, genetics, psychology, evolution, etc., better than many who use them as tools, but 
comprehend little of their basic structure. Author uses his wide knowledge of non-mathe- 
matical fields in brilliant exposition of differential equations, matrices, group theory, logic, 
statistics, problems of mathematical foundations, imaginary numbers, vectors, etc. Original 
publication. 2 appendices. 2 Indexes. 65 illustr. 322pp. 5% x 8. S587 Paperbound 61*75 


MATHEMATICS IN ACTION, 0. 6. Sutton. Everyone with a command of high school algebra 
will find this book one of the finest possible introductions to the application of mathematics 
to physical theory. Ballistics, numerical analysis, waves and wavelike phenomena, Fourier 
series, group concepts, fluid flow and aerodynamics, statistical measures, and meteorology 
are discussed with unusual clarity. Some calculus and differential equations theory is 
developed by the author for the reader’s help In the more difficult sections. 88 figures. 
Index, viii + 236pp. 5% x 8. T440 Clothbound 63*50 


THE FOURTH DIMENSION SIMPLY EXPLAINED, edited by H. P. Manning. 22 essays, originally 
Scientific American contest entries, that use a minimum of mathematics to explain aspects 
of 4-dlmensionai geometry: analogues to 3-dimensional space, 4-dimensional absurdities and 
curiosities (such as removing the contents of an egg without puncturing its shell), possible 
measurements and forms, etc. Introduction by the editor. Only book of its sort on a truly 
elementary level, excellent introduction to advanced works. 82 figures. 251pp. 5% x 8. 

T711 Paperbound 61*35 
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Engineering, technology, applied science etc. 

TEACH YOURSELF ELECTRICITY, C. W. Wilman. Electrical resistance, inductance, capacitance, 
magnets, chemical effects of current, alternating currents, generators and motors, trans- 
formers, rectifiers, much more. 230 questions, answers, worked examples. List of units. 115 
lllus. 194pp. 6% x 4V4. Clothbound $2.00 

ELEMENTARY METALLUR6Y AND METALLOGRAPHY, A. M. Shrager. Basic theory and descriptions 
of most of the fundamental manufacturing processes involved in metallurgy. Partial 
contents: the structure of metals: slip, plastic deformation, and recrystalization; iron ore 
and production of pig iron; chemistry involved In the metallurgy of iron and steel; basic 
processes such as the Bessemer treatment, open-hearth process, the electric arc furnace 
— with advantages and disadvantages of each; annealing, hardening, and tempering steel; 
copper, aluminum, magnesium, and their alloys. For freshman engineers, advanced students 
in technical high schools, etc. Index. Bibliography. 177 diagrams. 17 tables. 284 questions 
and problems. 27-page glossary, ix + 389pp. 5% x 8. S138 Paperbound $ 2.25 

BASIC ELECTRICITY, Prepared by the Bureau of Naval Personnel. Originally a training course 
text for U.S. Navy personnel, this book provides thorough coverage of tne basic theory of 
electricity and Its applications. Best book of its kind for either broad or more limited 
studies of electrical fundamentals ... for classroom use or home study. Part 1 provides 
a more limited coverage of theory: fundamental concepts, batteries, the simple circuit, 
D.C. series and parallel circuits, conductors and wiring techniques, A.C. electricity, inductance 
and capacitance, etc. Part 2 applies theory to the structure of electrical machines — genera- 
tors, motors, transformers, magnetic amplifiers. Also deals with more complicated Instru- 
ments. synchros, servo-mechanisms. The concluding chapters cover electrical drawings and 
blueprints, wiring diagrams, technical manuals, and safety education. The book contains 
numerous questions for the student, with answers. Index and six appendices. 345 illustra- 
tions. x + 448pp. 6Vtz x 9V4. §973 Paperbound $3.00 

BASIC ELECTRONICS, prepared by the U.S. Navy Training Publications Center. A thorough 

and comprehensive manual on the fundamentals of electronics. Written clearly, it is equally 
useful for self-study or course work for those with a knowledge of the principles of basic 
electricity. Partial contents: Operating Principles of the Electron Tube; Introduction to 
Transistors; Power Supplies for Electronic Equipment; Tuned Circuits; Electron-Tube Ampli- 
fiers; Audio Power Amplifiers; Oscillators; Transmitters; Transmission Lines; Antennas and 
Propagation; Introduction to Computers; and related topics. Appendix. Index. Hundreds of 
illustrations and diagrams, vi + 471pp. 6Vfe x 9Vi. S1076 Paperbound $ 2.75 

BASIC THEORY AND APPLICATION OF TRANSISTORS, Prepared by the U.S. Department of the 
Army. An introductory manual prepared for an army training program. One of the finest 
available surveys of theory and application of transistor design and operation. Minimal 
knowledge of physics and theory of electron tubes required. Suitable for textbook use, 
course supplement, or home study. Chapters: Introduction; fundamental theory of transistors; 
transistor amplifier fundamentals; parameters, equivalent circuits, and characteristic curves; 
bias stabilization; transistor analysis and comparison using characteristic curves and charts; 
audio amplifiers; tuned amplifiers; wide-band amplifiers; oscillators; pulse and switching 
circuits; modulation, mixing, and demodulation; and additional semiconductor devices. 
Unabridged, corrected edition. 240 schematic drawings, photographs, wiring diagrams, etc. 
2 Appendices. Glossary. Index. 263pp. 6 V 2 x SV*. S380 Paperbound $ 1.25 

TEACH YOURSELF HEAT ENGINES, E. De Ville. Measurement of heat, development of steam and 
internal combustion engines, efficiency of an engine, compression-ignition engines, production 
of steam, the ideal engine, much more. 318 exercises, answers, worked examples. Tables. 
76 ill us. 220 pp. 6% x 4Vi. Clothbound $2.00 
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Miscellaneous 


ON THE SENSATIONS OF TONE. Hermann Helmholtz. This is an unmatched coordination of 
such fields as acoustical physics, physiology, experiment, history of music. It covers the 
entire gamut of musical tone. Partial contents: relation of musical science to acoustics, 
physical vs. physiological acoustics, composition of vibration, resonance, analysis of tones 

by sympathetic resonance, beats, chords, tonality, consonant chords, discords, progression 

of parts, etc. 33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. 
Translated by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 
musical passages analyzed. Over 100 tables. Index, xix + 576pp. 6Vfe x 9 Vi. 

S114 Paperbound $3.00 
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MATHEMATICS, HISTORIES AND CLASSICS 


HISTORY OF MATHEMATICS, D. E. Smith. Most comprehensive non-techmcal history of math 
in English. Discusses lives and works of over a thousand major and minor figures, with 
footnotes supplying technical information outside the book’s scheme, and indicating dis- 
puted matters. Vol I: A chronological examination, from primitive concepts through Egypt, 
Babylonia, Greece, the Orient, Rome, the Middle Ages, the Renaissance, and up to 1900. 
Vol 2: The development of ideas in specific fields and problems, up through elementary 
calculus. Two volumes, total of 510 illustrations, 1355pp. 5% x 8. Set boxed in attractive 
container. T429, 430 Paperbound, the set $5.00 


A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W. W. R. Ball. Most readable non- 
technical history of mathematics treats lives, discoveries of every important figure from 
Egyptian, Phoenician mathematicians to late 19th century. Discusses schools of Ionia, 
Pythagoras, Athens, Cyzicus, Alexandria, Byzantium, systems of numeration; primitive arith- 
metic; Middle Ages, Renaissance, including Arabs, Bacon, Regiomontanus, Tartaglia, Cardan, 
Stevinus, Galileo, Kepler; modern mathematics of Descartes, Pascal, Wallis, Huygens, Newton, 
Leibnitz, d’Alembert, Euler, Lambert, Laplace, Legendre, Gauss, Hermite, Weierstrass, 
scores more. Index. 25 figures. 546pp. 5% x 8. S630 Paperbound $2.25 


A HISTORY OF GEOMETRICAL METHODS, J. L. Coolidge. Full, authoritative history of the tech- 
niques which men have employed in dealing with geometric questions . . . from ancient 
times to the modern development of projective geometry. Critical analyses of the original 
works. Contents: Synthetic Geometry — the early beginnings, Greek mathematics, non-Euclldean 
geometries, projective and descriptive geometry; Algebraic Geometry — extension of the system 
of linear coordinates, other systems of point coordinates, enumerative and birational geometry, 
etc.; and Differential Geometry — intrinsic geometry and moving axes, Gauss and the classical 
theory of surfaces, and projective and absolute differential geometry. The work of scores of 
geometers analyzed: Pythagoras, Archimedes, Newton, Descartes, Leibniz, Lobachevski, Riemann, 
Hilbert. Bernoulli, Schubert, Grassman, Klein, Cauchy, and many, many others. Extensive (24- 
page) bibliography. Index. 13 figures, xvlii + 451pp. 5 3 /a x 8Vz. S1006 Paperbound $2.25 


THE MATHEMATICS OF GREAT AMATEURS, Julian Lowell Coolidge. Enlightening, often surprising, 
accounts of what can result from a non-professional preoccupation with mathematics. Chapters 
on Plato, Omar Khayyam and his work with cubic equations, Piero della Francesca, Albrecht 
DUrer. as the true discoverer of descriptive geometry, Leonardo da Vinci and his varied mathe- 
matical Interests, John Napier, Baron o* Merchiston, inventor of logarithms, Pascal, Diderot, 
(’Hospital, and seven others known primarily for contributions in other fields. Bibliography. 
56 figures, viii + 211pp. 5% x 8V2. S1009 Paperbound $1.50 

ART AND GEOMETRY, Wm. M. Ivins, Jr. A controversial study which propounds the view that 
the ideas of Greek philosophy and culture served not to stimulate, but to stifle the develop- 
ment of Western thought. Through an examination of Greek art and geometrical inquiries 
and Renaissance experiments, this book offers a concise history of the evolution of mathe- 
matical perspective and projective geometry. Discusses the work of Alberti, Durer, Pelerin, 
Nicholas of Cusa, Kepler, Desargues, etc in a wholly readable text of interest to the art 
historian, philosopher, mathematician, historian of science, and others, x + 113pp. 5% x 
8%. T941 Paperbound $1.00 

A SOURCE BOOK IN MATHEMATICS, 0. E. Smith. Great discoveries in math, from Renaissance 
to end of 19th century, in English translation. Read announcements by Dedekind, Gauss, 
Delamain, Pascal, Fermat, Newton, Abel, Lobachevsky, Bolyai, Riemann, De Moivre, Legendre, 
Laplace, others of discoveries about imaginary numbers, number congruence, slide rule, 
equations, symbolism, cubic algebraic equations, non-Euclidean forms of geometry, calculus, 
function theory, quaternions, etc. Succinct selections from 125 different treatises, articles, 
most unavailable elsewhere in English. Each article preceded by biographical, historical 
introduction. Vol. I: Fields of Number, Algebra. Index. 32 illus. 338pp. 5% x 8. Vol. II: 
Fields of Geometry, Probability, Calculus, Functions, Quaternions. 83 illus. 432pp. 5% x 8. 

Vol. 1: S552 Paperbound $2.00 

Vol. 2: S553 Paperbound $2.00 

2 vol. set, $4.00 

A COLLECTION OF MODERN MATHEMATICAL CLASSICS, edited by R. Bellman. 13 classic papers, 
complete in their original languages, by Hermite, Hardy and Littlewood, Tchebychef, Fej6r, 
Fredholm, Fuchs, Hurwitz, Weyl, van der Pol, Birkhoff, Kellogg, von Neumann, and Hilbert. 

Each of these papers, collected here for the first time, triggered a burst of mathematical 

activity, providing useful new generalizations or stimulating fresh investigations. Topics dis- 
cussed include classical analysis, periodic and almost periodic functions, analysis and number 
theory, integral equations, theory of approximation, non-linear differential equations, and 
functional analysis. Brief introductions and bibliographies to each paper, xii + 292pp. 6x9. 

S730 Paperbound $2.00 

THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method 
of Archimedes. Contains: On Sphere & Cylinder, Measurement of a Circle, Spirals, Conoids, 
Spheroids, etc. This is the definitive edition of the greatest mathematical Intellect of the 
ancient world. 186-page study by Heath discusses Archimedes and the history of Greek 
mathematics. Bibliography. 563pp. 5% x 8. S9 Paperbound $ 2.45 
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THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of 
Heiberg text, together with spurious Book XIV. Detailed 150-page introduction discussing 
aspects of Greek and Medieval mathematics. Euclid, texts, commentators, etc. Paralleling 
the text is an elaborate critical apparatus analyzing each definition, proposition, postulate, 
covering textual matters, mathematical analysis, commentators of all times, refutations, sup- 
ports, extrapolations, etc. This is the full Euclid. Unabridged reproduction of Cambridge U. 
2nd edition. 3 volumes. Total of 995 figures, 1426pp. 5% x 6. 

S88,89,90, 3 volume set, paperbound $8.75 

A CONCISE HISTORY OF MATHEMATICS, D. Struik. Lucid study of development of mathematical 
ideas, techniques from Ancient Near East, Greece, Islamic science. Middle Ages, Renaissance, 
modern times. Important mathematicians are described in detail. Treatment is not anecdotal, 
but analytical development of ideas. “Rich in content, thoughtful in interpretation," U.S. 
QUARTERLY BOOKLIST. Non-technical; no mathematical training needed. Index. 60 illustra- 
tions, including Egyptian papyri, Greek mss., portraits of 31 eminent mathematicians. Bib- 
liography. 2nd edition, xix + 299pp. 53fe x 8. T255 Paperbound |1.79 

A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyar. Pro- 
vides laymen and mathematicians a detailed history of the development of the calculus, 
from early beginning in antiquity to final elaboration as mathematical abstractions. Gives 
a sense of mathematics not as a technique, but as a habit of mind, in the progression of 
Ideas of Zeno, Plato, Pythagoras, Eudoxus, Arabic and Scholastic mathematicians, Newton, 
Leibnitz, Taylor, Descartes, Euler, Lagrange, Cantor, Weierstrass, and others. This first com- 
prehensive critical history of the calculus was originally titled “The Concepts of the 
Calculus." Foreword by R. Courant. Preface. 22 figures. 25-page bibliography. Index, v -f 
364pp. 5% x 8. S509 Paperbound $2.00 

A MANUAL OF GREEK MATHEMATICS. Sir Thomas L. Heath. A non technical survey of Greek 
mathematics addressed to high school and college students and the layman who desires a sense 
of historical perspective in mathematics. Thorough exposition of early numerical notation and 
practical calculation, Pythagorean arithmetic and geometry, Thales and the earliest Greek 
geometrical measurements and theorems, the mathematical theories of Plato, Euclid's "Ele- 
ments" and his other works (extensive discussion), Aristarchus, Archimedes, Eratosthenes and 
the measurement of the earth, trigonometry (Hipparchus, Menelaus, Ptolemy). Pappus and 
Heron of Alexandria, and detailed coverage of minor figures normally omitted from histories 
of this type. Presented in a refreshingly interesting and readable style. Appendix. 2 Indexes, 
xvi + 552pp. 5% x 8. S27$ Paperbound 82.29 


THE GEOMETRY OF RENt DESCARTES. With this book Descartes founded analytical geometry. 
Excellent Smith-Latham translation, plus original French text with Descartes’ own diagrams. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On 
the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. 
Diagrams. 258pp. 5% x 8. S68 Paperbound 81-60 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of prob- 
ability to games of chance, natural philosophy, astronomy, many other fields. Translated 
from the 6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this 
edition by E. T. Bell. 204pp. 5% x 8. S166 Paperbound 81 -35 
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